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PREFACE. 



The history of Greek mathematics is, for the most part, only 
the history of such mathematics as are learnt daily in all 
our public schools. And very singular it is that, though 
England is the only European country which still retains 
Euclid as its teacher of elementary geometry, and though 
Cambridge, at least, has, for more than a century, required 
from all candidates for any degree as much Greek and mathe- 
matics together as should make this book intelligible and 
interesting, yet no Englishman has been at the pains of 
writing, or even of translating, such a treatise. If it was not 
wanted, as it ought to have been, by our classical professors 
and our mathematicians, it would have served at any rate to 
quicken, with some human interest, the melancholy labours 
of our schoolboys. 

The work, as usual, has been left to Germany and even 
to France, and it has been done there with more than usual 
excellence. It demanded a combination of learning, scholarship 
and common sense which we used, absurdly enough, to regard 
as peculiarly English. If anyone still cherishes this patriotic 
delusion, I would advise him to look at the works of Nessel- 
mann, Bretschneider, Hankel, Hultsch, Heiberg and Cantor, 
or, again, of Montucla, Delambre and Chasles, which are so 
frequently cited in the following pages. To match them we 
can show only an ill-arranged treatise of Dean Peacock, many 
brilliant but scattered articles of Prof. De Morgan, and three 
essays by Dr Allman. I have treated all these writers with 
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freedom and have myself added matter which is not to be found 
in any of them, but they strike me still with humiliation such 
as a classical scholar feels when he edits a text which Bentley 
has edited before him. 

My own book represents part of a collection of notes 
which I have for many years been making with a view to 
a general history of the great city of Alexandria. The fact 
that the history of Alexandrian mathematics begins with the 
Elements of Euclid and closes with the Algebra of Diophantus, 
both of which are founded on the discoveries of several pre- 
ceding centuries, made it necessary that I should extend my 
inquiries over the whole field of Greek mathematics. In 
this way, the materials for an account of the Alexandrian 
Mathematical School grew to exceed the reasonable limits 
of a chapter, and I have thought it desirable to publish them 
as a separate essay. I shall treat the Literary School with 
the same fulness. 

As a history of Alexandria ought to be interesting to 
most people, I took especial . pains that my treatment of the 
Mathematical School, which was the oldest, the most con- 
spicuous and the longest-lived of them all, should not be 
excessively technical. I have tried to put my account of it 
generally in such a form as should be useful and attractive to 
readers of various tastes. As a matter of fact, mathematicians 
will here find some account of every extant Greek mathe- 
matical book and a great number of pretty proofs translated 
from the ipsissima verba of the ancients. Greek scholars will 
find nomenclature and all manner of arithmetical symbols 
more fully treated than in any other work. A student of 
history, who cares little for Greek or mathematics in par- 
ticular, but who likes to watch how things grow, will be able 
to extract from these pages a notion of the whole history 
of mathematical science down to Newton's time, and will find 
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some very curious questions raised which it is his especial 
duty to answer. It was impossible to satisfy the requirements 
of all readers, but each will perhaps be willing to concede 
something to the claims of the others, and wherever a subject 
ia introduced but inadequately treated, I have at least given 
references to sources of fuller information, if any such exist 
to my knowledge. 

As the whole book is an endeavour to compromise between 
conflicting claims, I have allowed myself, with the same intent, 
some inconsistency in two details. In the first place, I have not 
drawn a strict line between pure and mixed mathematics, but have 
given an account of the Phdenomena and Optics of Euclid and 
the mechanical books of Aristotle and Archimedes, while I have 
omitted any summary of Ptolemy's astronomical theories. The 
former are books which are little known, which are short, which 
came in my way and which are almost purely deductive. A com- 
plete history of Greek astronomy is tolerably common, is long, 
is founded for the most part on non-mathematical writers and 
would consist largely of a history of astronomical observations. 
In the second place, I have tried to write proper names 
(following indeed Smith's Dictionary of Greek and Roman 
Biography) in a way which should generally indicate the 
Greek form and pronunciation without oflfending the ordinary 
eye. I have always written c for k and final -lis for -09. I 
have generally not Latinized names ending in -(ov, because it is 
sometimes inconvenient and the Latin usage was inconsistent 
with itself; for instance, it retained Conon but altered Platon, 
I have left in their English form, the names of well-known 
writers. Thus the reader will find Plato, Aristotle and Euclid 
side by side with Heron, Nicoteles and Neocleides. If I must 
offend somebody, I would soonest offend a pedant. 

The complete MS. of this book left my hands last January 
and the whole edition has been printed off, sheet by sheet, 
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at various intervals^ since that time. I have therefore been 
unable to correct any errors or omissions which I observed too 
late or to incorporate new matter which appeared after the 
sheet to which it was relevant had gone to press. The chief 
notices which I wish to insert are given in the Addenda 
which immediately follow this preface. 

My work, dreary as it has often been, has been enlivened 
by one constant pleasure, the interest and unselfish assistance 
of many Mends. Two of them, in particular, deserve recogni- 
tion very near the title-page. The first is Mr F. T. Swanwick, 
late scholar of Trinity College, Cambridge, and now Mathemati- 
cal Lecturer in the Owens College. He has, with incredible 
care and patience, read through the whole book from page 66, 
has made a hundred valuable suggestions and has saved me 
a hundred times from myself. The other is Mr Joseph Jacobs, 
late scholar of St John's College, Cambridge, whose wide 
intellectual interests and unsurpassed knowledge of bibliography 
have made the book far more useful and entertaining than 
it otherwise would have been. I would say more of their 
kindness to me but that I would not have them held respon- 
sible for any slips which they may have overlooked in my work 
but would not have made in their own. 

JAMES GOW. 

Lincoln's Inn. 
October^ 1884. 
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P. 24. The relevant passages of Nicolaus Smymaeus and Bede are 
printed, with an interesting plate, by M. Froehner in an article 
on certain Roman tesserae in An/niuivre de la Soc, Numismatiqu£y 
Paris, 1884. Mr A. S. Murray gave me the article in pamphlet 
form, newly paged. 

P. 44. Prof. Robertson Smith informs me that gematria is certainly 
from yco)/u,€rpia, by a common Semitic transliteration. 

P. 108 n. 3. In the Journal of Philologt/, xiii. No. 25. pp. 107 — 113, 
Mr T. L. Heath, after proving by new evidence that the 
algebraic 9 of Diophantus is not the final sigma, shows that 
s" occurs in cursive MSS. as an abbreviation ofdpiOfws, used in its 
ordinary sense, for which also dp, is sometimes found. Hence he 
suggests that Diophantus' s is merely a contraction of dp. This 
theory is pretty but I do not think it is true, for three reasons. 
(1) The contraction must be supposed to be as old as the time 
of Diophantus, for he describes the symbol as r6 s instead of tA 
or Tfii dp. Yet Diophantus can hardly (as Mr Heath admits) 
have used cursive characters. (2) The abbreviation s® for 
dpiOfios in its ordinary sense is very rare indeed. It is not 
found in the MSS. of Nicomachus or Pappus, where it might 
most readily be expected. It may therefore be due only to a 
scribe who had some reminiscence of Diophantus. (3) If s is 
for dp., then, by analogy, the full symbol should be s' (like 8", k*) 
and not s*. 

Pp. 110, HI. n. In the Gottingen Nachrichtm, 1882. pp. 409—413, 
Prof. P. De Lagarde suggests that the x of modem algebra is 
simply the regular Spanish representative of the Arabic letter, 
which is the initial of shai, the Arabic name of the unknown 
quantity. This may be (but I believe is not) true of Luca 
Pacioli, Tartaglia and other early Italian algebraists. The 
accounts which I have seen of their works are inconsistent and 
inconclusive. But their more important successors had no 
prepossession whatever in favour of x, Wallis (in his Algebra, 
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1686. Pi 127.), says "Whereas it was usual with Harriot (as 
before with Vieta and Oughtred) to put consonants B^ (7, i>, &c., ' 
for known quantities and vowels, A, E^ I &c., for unknown, 
Descartes chooseth to express his unknown quantities by the 
latter letters of the alphabet (as «, y, x) and the known by the 
former letters of it as a, 5, c, &c.'* Thus Descartes probably 
set the fashion, but he may have resumed an old tradition. 

P. 129. There seems to be a reference to a Hebrew Jiarpedonaptes 
in Micah ii. 5. 

Pp. 182 — 185. Dr Allman, in Hermathena No. x., has another 
paper on Greek Geometry from Tholes to Euclid, This deals 
very elaborately with Archytas and Eudoxus. 

Pp. 189 and 238. A statement that the parallelogram of forces was 
known to Aristotle was struck out of p. 189 as incorrect, but 
by accident, no substitute was inserted. The omission is rectified 
on p. 238. 

P. 204. There is a very remarkable article by Dr Klamroth "iiber 
den Arabischen Euclid" in Zeitschr, Deutsch, Morgenldnd, Ge- 
sellscL 1881, pp. 270 — 326. This gives a most careful account 
of the Arabic texts of Euclid. It would appear that Euclid's 
Elements was the first Greek book translated into Arabic. 

P. 208. In the American Journal of Math. ii. pp. 46 — 48, 
Mr G. B. Halsted has a * Note on the First English Euclid ' from 
which it appears, among other things, that Billingsley became 
Sir Henry Billingsley, and was Lord Mayor of London in 
1591. 

Pp. 263 and 277 n, 1 have wrongly followed Thevenot and Fabricius 
in the note on p. 277. The Philon mentioned by Vitruvius was 
an Athenian architect and is clearly not the engineer Philon, part 
of whose work is in the Veteres Mathematici. The latter Philon 
seems to be identical with Philon of Byzantium, who is 
mentioned on p. 263. If so, then Philon of Byzantium had 
certainly heard Ctesibius lecture and must be assigned to a date 
about 150 B.C. 

Philon's construction should have been given on p. 263. 
He describes a circle about the rectangle ABDO, A ruler, 
cutting AB produced in F^ AC produced in G, and the circle in 
H^ 2), is turned about the point D until FH equals DG. The 
line FHDG is called "Philo's line" in modem geometry, but its 
author did not know its singular property. 
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Flor. dr. 




Flor. eir. 


Anaxagoras, 


460 


Job. Philoponus, 


A.D. 650 


Anaximander, 


560 


Menaechmus, 


340 


Anaximenes, 


530 


Menelaus, 


A.D. 100 


Antiphon, 


430 


Metrodorus, 


A.D. 320 


Apollonius, 


230 


Nicomachus, 


A.D. 100 


Archimedes, 


250 


Nicomedes, 


180 


Archytas, 


400 


Nicoteles, 


250 


Aristaens, 


320 


CEnopides, 


460 


Aristotle, 


340 


Pappus, 


A.D. 300 


Asclepius Trail., 


A.D. 600 


Perseus, 


150 


Autolycus, 


340 


Philippus, 


320 


Bryson, 


430 


Philolaus, 


430 


Conon, 


250 


Philon Byz., 


150 


Democritus, 


410 


Plato, 


380 


Dinostratus, 


320 


Proclus, 


A.D. 450 


Diocles, 


180 


Ptolemy, 


A.D. 150 


Diophantos, 


A.D. 360 


■Pythagoras, 


530 


Eratosthenes, 


250 


Serenus, 


A.D. 50 


Euclid, 


290 


Sextus J. Afrio*, 


>A.D. 200 


Eudemus, 


320 


Sirnplicius, 


A.D. 550 


Eudoxus, 


360 


Thales, 


600 


Eutocius, 


A.D. 550 


Theaetetus, 


380 


Geminus, 


70 


Theodorus, 


420 


Heron, 


120 


Theodosius, 


60 


Hipparchus, 


130 


Theon, Alex., 


A.D. 380 


Hippias, 


430 


Theon, Smym., 


A.D. 100 


Hippocrates, 


430 


Theudius, 


320 


Hypatia, 


A.D. 410 


Thyniaridas, 


A.D. 250 


Hypsicles, 


180 


Zeno, 


450 


lamblichus. 


A. D. 340 


Zenodorus, 


A.D. 150 



At haec omnia ita tractari praecipimus ut non criticorum 

more in laude et censura tempus teratur ; sed plane historice res 

ipsae narrentur, judicium parcius interponatur. De modo autem 

hujusmodi historiae conficiendae illud inprimis monemus, ut... 

seriatim (ab ultima antiquitate facto principio) libri praecipui 

qui per ea temporis spatia conscripti sunt in consilium adhibe- 

antur, ut ex eorum non perlectione (id enim infinitum quiddam 

esset) sed degustatione et observatione argumenti, stili, methodi, 

Genius iUius temporis Literarius veluti incantatione quadam a 

mortuis evocetur. 

Bacon, De Augm, ii. iv. 
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CHAPTER I. 



THE DECIMAL SCALE. 



1. In the book of Problemata, attributed to Ajristotle, the 
following- question is asked (xv. 3) : " Why do all men, both 
barbarians and Hellenes, count up to 10 and not to some other 
number?" It is suggested, among several answers of great 
absurdity, that the true reason may be that all men have ten 
fingers * : " using these, then, as symbols of their proper number 
(viz. 10), they count everything else by this scale." The writer 
then adds « Alone among men, a certain tribe of Thracians 
count up to 4, because, like children, they cannot remember 
a long sum neither have they any need for a great quantity of 
anything." 

It is natural to regret that an author who at so early a date 
was capable of writing this passage, was not induced to ask 
himself more questions and to collect more facts on the same 
and similar subjects. Had he done so, he might have anti- 
cipated, by some two thousand years, the modern method of 
research into prehistoric times and might have attempted, with 
every chance of success, a hundred problems which cannot now 
be satisfactorily treated '. In the fourth century B. c. and for 
long after, half the Aryan peoples were still barbarous and there 
must still have survived, even among Greeks and Italians, 
countless relics of primitive manners, forming a sure tradi- 

^ Cf. Ovid, Fasti iii. y. 121 sqq. lines as would be taken by a modem 

3 It seems probable that Aristotle evolutionist. See Sir H. Maine, Early 

himself was inclined to reconstruct Law and Custom, pp. 196, 197. 

primitive history on much the same 

G. G. M. 1 
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tion of the past. Nearly all these materials, so abundant in 
Aristotle's day, are irretrievably lost to us and the primeval 
history of Aryan culture depends now chiefly on the evidence 
supplied by comparative philology. It is so with the art of 
calculation. We may assume evolution and, by careful com- 
parison of the habits of the existing lower races, we may form 
ab ecctra a theoretical history of arithmetic among our fore- 
fkthers; but almost the whole (so to say) internal evidence 
is concealed in a few numeral words. To the etymology of 
these a few pages may here be fitly devoted, not only because it 
is habitual with our generation to commence every inquiry 
from the beginning of things, but also because Greek arithmetic 
offers no other prehistoric inquiry but this, because, in fact, 
ordinary Greek calculation remained to the last so clumsy and 
primitive, that if any progress in the art is to be ascribed to 
the Greeks, it can be exhibited only by going back to the 
beginning. 

2. The words for 1000, and every higher power of 10, 
are different in all the great branches of the Aryan family 
of languages, and the cardinal numerals up to that limit are 
manifestly derived, by mere addition or composition, from the 
first ten. These last, therefore, are of by far the greatest 
interest and importance and the present inquiry may be 
confined to them. Before examining the individual words, 
however, it will be well to consider the whole group. The 
first three are adjectives, agreeing with only casual and partial 
exceptions [e.g, hvo) in gender and case with the substantives 
which they qualify. The same might be said of the fourth, but 
that in Latin qimttuor is wholly indeclinable. The rest, from 
five to ten, are generally uninflected and have or had originally 
the form of a neuter singular ^. In Sanskrit, indeed, these six 
numerals are declined as adjectives but they do not take the 
gender signs and in older writers are often employed without 
any inflexions at all ', In old Slavonic they are extended by 
a suflSx (as in Semitic tongues) into abstract nouns of the 

1 The final Bibilant of *8ix,* 'sex,' primeval. Schleicher, Vergl, Gram, § 
etc. is part of the root, and the ap- 237. 6 and 8. 
parently dual ending of octo is not * Whitney, Sanskrit Gram. § 486 c. 
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feminine singular and are so declined* (cf. Gr. irefiTrd^ etc.), 
but this usage is also obviously late and may be ignored in 
a general discussion of the origin of the words. For the present 
purpose, it may be stated broadly that the first three are 
adjectives, the fourth is generally an adjective but sometimes 
an uninflected noun, the remaining six are uninflected nouns 
only. All of them, in all Aryan tongues, are constructed of 
the same materials, which, moreover, seem familiar enough 
in different connexions. The diflSculty is how to adapt the 
apparent meanings of the roots to a numerical signification. 
Some metaphor probably underlies each word, but though 
metaphor, as we shall see, is competent to make numerals, it is 
not able to extend their application. Things are not eight or 
ten by a metaphor. They are so as a pure matter of fact, and 
we are thus debarred from inferring the original meanings of the 
numerals from any subsequent usage of them by transference. 
The propriety of each numeral to its signification must be 
explained a priori or not at all. And this, apart from any 
linguistic diflSculties, constitutes the chief objection to the 
etymologies hitherto proposed by Bopp, Lepsius, Pott and 
others'. Sometimes they do not explain the choice of the 
particular name, sometimes they involve patent anachronisms. 
When for instance they say that pankan and saptcm, ' five ' and 
* seven,' mean * following,' because they follow ' four ' and * six ' 



^ Bopp, Comp, Gram, § 313. Stade, 
Lehrh. der Hebr, Spr, p. 216. 

* Bopp, § 308 sqq. Pott, Die qui- 
fidre etc. Zahlmethodey pp. 130 sqq. 
On p. 142 Pott, disoussing Lepsius* de- 
riyations, points out that he ascribes 
to 1 (besides its original ika) the forms 
kf tshtp and g in the composition of 
the other numerals. The common 
derivations, taken chiefly from Bopp, 
are set out in Morris, Hist, Outlines 
of Eng, Accidence^ p. 110 n. The 
following only need be cited : 
Three =*whsit goes beyond' (root tri, 

tar, to go beyond). 
Four (quattuor) = * and three,' i.e^ 1 



and 3 : or else ka, qita=l, 

Fire =* that which comes after' (four). 

Sk. pa8?ichdt=sSter, 
SiXf Sk. shash is probably a compound 

of two and four. 
Sevens* that which foUows * (six). 
Eight, Sk. ashtdn =1 + and + 3. 
Nine=new=ih.&t which comes after 8 

and begins a new quartette. 
Ten=iwo and eight. 
Pott, in Etym, Forschungen, 2nd ed., 
1859, 1, p. 61 n., declares his opinion 
that the numerals are derived from 
names of concrete objects, but suggests 
no particular etymologies. 

1—2 
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respectively, they suggest no reason why any other numeral 
above 1 should not have been called by either or both of these 
names: so when they say that navan, 'nine/ means 'new* 
(i;eo9 etc.) because it begins a new quartette, they assume a 
primeval quaternary notation and do not explain why *five' 
was not called navan: so again when they say that navan 
means 'last' {viaro^ etc.) because it is the last of the units, 
they evidently speak from the point of view of an arithmetician 
who has learnt to use written symbols. What one really wants, 
in this as in so many other problems of philology, is to get at 
the point of view of the primitive language-maker and to see 
from what sources he was likely to get his numerals. And 
this can only be done by a careful examination of the habits 
and languages of modern savages. 

3. It is probably familiar enough to most readers that 
many savage tribes are really unable to count, or at least have 
no numerals, above 2 or 3 or 4, and express all higher numbers 
by a word meaning * heap ' or ' plenty,' and that every nation, 
which can count further than this, uses a quinary or decimal or 
vigesimal notation or a combination of these \ which is generally 
founded on, and expressly referred to, the number of the fingers 
and toes. These facts, which are beyond dispute*, suggest two 
initial questions, first, what is the real difficulty which a savage 
finds in separating the units which go to make a multitude ? and 



^ No nation has a purely quinary or 
vigesimal notation at all. Tlie Mayas 
of Yucatan, however, and the Aztecs 
have special words and signs for 20, 
400 and 8000. Pott, Z&hlmethode supr. 
cit. pp. 93, 97, 98. Wilson, Prehistoric 
Man, II. p. 61. 

' See, for instance, Pott, Die quin. 
Z&hlmethodey etc., with an appendix 
on Finger-names, supra cit, : Pott, 
Die Sprachverschiedenheit in Europa 
etc., on the same suhject, heing a 
Festgabe zur xxv. Philologenversamm- 
lung: and an article hy the same 
writer in Zeitschr. fur Volkerpsycho- 
logiey Vol. xn. These will be cited 
hereafter as Pott, Zdhlm. , Festgabe and 



Zeitschr, respectively. Also Tylor, 
Primitive Culture, i. ch. 7 : Lubbock, 
Orig, of Civilisation, ch. 8, and Prehist, 
Times (4th ed.), p. 588. Another col- 
lection of similar facts will be found 
in Dean Peacock's article ' Arithmetic ' 
in the Ency, Metropolitana, It may be 
added here that the Maoris are said to 
use an undenary scale (Pott, Zdhlm, 
pp. 75 and 76) in which rests are taken 
at 11, 121, 1331, eta, but this is 
doubted. The Bolans or Buramans of 
W. Africa are also said to use a senary 
scale (Pott, Festgabe, p. 30). These 
cases, if correctly reported, seem to be 
the only complete exceptions to the 
rule stated in the text. 
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secondly, why are the fingers — which, one would say a priori, 
are as hard to count as any other collection of five or ten 
things — always adopted as the means and basis of calculation ? 
The answer seems to be, at least in part, as follows. A savage 
knows large and familiar things by special distinguishing marks 
and these special peculiarities prevent him from forming, in the 
case of such things, the generalizations which are essential to 
arithmetic. A black cow and a dun cow, a tall child and a short 
one, a wood-chopper and a battle-axe, his own hut and his 
neighbour's, are not, to him, essentially similar, but essentially 
different from one another and from everything else, to be 
spoken of by proper and not by generic names, not forming part 
of a class and therefore not requiring to be counted. In respect 
of these things, he does not count, he enumerates ; as if a man, 
when asked how many children he has, should say, not that he 
has 3 or any other number, but that he has Tom and Susan 
and Harry and so on, naming each individual*. With small or 
unfamiliar things, on the other hand, with beans or fruits, for 
instance, or strangers from another tribe, the savage, though he 
is compelled to generalize, is not necessarily compelled to 
count, for there are many ways of roughly indicating a quantity, 
without knowing its component parts. Everybody has tried the 
diflSculty of counting quickly a number of spots irregularly 
disposed, and what we are unable to do quickly, a savage may 
well be unable to do at all. In order to count a heap correctly, 
it is essential that thjB same thing be not counted twice, and 



^ Compare Lubbock, Orig, of Civil, 
pp. 292 — 294, and the quotations from 
Galton and Lichtenstein, as to the 
special knowledge of individual animals 
by which a savage, unable to count a 
high number, keeps his herds together 
and conducts his barter. Tylor (Prim, 
Cult. I. p. 303 and passim) gives 
abundant examples of proper names 
applied by savages to inanimate objects. 
The same writer (i. p. 254) relates that 
some Australians, as well as other 
tribes, have a series of nine proper 
names which they give to their children 



in order of seniority and which might 
well serve for numerals, yet they can- 
not actually count above 2. So also, 
according to Dr Bae (cit. Lubbock, 
Prehist, Times, p. 625), many Eskimos, 
who are said by Parry (also loc, cit.) 
to have numerals up to 10 at least, 
cannot count their children correctly 
even when they have only four or five. 
But quaere, whether a man, who could 
not count his own children, would find 
the same difficulty in counting a num- 
ber of strangers. 
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respectively, they suggest no reason why any other numeral 
above 1 should not have been called by either or both of these 
names: so when they say that navan, 'nine/ means 'new* 
(i;eo9 etc.) because it begins a new quartette, they assume a 
primeval quaternary notation and do not explain why *five' 
was not called navan: so again when they say that navan 
means 'last' {viaTo<; etc.) because it is the last of the units, 
they evidently speak from the point of view of an arithmetician 
who has learnt to use written symbols. What one really wants, 
in this as in so many other problems of philology, is to get at 
the point of view of the primitive language-maker and to see 
from what sources he was likely to get his numerals. And 
this can only be done by a careful examination of the habits 
and languages of modern savages. 

3. It is probably familiar enough to most readers that 
many savage tribes are really unable to count, or at least have 
no numerals, above 2 or 3 or 4, and express all higher numbers 
by a word meaning * heap ' or ' plenty/ and that every nation, 
which can count further than this, uses a quinary or decimal or 
vigesimal notation or a combination of these \ which is generally 
founded on, and expressly referred to, the number of the fingers 
and toes. These facts, which are beyond dispute ^ suggest two 
initial questions, first, what is the real difficulty which a savage 
finds in separating the units which go to make a multitude ? and 



^ No nation has a purely quinary or 
vigesimal notation at aU. The Mayas 
of Yucatan, however, and the Aztecs 
have special words and signs for 20, 
400 and 8000. Pott, Z&hlmethode supr. 
cit. pp. 93, 97, 98. Wilson, Prehistoric 
Man, II. p. 61. 

' See, for instance. Pott, Die quin, 
Z&hlmethodet etc., with an appendix 
on Finger-names, supra cit, : Pott, 
Die Sprachverschiedenheit in Europa 
etc., on the same subject, being a 
Festgdbe zur xxv. Philologenversamm- 
lung: and an article by the same 
writer in Zeitschr. fUr V'dlkerpsycho- 
logie. Vol. xn. These will be cited 
hereafter as Pott, Zdhbn, , Festgdbe and 



ZHtsehr. respectively. Also Tylor, 
Primitive Culture^ i. ch, 7 : Lubbock, 
Orig. of Civilisation^ ch. 8, and Prehist. 
Times (4th ed.), p. 588. Another col- 
lection of similar facts will be found 
in Dean Peacock's article ' Arithmetic ' 
in the Ency. Metropolitana, It may be 
added here that the Maoris are said to 
use an undenary scale (Pott, Zdhlm, 
pp. 75 and 76) in which rests are taken 
at 11, 121, 1331, eta, but this ia 
doubted. The Bolans or Buramans of 
W. Africa are also said to use a senary 
scale (Pott, Festgabet p. 30). These 
cases, if correctly reported, seem to be 
the only complete exceptions to the 
rule stated in the text. 
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secondly, why are the fingers — which, one would say a priori^ 
are as hard to count as any other collection of five or ten 
things — always adopted as the means and basis of calculation ? 
The answer seems to be, at least in part, as follows. A savage 
knows large and familiar things by special distinguishing marks 
and these special peculiarities prevent him from forming, in the 
case of such things, the generalizations which are essential to 
arithmetic. A black cow and a dun cow, a tall child and a short 
one, a wood-chopper and a battle-axe, his own hut and his 
neighbour's, are not, to him, essentially similar, but essentially 
different from one another and from everything else, to be 
spoken of by proper and not by generic names, not forming part 
of a class and therefore not requiring to be counted. In respect 
of these things, he does not count, he enumerates ; as if a man, 
when asked how many children he has, should say, not that he 
has 3 or any other number, but that he has Tom and Susan 
and Harry and so on, naming each individual*. With small or 
unfamiliar things, on the other hand, with beans or fruits, for 
instance, or strangers from another tribe, the savage, though he 
is compelled to generalize, is not necessarily compelled to 
count, for there are many ways of roughly indicating a quantity, 
without knowing its component parts. Everybody has tried the 
difficulty of counting quickly a number of spots irregularly 
disposed, and what we are unable to do quickly, a savage may 
well be unable to do at all. In order to count a heap correcdy, 
it is essential that th^ same thing be not counted twice, and 



^ Compare Lubbock, Orig. of Civil, in order of senioritj And 

pp. 292 — 294, and the quotations from well Berve for nnmenhu j«i dwj ««a' 

Galton and Lichtenstein, as to the not actually comtt abovv; 2. i» *hk^« 

special knowledge of individual animals according to Vr Jkut MB. liwo^eir, 

by which a savage, unable to count a Prehitt. Time*^ p. If^i.^uo? JE4ivsu>», 

high number, keeps his herds together who are caii hj Ites/ -.uiA \^, *. ' 



and conducts his barter. Tylor \^nm. to have mtnuirtuf v^ Hk ji tz j^>t^', 

Cidt, I. p. 303 and passim) gives cannot tffout ^me iMOiOva. *xjr:>^. / 

abundant examples of proper names even vtcBifaiT'jflMft -mtr ^^-jg ^^ \ ^ 

applied by savages to inanimate objects. Bat fwum:, ^cdHr % wtxL. w. «; . : . 



The same writer (i. p. 254) relates that M^ummimmmL ^uidmsi w.%r,^', :.:.i 
some Australians, as weU as (rther ^at mmm Ulaiar jt tsnjur.o:/ i, i.i 
tribes, have a series of nine pm|Kr 
names which they give to their tbHimx 
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this, to the unpractised calculator, can be secured only by 
arranging the things in such a form that the counting may 
follow a definite direction from a fixed beginning to a fixed end. 
Given such an arrangement, it is further necessary that the 
calculator should have words or other sjonbols to serve as a 
memoria techniea of each successive total, otherwise he will be 
as ignorant at the end of the counting as he was at the 
beginning. But a savage, who ex hypothesi is making his first 
essay in counting, can hardly be expected both to arrange his 
units and to invent his symbols immediately. Time and 
practice and some hard thinking are obviously necessary before 
he can master both operations. 

4. These diflSculties, however, are soonest surmounted 
with very small numbers, of which any arrangement is bound 
to be more or less symmetrical and of which so definite an 
image may be retained in the memory that names or symbols 
are unnecessary for the mere operation of counting. But some 
means of communicating a total, and, with a higher number, 
some memoria technica of the arrangement adopted are still 
wanting. For both these purposes, the fingers and toes are 
especially well adapted. They are a moderate number of 
similar things, easily generalized, symmetrically disposed and 
arranged in four groups of small contents. They can be so 
moved, shown, concealed or divided, that they will exhibit any 
number under 21 : they are so familiar that the eye is 
constantly practised in counting them, and they are so uni- 
versally supplied to human beings that they can be used to 
communicate arithmetical results. 

But men did not arrive at this use of the fingers till they had 
already made some little progress in calculation without them. 
That this is the true history of the art of counting is evident 
if we consider the following facts in order. First, there is 
hardly any language in the world in which the first three or 
four numerals bear, on the face of them, any reference to the 
fingers. Secondly, there are many savage languages in which 
these numerals are obviously taken (not from the fingers but) 
from small symmetrical groups of common objects. Thus, 
*two* is, among the Chinese, ny and ceul, which also mean 
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* ears : ' in Thibet paksha * wing : ' in Hottentot fKoam * hand : ' 
and so also among the Javanese, Samoyeds, Sioux and other 
peoples. So again with the Abipones, 'four' is geyenknati, 

* ostrich-toes : ' 'five' is neenhaUk, 'a hide spotted with five 
colours : ' with the Marquesans ' four ' is pona, * a bunch of four 
fruits,' etc.* Thirdly, there are also many savages who, having 
only a very few low numerals, count to much higher numbers 
dumbly by means of the fingers'. 

5. But just as, in the examples quoted above, the name 
of the pattern group (e.g. ears or hands) becomes the name of 
the number which that group contains, so with finger-counting 
the savage, advancing in intelligence, begins to name the 
gesture with or without performing it, and this name becomes 
the symbol of the number which the gesture is meant to 
indicate. Hence all the world over, in nearly every language 
under the sun where names for the higher units exist and show 
a clear etymology, the word for 'five' means 'hand,' and the 
other numbers, up to 10 or 20, as the case may be, are merely 
descriptive of finger-and-toe-counting. In Greenland, on the 
Orinoco, and in Australia alike, ' six ' is ' one on the other hand,' 
'ten' is 'two hands,' 'eleven' is 'two hands and a toe' and 
'twenty' is 'one man ^' In some cases, we find even greater 
definiteness. Among the Eskimos of Hudson's Bay the names 
of the numerals ' eight,' ' nine ' and ' ten ' mean respectively the 
' middle,' ' fourth ' and ' little finger,' and the same use of actual 
finger-names is observed also among the Algonquin Indians of 
North America, the Abipones and Guarani of the South, 
the Zulus of Africa and the Malays of the Asiatic islands*. 

6. Enough has now been said, or at least references 
enough have been given, to show that wherever a quinary, 
decimal or vigesimal notation is adopted in counting, there 

^ For other examples, and especially low numbers (e.g. couple). See also 

for a curious set of Indian poetic Farrar, Chaps, on Lang. pp. 198 — 201. 

numerals, in which e.g. 'moon' stands ^ Tylor, Prim. Cult. i. p. 244. 

for 1 and * teeth* for 32, see Tylor, ^ Tylor, PHm. Cult. i. pp. 247— 

PHm. Cult. I. pp. 262, 263, 256, 269, 261. 

and reff. CiviHsed peoples (ih. p. 267) * Pott, Zahlm. pp. 190 and 301, 

sometimes employ a similar nomen- Zeitschr. pp. 182, 183, Festg. pp. 47, 48, 

clature, though not often with very 83. 
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is the strongest possible presumption that the notation is 
founded on the number of the fingers and toes : and secondly, 
that wherever these scales are used and the etymology of the 
numerals is obscure, the most likely explanation will connect the 
higher units with the gestures used in fingier-and-toe-counting. 

If we turn, then, to the languages of the Aryan peoples, we 
shall find many signs that they acquired the art of calculation 
slowly and by precisely the same modes as we see in practice 
among modem savages. There is no word for 'counting' 
common to all the Aryan tongues, but the special words 
generally mean 'to arrange' or 'to group' (aptOfieiv^, numerare, 
rechnen) and a similar notion must underlie the double uses of tell, 
putare, Xifyevv, Again, three numbers only are distinguished in 
the inflexions of nouns and verbs, viz. the singular, dual and plural. 
This, like the three strokes which mark plurality in Egyptian 
hieroglyphics, seems to point to a time when 3 was the limit of 
possible counting. It is noticeable also, in this regard, that 
'three' always retained a notion of great multitude*: that 
Sanskrit employs, for this numeral, two distinct roots, tri- and 
tisar-^ ; and that, after 'three,' the first divergence appears 
in the grammar of the Aryan numerals. The common use of a 
duodecimal notation in measurements of length and capacity 
and the sudden variation in the grammatical position of 
'four' may be taken as evidence that 'four' was a separate 
addition to the numerals and that 3 and 4 were for some 
time used together as limits of the groups used in count- 
ing*. The use of ^eip and manus to signify *a number,' 



^ Cf. Odyssey x. 204. Hxa apidfielv 
must originally have meant ' to arrange 
in two groups.' 

* Cf. TpiaaBXios, ter felix, 5iA rpLwv 
in Eur. Or, 434. The suggestion was 
W. yon Humboldt's. That about the 
dual and plural was Br Wilson's. See 
Tylor, Pnm. Cult, i. p. 265. 

8 Cf . Lish trif masc. : teoir^ teoira, 
fem. : Welsh trij masc. : teir, fern. 

* Hence also Pindar's rpls TerpoKi re, 
Horace's terque quaterque heati, etc. 



(cf.n. 2). In hieroglyphic numeral-signs, 
though the system is denary, units, 
tens, etc. are grouped by threes and 
fours and not by fives, (e.g. 7 is written, 



invariably, and similarly for 70, 

700, etc.). Observe also that Egyptian, 
like Aryan, had a dual. The occasional 
use of more than one group-limit in 
counting is common enough. Thus, 
beside the examples given a little later 
in the text, the Bas-Bretons use trio- 
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the common phrases iirl haKTvKcov (rvfi/SdWeaOai and digitis 
computare and many references in ancient authorities* suf- 
ficiently attest the practice of finger-counting in the earliest 
historical times, and there are some signs that the practice was 
not yet settled before the separation of the Aryan races. Thus 
the Homeric Trefiird^eiv (lit. 'to five'), meaning 'to count/ 
and the form of the Latin numeral signs imply the occasional 
use of a quinary notation, while the Kelts and Danes use, 
to some extent, a vigesimal (e.g. quatre-vingts), from which we 
derive our habit of counting by scores. 

7. A further question still remains, whether any connexion 
can be traced, in the Aryan languages, as there certainly can in 
most savage tongues, between the first ten numerq.1 words and 
the gestures used in counting with the fingers. It has been 
already pointed out that in Aryan languages there is a diflference 
in kind between the first three or four numerals and the last 
seven or six. The former are adjectives and are so inflected : 
the latter are nouns neuter in form and uninflected*; inter- 
jections, as it were, thrust into the sentence in brackets, like 
the dates in a history-book. This diflerence in kind seems to 
point to a difference in etymology and also in antiquity. The 
higher numerals, being nouns, are names of things and, being 
uninflected, are names of things which are not really connected 
with, and subject to the same relations as, the other things 
mentioned in the same sentence. Secondly, the general abrupt- 
ness of the transition from low inflected numerals to higher 
uninflected forms points to some sudden stride in the art of 
counting. All the facts are readily explained if we conceive 
that among the Aryans, as among many other races, the 
counting of low numbers was learnt before the use of the 
fingers suggested itself, and that so soon as the fingers were 
seen to be the natural abacus, a great advance in arithmetic 

uech (=3x6) for 18: the Welsh have *morra' is of very remote antiquity 

dennaw (=2x9): the old Frisian has and, like most games, seems to be de- 

tolftich (=twelvety) for 120. See scended from a serious exercise, 

further Pott, Festg. pp. 33 and 38. 2 Pott, Festg. p. 40, points out that 

1 Boethius (p. 395, 3 sqq. ed. Fried- inflexions begin again with the com- 

lein) says the ancients used to call pounds of ten (e.g. triginta, a neuter 

the units *digiti,^ The Italian game plural, trecentit etc.). 
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was immediately made. The higher unit-numerals would then 
be the names of the gestures made in finger-counting or, as 
among the Algonquins etc., the actual names of the fingers in 
the order in which they were exhibited in counting. 

8. The evidence that 3 or 4 was once the limit of Aryan 
reckoning has been already adduced. If the fact is so, then the 
numerals up to that limit probably bear no reference to the 
fingers, but they are so ancient that it is useless now to 
inquire into their origin. But the following numerals are 
neither so ancient nor so curt in form. Their original names 
appear to have been pankan or kankan (5), ksvaks or ksvaksva 
(6), saptan (7), aktan (8), navan (9) and dakan or dvakan (10). 
Some allusion to finger-counting may well underlie these words. 
Ever since A. von Humboldt first pointed out the resemblance 
between the Sanskrit pank'an and the Persian penjehy *the 
outspread hand,' some connexion between the two has always 
been admitted. It is possible, indeed, that penjeh is derived 
from panic an and not vice versa, but if we return to the 
primeval form, pankan, as Curtius points out\ is probably 
connected with ttv^, pugnus and fist or kankan with the 
Germanic hand. So also dvaka/n seems to be for dvakankan, 
meaning * twice five ' or ' two hands *,' dakan points to Sef to9, 
dexter^, hi'XpiiaL etc. or else to haKrvKo^, digitus, zehe, toe. 
Thus whatever original forms we assume for these two numerals, 
their roots appear again in some name or other for the hand 
or fingers. It is intrinsically probable, therefore, that pankan 
means 'hand' and that dakan means *two hands' or 'right 
hand.' It may be suggested, here, that the intervening numerals 
are the names of the little, third, middle and fore-fingers of the 
right hand. Thus the little finger was called by the Greeks 
ctfTtr^?*, by the Latins auricularis. This name is apparently 



1 Griech, Etym., Nos, 629 and 384. 

^ The Gothic numerals from 70 to 
90 are compounded not with the 
ordinary -taihun, but with -tehtmd, 
which has been thought (wrongly no 
doubt) to mean Hwo hands' simply. 

3 Sinister^ sem-eJ, singuli are curi- 
ously analogous to dexter {dee-ister)^ 



decern, etc. The two hands may pos- 
sibly have been called the *one-er' 
and the *ten-er.' The ordinary etymo- 
logy takes dexter and sinister to mean 
the * taker' and 'leaver' respectively. 

^ The finger-names which follow are 
taken from the appendix to Pott's 
Zdhlmethode, Comp. also his article 
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explained by the Germans who call this finger the 'ear-cleaner' 
(e.g. Dutch pin, pink ('poker') oorvinger). Now ksvahs or 
ksvaksva seems to be a reduplicated form, containing the same 
root as f^ft), ^aivcoy ^vpe(o etc., and meaning * scraper.' The name 
saptan seems to mean * follower ' {hr-ofiai etc.), and the third 
finger might very well be so called because it follows and 
moves with the second, in the manner familiar to all musicians*. 
The name aktan seems to contain the common root AK and 
to mean, therefore, 'projecting,' a good enough name for the 
middle finger. Lastly, the first finger is known as aairaarLKo^, 
index, salviatorius, demonstratorius (= 'beckoner,' 'pointer') and 
this meaning probably underlies navan, which will thus be 
connected with the root of novus, j/€09, 'new' etc. or that of 
verio), nvo, ' nod ' etc. or both. Whatever be thought of these 
suggested etymologies, it must be admitted that there is no 
evidence whatever that our forefathers counted the fingers of 
the right hand in the order here assumed. They may have 
adopted the reverse order, from thumb to little finger, as many 
savages do and as in fact the Greeks and Romans did with that 
later and more complicated system of finger-counting which we 
find in use in the first century of our era and which will be 
described hereafter in these pages. If this reverse order be 



in ZeiUchr, pp. 164 — 166. It is 
curioQS that this writer should not 
have attempted to make any use, by 
comparison, of the facts which he had 
80 industriously collected. Similarly 
in his article on * Gender' (Geschlecht) 
in Ersch and Griiber's Encyclopaedia, 
VoL iiXii., he gives the facts about 
gender in every language under the 
sun, but draws no conclusion from 
them. It is to be observed, however, 
that both essays were written before 
the evolution-theory was distinctly 
formulated. Some other finger-names 
may be here added. The third finger 
is generally known either as the * ring- 
finger ' (da/crvXiwr);;, annularis f golding- 
er)y or as * leech-finger' (medicinalis, 
arzt.): in Sanskrit also, anaman or 



* nameless:' in Greek also iiri^dTris or 
^Tt/SaXoj, which may mean 'rider ' (^ire/i- 
poLTTjs). The first finger is also called 
*licker' (Xixai'^;, Piatt D. pott-licker), 
Mr J. O. Halliwell {Nursery Rhymes 
and Tales, p. 206) gives as English 
finger-names toucher, longman, lecJie- 
man, littleman, and explains that the 
third finger is called lecheman because 
people taste with it as doctors try 
physic. He cites also such names as 
Tom Thumbkin, Bess Bumpkin, etc. 
with Norse parallels. 

^ So in Odschi or Ashantee the 
middle finger is called ensatia hinnS, 
'king of the fingers,' and the third is 
ensatiasafO'hinni, 'field-marshal.' (Pott 
in Ersch and Gr. sup, cit.). 
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assumed, the numerals may still be explained in accordance 
with other finger-names in common useS beside those which 
have been cited. But after all, the main support of such 
etymologies is their great a priori probability. The theory, 
on which they are based, brings the history of Aryan counting 
into accord with the history of counting everywhere else: it 
explains the Aryan numerals in a way which is certainly correct 
for nearly all other languages; it explains also the singular 
discrepancy in the forms of those numerals and some peculiar 
and very ancient limitations of Aryan counting. It is hardly to 
be expected that such a theory should be strictly provable at 
all points. 

9. Scanty as is the evidence for the first steps of Aryan 
calculation, there is none at all for those which follow. It will 
be conceded, however, that so soon as the fingers were used as 
regular symbols or a numeral nomenclature was adopted, further 
progress could not have been difficult. Doubtless at first, as in 
S. Africa at the present day*, the numbers from 10 to 100 
required two, and those from 100 to 1000, three calculators. 
But the assistance of coadjutors could be dispensed with, in 
mere counting, so soon as the memory was trained to remember, 
without embarrassment, the multiples of 10 or the habit was 
adopted of making a mark or setting aside a symbol at the 
completion of each group of 10 '. Addition scan be performed 
with the fingers, but, in the case of high numbers, the process 



1 On this plan, ksvaks is the 
thumb, saptan the forefinger, navan, 
the third finger. Of these navan^ 
*nodder,' is as good a name for the 
third finger as saptan^ for the same 
reason. Saptan may mean * sucker,' 
(6t6s, sapio, saft, sap) pointing to 
the finger-names \ixav6s pott-licker^ 
mentioned in the previous note. For 
this, compare the Zulu names for 7, 
which are kombile * point,* or kota 
•lick.* (Pott, Festg. p. 48.) 

2 Schrumpf in Zeltschr. der Deutsch, 
Morgenl. Geselhch, xvi. 463. 

3 Multiples of 10 were expressed by 



mere compounds, neuter plurals in 
form, up to 100. This last is supposed 
to have been' named dakan-dakanta^ 
of which the last two syllables only 
survive. But the later word was a 
neuter singular, uninflected (thus the 
i of ^Karbv is said to be a relic of hf). 
Multiples of 100 are again compounds 
and plurals, but in Latin and Greek, 
curiously enough, they are plural ad- 
jectives, with inflexions of gender. 
The words for 1000 are different in all 
the great branches of Aryan speech 
and are all of very obscure origin. 
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involves a severe tax on the memory. This tax is the more 
severe with subtraction, because here, to take even the most 
favourable conditions, the numerals have to be remembered 
backwards. It is probable therefore that both these operations 
were very early performed by means of other symbols, such 
as pebbles {ylrfj(f)oi, calculi). The multiplication-table is merely 
a summarised statement of additions and a division-table would' 
be merely a summarised statement of subtractions. Continual 
practice, leading to well-remembered inductions, was alone 
necessary to give considerable facility in the four rules of 
arithmetic. 

10. But division, when it came to be conducted with nicety, 
introduced a new difficulty. The divisor was not always a 
whole factor of the dividend and there was then a remainder. 
What was to be done with this? The question, no doubt, first 
arose with concrete units, in a case, for instance, where 23 
apples were left to be divided among 24 men. Here obviously 
each man will get a fraction of an apple but there are two ways 
of ascertaining the fraction. One is to divide each apple into 
24 equal parts, and to give to each man 23 such parts. The 
other is to subdivide 23 into groups, say 12, 8 and 3, and so to 
give each man first |, then ^rd, then ^th of an apple. This 
latter method of treating a remainder (by taking parts of it at a 
time) is clearly analogous to the way in which the whole 
dividend has previously been treated, and no doubt it re- 
commended itself, on this account, to the calculators of anti- 
quity. But it had also an especial advantage in this, that the 
fractions which it produces are more readily represented with 
primitive symbols. Given only the fingers or pebbles, it would 
puzzle any man to represent directly that fraction of an apple 
which we call ffths, but it would not be so difficult to indicate 
i + i + i^- -^^ advantage of the same kind would attend the 
practice of dividing the unit always into the same fractions (say 
12ths or lOths) and expressing every other fraction, as nearly as 

^ It should be mentioned here, also, used at all, so that there would be a 

that fractions with low denominators tendency to express the latter in terms 

would naturally be familiar long before of the former, 
those with high denominators were 
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possible, in terms of these. As with the former plan the 
numerator, so with the latter the denominator might be taken 
for granted and so both the symbols of fractions and calculations 
with them would be nearly the same as those for whole numbers. 
And as a matter of fact, the ancient treatment of fractions 
always did avoid the necessity of handling numerators and 
denominators together. On the one hand, the astronomical 
reckoning, introduced into Greece from Babylonia, used only 
the sexagesimal fractions of the degree, and the Romans used 
for all purposes the duodecimal fractions of the oa*; thus on 
these systems the denominators were implied. On the other 
hand, and much more commonly, every fraction was reduced to 
a series of *submultiples' or fractions with unity for numerator, 
and thus the consideration of numerators was avoided. This 
practice was retained in Greek arithmetic to the very last. The 
Greeks had long since abandoned the old symbolism of numbers 
but they had adopted another, which, though less clumsy to 
look at, was even more unmanageable in use. They could 
state fractions as easily as whole numbers, but calculation 
of any kind was still so diflScult to them that they preferred to 
get rid of numerators and to reduce denominators to a series of 
numbers, some of which were so low that they could be handled 
mechanically and the rest so high that they could often be dis- 
carded without materially affecting the result". 



1 Each of the Boman fractions had 
a special name. So we might use 
shilling for -a^th, ounce for ^^th, inch 
for t'^th, etc. of any unit whatever. 
The Aryans, however, do not seem to 
have had a special name for any merely 
numerical fraction, except a half. The 
Arabs used to distinguish expressible 
from inexpressible fractions. The 
former are all such as have denomina- 



tors less than 9 (or compounded of 
any units), and these had special 
names: the latter (e.g. yV) ^^^ ^o 
names. Cantor, Vorl, iiber Gesch, der 
Math. I. p. 615. 

^ Thus Eutocius, in the 6th century 
after Christ, reduces ^ to ^ + -jV* which 
is 7^ too small. Nesselmann, Alg. 
der Griechenf p. 113. 
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EGYPTIAN ARITHMETIC. 

11. The preceding pages contain probably all the meagre 
facts from which it is still possible to discern how the Greeks 
came by their arithmetical nomenclature, both for whole 
numbers and for fractions. The subsequent progress of calcu- 
lation, that is to say, the further use of the elementary 
processes, depends on many conditions which cannot well be 
satisfied without a neat and comprehensive visible symbolism. 
This boon the Greeks never possessed. Yet even without it a 
retentive memory and a clear logical faculty would suflSce for the 
discovery of many important rules, such for instance as that, in 
a proportion, the product of the means is equal to the product 
of the extremes. It is probable, therefore, that much of the 
Greek arithmetical knowledge dates from a time far anterior to 
the works in which we find historical evidence of it It is 
probable, again, that the Greeks derived from Egypt at an early 
date as many useful hints on arithmetic as they certainly did on 
geometry and other branches of learning. It becomes necessary, 
therefore, to introduce in this place some account of Egyptian 
arithmetic, both as showing at what date certain arithmetical 
rules were known to mankind and as providing a fund of know- 
ledge from which the Greeks may have drawn very largely 
in prehistoric times. The facts to be now stated are in any case 
of great importance, since they furnish the only compact mass of 
evidence concerning the difficulties which beset ancient arith- 
metic and the way in which they were surmounted. 
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12. Quite receotly a hieratic papyrus, included in the 
Rhind collection of the British Museum, has been deciphered 
and found to be a mathematical handbook, containing problems 
in arithmetic and geometry\ The latter will be treated on a 
later page. The book was written by one Ahmes, (Aahmesu = 
moon-born), in the reign of Ea-a-us (Apepa or Apophis of the 
Hyksos XVIth or XVIIth dynasty), some time before 1700 B.C. 
but it was founded on and follows, not always correctly, an older 
work. It is entitled "Directions for obtaining the knowledge of 
all dark things," but it contains, in fact, hardly any general rules 
of procedure but chiefly mere statements of results, intended 
possibly to be explained by a teacher to his pupils. The 
numbers with which it deals are mostly fractional and it 
is therefore probable that Ahmes wrote for the ^lite of the 
mathematicians of his time. 

He begins with a series of exercises in reducing fractions, 
with 2 for numerator, to submultiples. ' Divide 2 by 5 ' or ' ex- 
press 2 divided by 7 ' etc. is his mode of stating the proposition 

and he gives immediately a table of answers, for all fractions 

2 

of the form ^^ up to ^. He does not state, however, why 

he/ confines himself to 2 as a numerator or how he obtains, 
in each case, the series of submultiples which he selects. It is 
possible that numerators higher than 2 were subdivided*, but 
the second question is the more interesting and has been very 
carefully discussed^. It is to be observed that such a fraction as 
^, which Ahmes distributes in the form -^^ -^ yf ^ ^^ may be 
expressed also as ^ ^^, and in various other ways, and 



' 



1 Eisenlohr, Ein mathematisches 
Handbitch der alien Egypter, Leipzig, 
1877. A short account of the papyrus 
was given by Mr Birch in Lepsius* 
ZeiUchrift for 1868, p. 108. It was 
then supposed to have been copied, 
not earlier than 1200 b.c., from an 
original of about 3400 b.c. The latter 
was written in the reign of a king 
whose name is not legible in Ahmes' 
papyrus, but who is supposed to have 



been Baenmat or Amenemhat in. The 
British Museum possesses also an older 
leather-roll on a mathematical subject, 
but this apparently is too stiff to be 
opened. 

2 E.g. ,\=A + i?r^U^+^jr, the 
last two fractions being copied from 
the table. 

3 Cantor, Vorlemngen^ i. pp. 24 — 
28. Eisenlohr, pp. 30—34. 
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similarly, with all the other fractions, Ahmes has adopted only 
one of many alternatives. Later on in the book* he gives a 
nile for multiplying a fraction by |. "When you are asked 
what is I of ^, multiply it by 2 and by 6 : that is f of it : and 
similarly for eveiy other fraction." Here it is meant that the 
denominator must be multiplied by 2 and by 6, and Ahmes' 

1.11 

rule is, in eflFect, that # of - is tt- + ;^ , and this formula he 

employs in the table for all fractions of which the denominator 
is divisible by 3 (e.g. f = J V^ etc.). But the words * similarly 
for every other fraction ' are of twofold application. They may 
mean that f of any other fraction is to be found by the same 
method, or that f , f etc. of any fraction may be found by 
multiplying denominators in a similar manner. The evidence 
of the table, however, goes to show that Ahmes was ignorant of 
the latter of these rules*. For instance, finding | expressed as 
^ -j^, one would expect this formula to be used with all 
the other fractions of which the denominator is divisible by 5, 
but it is used, in fact, only for ^, ^, ^^. Again, a few of 
the examples in the table are, as we say, " proved " by being 
treated backwards. Thus if ^ is J + ^, then | + ^ should be 2, 
and this fact (expressed in the form IJ J + J = 2)-is what 
Ahmes points out. It has been suggested therefore that the 
mode by which the fractions of the table were distributed, was 
by taking first of all the submultiple which, when multiplied by 
the original denominator, should be as nearly as possible 2 
(e.g. 4X7 = 5), and then adding the remainder. But this 
process is clearly not employed with most of the distributions 
(elg. ^ is given as ^^ ^ ^ instead of ^ j^-g etc.). This 
neglect of the most simple and obvious analogies is observable 

^ Eisenlohr, p. 150. table, only five are treated on this 

3 The subject is most carefully ex- plan. So again if p and q are odd 

amined by Cantor. If » be a prime , , , P + q » ; , v 

'f -^ ^ numbers, then -^—^ is a whole number 

nmnber. then ^^ is a whole number. ^ i 1 

„ - - and = + -Only 

and ?=-iT + -i-— . but of 24 ^'^« gx^ px?±l 



P P+1. P + l ', 2 "^ 2 

2 2 two denominators, out of the forty 

prime denominators occurring in the nine, are treated on this principle. 

G. G. M. 2 
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throughout the table and we must conclude that it was compiled 
empirically, probably by different persons and at different times, 
certainly without any general theory. 

13. Immediately after the table, Ahmes gives six calcula- 
tions, unfortunately mutilated, showing how to divide 1, 3, 6, 7, 
8 and 9 loaves respectively among 10 persons*, and then follow 
17 examples of seqem calculation, that is, of raising fractions by 
addition or multiplication to whole numbers or to other 
fractions'. For this purpose a common denominator is chosen, 
but not necessarily one which is divisible into a whole number 
by all the other denominators. Thus, in the problem to increase 
^ ^ ^ ^ ^^ to 1, the common denominator taken is evidently 
45, for the fractions are stated as 11 J, b\ J, 4 J, IJ, 1. The 
sum of these is (23^ \ ^) (^). Add to this \ + -^-^ and the sum 
is |. Add J and the desired 1 is obtained. From other 
examples here and elsewhere in the book it is plain that 
Ahmes did not use direct division. If it was required to raise 
a by multiplication to J, his plan was to multiply a until he 
found a product which either was or was nearly 6. Thus in 
the example, numbered by Eisenlohr (32), where 1 J \ is to be 
raised by multiplication to 2, he finds on trial that IJ 1 x 1^ iV 
produces ffj. The difference, Yrj> between this product and 2 
is then separately treated*. 

14. After this preliminary practice with fractions, Ahmes 
proceeds to the solution of simple equations with one unknown^. 
Eleven such are given, expressed, for instance, as follows, 

(no. 24) ' Heap, its 7th, its whole, it makes 19 ' (i.e. ^ + a? = 19). 

In this particular case, Ahmes goes on, in effect, to state 

1 Eisenlohr, pp. 49 — 53. In these and adds the necessary products, 

examples, the denominator is con- Cantor, Varies, i. pp. 31, 32, and 41. 
stant, as, in the first table, the numer- ^ The unknown quantity is called 

ator. hau or *heap.' In these examples a 

3 Eisenlohr, pp. 53 — 60. pair of legs walking, so to say, with or 

^ It should be mentioned that Ahmes against the stream of the writing, are 

does not multiply directly with a high used as mathematical symbols of addi- 

number but proceeds by many easy tion and subtraction. Three horizontal 

stages. In order to multiply by 13, arrows indicate * difference' and a sign 

for instance, he multiplies by 2, then < means * equals.* Cantor, pp. 32, 33. j 

(doubling) by 4, then (doubling) by 8 Eisenlohr, pp. 22—26. - 
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8x 

Y = 19 : divides 19 by 8 and multiplies the quotient (2{ ^) by 7 

and so finds the desired number 16^ J, but he has also various 
other methods of treating the two sides. For instance, in 
no. 29, where ultimately |^ a; = 10, he first finds the value of 
IJ as IJ ^ and then multiplies this by 10, so as to find 
a? = 13J^\ These equations are followed by the table of 
Egyptian dry measures, and then are added two examples of 
Tunnu- or dilBFerence-calculation, i.e. of divisions according to 
different rates of profit. The examples are * Divide 100 loaves 
so that 50 go to 6 and 50 to 4 persons,* and * divide 100 loaves 
among 5 persons, so that the first 3 get 7 times as much as the 
other 2. What is the difference (tunnu) ? ' After this, the 
writer passes to geometry, but he recurs at the end of the book 
to these algebraical problems and gives about twenty more 
examples of the same kind. Most of them are simple, but in at 
least three Cantor sees evidence that Ahmes was acquainted 
with the theory of arithmetical and geometrical series. The 
solution which he gives of the second problem above quoted is 
as follows: 'the difference is 5 J : 23, 17^, 12, 6J, 1. Multiply 
by If : 38J, 29^, 20, 10| ^y If.' The series first given amounts 
only to 60, and each of its terms must be multiplied by If, in 
order to produce' the requisite sum 100. The difference 5| 
must have been found from the equation 

whence 11 (a — 46) = 2b and 6 = 5 J (a — 4 J). Ahmes then assumes 
(a — 4J) = 1, and so by experiment finds its true value. Another 
example (no. 64) is * Ten measures of com for 10 persorts. The 
difference between each person's share and the next's is ^th of 
a measure.' The solution runs : ' I find the mean, 1 measure. 
Take 1 from 10: remainder 9. Halve the difference, i.e. -j^. 
Take it 9 times, that gives you ^ ^. Add it to the mean. 
Deduct ^th of a measure for each person so as to reach the end.' 

1 Other examples in Cantor, pp. stance of a 'falscher ansatz/ a falsa 
32 — 34. positio or * tentative assumption,* on 

2 Upon this Cantor {Vorles. p. 36) which see below § 70. n. 
remarks that it is the first known in- 

2—2 
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These consecutive sentences mean^ in modern algebraical form, 
'Find-. Find(n-l). Find|. Find|x(n-1). Add ? to 

I (w - 1); Le. these du-ections imply a knowledge of the formulae 

. . . I 

for finding the sum or the first term of an arithmetical progres- \ 

sion. The evidence, however, for Ahmes* knowledge of ^ 

geometrical series is confined to the fact that in one example ^ 

(no. 79) he states such a series and calls it a 'ladder' {Sutek). 

15. One might natui-ally expect that a nation, which at 
so early a date had acquired so much proficiency in arithmetic, 
would in another thousand years make much further progress 
or would at least discover and begin to remove the obstacles 
which prevented such progress. But the Egyptian intellect, 
like the Chinese, seems to have been rather shallow, and the jj 

ancients themselves, who were indebted to Egypt for the 
rudiments of many sciences, observed with surprise that no 
greater advance was made in that country. In geometry, for 
instance, it is certain that the later Egyptians added nothing 
whatever to the learning of Ahmes' day, and though as to 
arithmetic there is little or no direct evidence, yet two facts 
raise a presumption that Ahmes' book represents the highest 
attainment of Egypt in that science. First, no improvement 
was made in Egyptian arithmetical symbolism, and secondly, 
the Greeks did not derive directly from Egypt any more 
arithmetical learning than is given by Ahmes. This latter fact 
renders it unnecessary to pursue further in this place a,n 
inquiry into Egyptian arithmetic, but it is probable, never- 
theless, as will be seen hereafter, that Egyptians, educated in 
Greek learning, made some important additions to Greek 
mathematical methods. 

16. The theories suggested and the facts adduced in the 
foregoing pages may be shortly summarised as follows. Primitive 
peoples, when they have learnt to generalise, begin to learn to 
count. They commence counting with groups of two or three 
things only but soon arrive at counting five. When they reach 
this limit, they at once begin to use the fingers, or the fingers 
and toes, as the means and basis of calculation and are hence- 



EaYPTIAN ARITHMETIC. 21 

forth committed to a quinary or denary or vigesimal scale. 
The gestures used in finger-counting suggest names for five 
and the higher units, and with such names and with the use of 
the fingers it is possible to attain a fair dexterity in calculation 
with whole numbers. It is not so easy, however, to find names 
or symbols for fractions, but the diflSculty here is very much 
reduced if a constant numerator or a constant denominator be 
adopted, and one or the other of these devices was, for more 
than one reason, employed by all nations which ever got as far 
as the arithmetic of fractions. It is evident, nevertheless, that 
fractions were at first and remained a stumblingblock to 
calculators: for the oldest extant collection of arithmetical 
examples is chiefly devoted to them and the latest Greek 
writer on arithmetic still uses the ancient devices for expressing 
them. Such are the antecedents of Greek arithmetic, so far 
as they can be discovered from the evidence of the Greek 
language and of the usages of later Greek calculators. It 
cannot be doubted, however, that Greece received directly a 
good deal of arithmetical learning from Egypt, but this, at 
its best, can hardly have dealt with more abstruse subjects than 
the solution of simple equations with one unknown and some 
portions of the theory of arithmetical and geometrical series. 
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CHAPTER III. 

GREEK CALCULATION. LogisticCL 

17. A distinction is drawn, and very naturally and pro- 
perly drawn, by the later Greek mathematicians between dptd' 
fiTfTLKT] and \oyiaTt/ci]f by the former of which they designated 
the * science of numbers/ by the latter, the 'art of calculation \' 
An opposition between these terms occurs much earlier and is 
frequently used by Plato, but though Xoyia-riKi] can hardly 
mean anything but ' calculation,' it is not quite clear whether 
dpiOfji/rjTiKij then bore the sense which it had undoubtedly 
acquired by the time of Geminus (say B.C. 50). That it did 
so, however, is rendered pretty certain by many circumstances. 
It is probable, in the first place, that the Pythagoreans would 
have required some variety of terms to distinguish the exercises 
of schoolboys from their own researches into the genera and 
species of numbers*. In Aristotle' a distinction, analogous 
to that between the kinds of arithmetic, is drawn between 
yecoSacaia, the practical art of land-surveying, and the philo- 
sophical yecoficTpla, Euclid, who is said to have been a 
Platonist and who lived not long after Plato, collected a large 
volume of the theory of numbers, which he calls dpL0firjTiKrj 
only and in which he uses exactly the same nomenclature and 
symbolism as we find in those passages where Plato draws 
a philosophical illustration from arithmetic*. It may therefore 
be assumed that Xoyiartxri and dpiOfjbrjTiKj] covered, respec- 

1 See esp. Geminus cited by Proclus, the needs of merchants,* with which 
Comm. Eucl. (ed. Friedlein), p. 38. comp. Plato, Bep. 625 c. 

2 Thus Aristoxenus (apud Stob. Eel. ^ Metaph, ii. 2, 26. 

Phys, I. 19. c. 2 ad initium) says that * Cf. Euclid vii. with Plato, Theaet, 

Pythagoras first raised 3/)t^/u?7TtK?7' above 1^17, 118, or Kep. 546 c. 
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tively, the same subjectmatter in Plato's time, as afterwards 
and since he uses these terms casually, with no hint that they 
were novel, we may infer that the distinction between them 
dates from a very early time in the history of Greek science and 
philosophy*. 

But though the opposition of dpiOfifjTiKi] and XoytoTiKr] is 
as clear as that of theory to practice or science to art, an 
historical account of either would necessarily involve frequent 
reference to the other. Just as many of the rules of modem 
arithmetic are proved by algebra, so with the Greeks the mles 
of proportion, the rules for finding a greatest common measure 
and the like were discovered by and belonged to dpLfffjbTjTiKr/^ 
while the discovery of prime, amicable, polygonal numbers etc., 
which are part of the subjectmatter of dptOfjurfTifcrj, is obviously 
due to induction from the operations of XoycarLfcrj. It is, however, 
desirable and even necessary to keep the two apart, for the 
record of Greek arithmetical theory is far fuller and more exact 
than that of Greek practice and, besides, the symbolism of the 
former was entirely distinct from that of the latter. The two 
departments, therefore, \oyi<TTL/ci] and dpLdfjurjTiKTJ, will be kept 
separate in the following pages, but it is to be premised that 
probably Greek logistic, or calculation, extended to more difficult 
operations than can be here exhibited and that probably Greek 
arithmetic, or theory of numbers, owed much more to induction 
than is permitted to appear by its first and chief professors. 



1 The Platonic passages may be 
here mentioned. In Oorg. 451 b c ap* 
and \oy, are opposed, but both are 
described as rix^ou, dealing with *odd' 
and 'even/ the special aim of X07. 
being to find out quantity, both ab- 
solute and relative. In Euthyd, 290 
B c Xoy. is opposed to some philo- 
sophical use of numbers, not there 
named. But in Rep, 525 c n and 
Fhileb, 56 n e, a distinction is drawn 
between popular ap, and Xoy. together 
and the philosophical species of both, 
the basis of the distinction being that 
the former use unequal and dissimilar 
units, while the latter use equal units, 



contemplated absolutely. The difficulty 
of course is to perceive what Plato 
meant by popular dp. and philosophical 
X07. It seems to be a satisfactory ex- 
planation to suppose that Plato was 
here thinking of those rules of Xoy, 
which are proved deductively (popular 
dp.) and those doctrines of dp. which 
are proved inductively (philosophical 
Xoy.), Thus the proportion 2 apples : 
1 obol :: 6 apples : 3 obols is a piece 
of popular apidfirp-iK'^ ; the fact that 
*all the powers of 5 end in 5' (e.g. 25, 
125, 625, etc.), is a piece of philo- 
sophical XoyiaTimj. 
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18. In a historical account of ordinary Greet calculation, 
the first subject which demands attention is the customary 
symbolism. This also is the subject which ought to be capable 
of most satisfactory treatment, for here the record, if there is 
any at all, can hardly be deceptive : and this again is the most 
important subject, for a good symbolism is itself suggestive, 
while a bad one stifles the ingenuity, and a nation's arithmetical 
reputation may be made or marred by the written foims with 
which it represents numbers. 

At the time when the inquiry into the prehistoric develop- 
ment of Greek logistic must perforce be abandoned, we have 
found the Greeks in possession of a complete numerical nomen- 
clature, with a decimal scale, and accustomed to use the fingers 
or pebbles {y{rrj<f)ot) as aids to calculation. These symbols were 
no doubt at first used, and continued always to be used, in the 
most primitive way, each finger or stone representing a single 
unit*. But the progress of commerce and the increasing 
adroitness of Greek merchants introduced far more complex 
conventions into the use of fingers and pebbles, and though it 
is probable that these improvements were really subsequent to 
the invention of some sort of written symbols, yet the antiquity 
of the instruments themselves and the narrow limitations of 
their use render it desirable that they should be described finst, 
before proceeding to the history of written signs. 

19. A mediaeval Greek, one Nicolaus Smyrnaeus (called 
also Rhabda or Artabasda), in a work entitled €K<f>paaL<i rod 
BaKTvXi/cov /Merpov, written probably in the 13th or 14th 
century^ describes fully the finger-symbolism which was in use 
in his time and probably for some fifteen hundred years before. 
On this system, the operator held up his hands, so that the 



1 Herod, vi. 63, 65. Arist. Problem, 

XV. 

2 It is printed in Schneider's Eclog. 
Phys. I. p. 477, also by N. Caussinus 
in his Eloquentia Sacra et Humana, 
Bk. IX. ch. 8, pp. 565— 668 (Paris, 1636), 
and elsewhere. See Boediger's article 
in Jahresb. der Deutsch, Morgerildnd, 
GeseUich, for 1845, pp. 111—129. 



Boediger, who has been followed by 
many writers, supposed that Nicolaus 
Smyrnaeus was of the 7th or 8th 
century, but Dr Giinther {Vermischte 
Untersuch. zur Oesch. *der Math, 1876) 
has lately discovered him to be a con- 
temporary of Manuel Moschopulus, a 
much later writer. 
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fingers were erect, the palms facing outwards. The 3rd, 4th and 
5th fingers (to use the German description) might be ixTei- 
vofievoc or straight, avaTeWofievoc ' bent ' or ' half-closed,' kXivo- 
fi€voi or 'closed.' The subsequent gestures may be thus 
described : 

(a) On the left hand : 

for 1, half-close the 5th finger only : 

„ 2, „ the 4th and 5th fingers only : 

„ 3, ., the 3rd, 4th and 5th fingers only : 

„ 4, „ the 3rd and 4th fingers only : 

„ 5, „ the 3rd finger only : 

„ 6, „ the 4th finger only : 

„ 7, close the 5th finger only : 

„ 8, „ the 4th and 5th fingers only : 

„ 9, „ the 3rd, 4th and 5th fingers only. 

(6) The same operations on the right hand gave the 
thousands^ from 1000 to 9000. 

(c) On the left hand : 

for 10, apply the tip of the forefinger to the bottom of the 
thumb, so that the resulting figure resembles 8: 

„ 20, the forefinger is straight and is separated by the 
thumb from the remaining fingers, which are 
slightly bent : 

„ 30, join the tips of the forefinger and thumb : 

„ 40, place the thumb behind (on the knuckle of) the 
forefinger : 

„ 50, place the thumb in front (on the ball) of the fore- 
finger : 

„ 60, place the thumb as for 50 and bend the forefinger 
over it, so as to touch the ball of the thumb : 

„ 70, rest the forefinger on the tip of the thumb : 

„ 80, lay the thumb on the palm, bend the forefinger 
close over the first joint of the thumb and 
slightly bend the remaining fingers : 

„ 90, close the forefinger only as completely as possible. 

(d) The same operations on the right hand gave the 
hundreds, from 100 to 900. 
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Nicolaus himself does not give signs for numbers above 
9000, but Martianus Capella, a writer of the' 5th century, says 
(De Naptiis, Lib. vii. p. 244? of Grotius edn. 1599) ' nonnulli 
Graeci etiam fivpla adjecisse videntur ' by means, apparently, of 
' quaedam brachiorum contorta saltatio * of which he does not 
approve. The motions were probably the same as those de- 
scribed by Bede in hig tract *De loquelg; per gestum digitorum*/ 
Different positions of the left hand on the left breast and hip 
gave the numbers from 10,000 to 90,000 : the same motions 
with the right hand gave the hundred thousands and the hands 
folded together represented a million. 

20. The finger-symbolism here described was in use, in 
practically the same form, in Greece and Italy and throughout 
the East certainly from the beginning of our era'*, but there is 
unfortunately no evidence as to where or when it was invented. 
By far the oldest passage in which any reference to it may 
be supposed to occur is Aristophanes, Vespae, IL 656 — 664, 
where Bdelycleon tells his father to do an easy sum, ov yjnjtfyoi^ 
aX\' diro ;^€A/309. "The income of the state," says he, "is nearly 
2000 talents: the yearly payment to the 6000 dicasts is only 
150 talents." "Why," answers the old man, "we don't get a 
tenth of the revenue." It is clear, from this reply, that the 
'easy sum* in question amounted only to dividing 2000 by 10 or 
multiplying 150 by 10, an operation which does not require the 
more elaborate finger-signs. Failing this passage, there is 



^ Opera, Basileae, col. 171—173. 
The material part is given by Boediger. 
The finger positions described by Bede 
differ slightly, in one or two cases, 
from those of Nicolaus Smymaens, 
and both again vary slightly from 
those used in the East, where the 
units and tens were represented (not 
always, v. the Arabic poem in Bulletino 
Boncompagni, 1863, i. pp. 236, 237) on 
the right hand and not on the left. 
The reader is referred to Boediger's 
article above mentioned. Plates will 
be found in Journal of Philology, Vol. 
II. p. 247, in Stoy's pamphlet Zur 



Oesch. des Rechenunterrichts (Jena, 
1876), in Neue Jahrb. fiir Phil, u. Pad. 
15thsupplbd.p. 611, and in many other 
places. A large collection of references 
is given by Prof. Mayor in his note to 
Juvenal, Sat. x. 248. More, esp. to 
late Jewish and Arabic writers, in 
Steinschneider's Bibliogr. Hebr. Vol. 
XXI. pp. 39, 40. 

^ The same or something like it is 
still used by Persian merchants. See 
De Sacy in Journ. Asiatique, Vol. 2, 
and Tylor, Primitive Culture, i. p. 
246, n. 
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another possible reference, equally doubtful, to this system 
of finger-symbolism in Plautus, Miles Gloriosit^, II. 3, but the 
first clear references to it occur in Plutarch and authors of his 
time\ Pliny, indeed, says that there was, in his time, a statue 
of Janus, erected by Numa, of which the fingers indicated 365 
or 355 (the reading is doubtful, c£ also Macrobius, Conv, Sat 1. 9), 
the number of days in the year, but no importance can be 
attached to such a statement. All that we can allege of the 
system is that it is mentioned only in later classical literature, 
that it then appears to be of universal diffusion and that 
it was far more persistent in the East than in the West*. If we 
consider that such a system can have been of no use in calcu- 
lation, save as a memoria technica for some number with which 
the mind of the reckoner was not immediately engaged — if, in 
other words, we consider that such a system was useful to 
represent numbers but not to calculate with them, then it 
becomes probable that it was invented in the first instance as a 
secret means of communication between merchants' or as a 
numerical gesture-language between persons who were ignorant 
of one another's tongues. Phoenician and Greek commerce 
would make it widely known: the later diffusion of Latin and 
Greek and the larger use of writing would ensure its gradual 
extinction in the West, but it would still preserve its original 
utility in the motley and ignorant crowds of the Eastern bazaars. 
21. In reckoning with pebbles, no doubt at first each 
pebble represented one of the objects to be counted, the advan- 
tage of course being that space was saved and the memory 
relieved by a good coup (Toeil, for it will be conceded that it is 
easier to count 100 pebbles than 100 cows or to find 10 times 



1 Plut. Apophth, 174 b. Pliny, UisL 
Nat. XXXIV. s. 33. For other reff. see 
Prof. Mayor's note on Juv, x. 249, 
above referred to, or Dean Peacock's 
article Arithmetic in Encycl, Metro- 
politana. 

* Erasmus, in his ed. of Jerome (iii. 
25 B c) published in 1516, confessed 
his ignorance of the finger-symbolism 
referred to by the saint. He under- 



stood it afterwards (see ibid. p. 313). 
3 The Persian system mentioned by 
De Sacy and Tylor (see note above) is 
used only in secret, when for instance 
a dragoman wishes to have one price 
with the seller and the other with his 
master. See also the opening words 
of Roediger's article. Another sugges- 
tion as to the origin of this symbolism 
will be made below, § 25. 
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10 in pebbles than in sacks or such other articles of commerce. 
So soon as the heap contained one pebble for each object, 
the calculator would begin afresh and by arranging the pebbles 
in groups of 10, arrive at the total and the name of the total, 
without having his attention embarrassed by petty circum- 
stances\ This use of pebbles in mere counting, where each 
represents a real object, would naturally precede their use 
in calculations where some pebbles would represent imaginary 
objects. A great number of pebbles could be dispensed with if 
the operator, on completing a group of 10, laid aside a large 
pebble or a white one and then began again with the pebbles of 
the original group. He would soon find that there would be no 
need for a variety of pebbles, if he always laid pebbles repre- 
senting 10 in a separate place from those representing units. 
In this way, he would arrive at a neat visible symbolism for a 
high number, which would greatly facilitate operations in the 
four rules of arithmetic. Such an advanced pebble-symbolism 
the Egyptians and the Chinese had from a time 'whereof 
the memory of man runneth not to the contrary.* It can 
hardly be doubted that they invented it independently and 
imparted it to the nations around. Wherever and whenever 
invented or borrowed, the Greeks and Italians had it also and 
used it by preference for all ordinary calculations down to the 
15th century of our era. The evidence for its use, however, is 
singularly late. Homer and Pindar do not allude to it, but it is 
plain that it was in regular use by the 5 th century B.C., though 
the authorities even of that time do not state explicitly how the 
calculation with pebbles was conducted'. It cannot be doubted, 



^ In a London night-sohool I have 
often seen a boy, in order to multiply 
say 12 by 10, make 120 dots on his 
slate and then count these. What he 
wanted was the name of the total and 
he did not always get this right. With 
primitive man, I imagme, the use of 
pebbles would not arise till numeral 
names had partly superseded finger- 
counting. If, for instance, a savage 
sold something for 50 cows, he would 
indicate his price by naming it, and 



would then, with the aid of pebbles, 
ascertain whether he had got the price 
he bargained for. Thus the Mexicans 
acquired a set of numerals, used in 
counting animals and things, which 
runs centetl, ontetl, etc. or * one-stone,* 
'two-stone,' etc. Other similar examples 
are cited in Tylor, Early Hist. p. 163. 
3 Diogenes Laertius (i. 59) ascribes 
to Solon a saying that courtiers were 
like the pebbles on a reckoning-board, 
for they sometimes stood for more, 
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however, that the pebbles were arranged in lines, either hori- 
zontal or perpendicular, and that the pebbles on the first line 
represented units, those on the second tens, those on the third 
hundreds and so on. How many lines there were and how 
many pebbles might be placed on each there is no evidence to 
show. It may be added that fractions in the form of 'sub- 
multiples ' would not present any difficulty when the system of 
local values for the pebbles was once introduced. If for instance 
a line were appropriated to pebbles of the value of ^, it would 
be as easy to discern that 12 pebbles on that line are equal in 
value to 1 on the units line, as to perceive that 10 pebbles on 
the unit line may be replaced by 1 on the tens line. But since 
a great many lines devoted to fractions would have been incon- 
venient, probably a few lines only were devoted to certain 
selected fractions, and all other fractions were reduced as nearly 
as possible to terms of these. 

22. The surface on which such lines were drawn, or the 
frame on which strings or wires were stretched, for the purpose 
of pebble-reckoning, was called by the Greeks a^a^ or dfiaKiov. 
This name seems to point to the common Semitic word abaq 
meaning ' sand,' and it is said that a board strewn with sand, 
on which lines might be drawn with a stick, was and still is a 
commoni instrument for calculation in the East. It is the more 
desirable also that some Oriental origin for the aySaf should 
be found because, in late Greek writers, we find a general 
tradition that Pythagoras, who certainly studied out of 
Greece, was the inventor or introducer of the instrument. It 
cannot, however, be considered that the Semitic origin of 
a^a^ is rendered at all probable by such considerations. The 



sometimes for less. This, if genuine 
(butcf. Polyb. V. 26, 13), is the first and 
also one of the most explicit references 
to the pebble-sjonbolism. If this be 
doubted, then the earliest authentic 
reference is probably a fragment of 
Epicharmus (ed. Ahrens, 94, 8) : then 
Aeschylus (Agam, 670), then perhaps 
Herodotus (ii. 36), who says that, in 
pebble-reckoning, the Egyptians count- 



ed as they wrote from right to left, the 
Greeks from left to right. It may be 
that the abacus with the Greeks was 
not so old as writing, for the Greeks 
did not originally write from left to 
right, but either from right to left or 
povarpo^TjSov, They may have counted 
from right to left, but can hardly haye 
counted povaTpo^rjdSv, 
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word itself in the sense of 'reckoning-table' is not used for 
certain in any writer before Polybius {aBaxiov in v. 26, 13) 
who belongs only to the 2nd century B. c. It is, however, used 
in the sense of plain 'board' in many dilBFerent connexions^. 
Assuming it to be true, also, that the Semites did generally use 
a sanded board for their calculations', it does not appear that this 
was called abaq, and the step from Semitic abaq 'sand* to Greek 
a/Sa^ a 'board' remains practically as wide as before. Lastly, 
the tradition which connects the aySaf with Pythagoras as well 
as that which connects him with a Semitic people, is so late and 
belongs to so imaginative authors' that* no reliance can be 
placed upon it. Of course, a few lines drawn with a stick 
in the dust and a handful of stones were as efficient an 
instrument for calculation as was needed and must always have 
been used by Greeks upon occasion. Such an impromptu 
ledger would indeed frequently be preferable ^o a more 
elaborate device, since it could be adapted to diflferent fractions, 
diflferent monetary scales etc., while a permanent machine 
would probably be restricted to one scale and a few selected 
fractions. But whether such a scheme of lines drawn on the 
ground could ever in Greek have been called a^a^ there is 
no evidence to show. 

23. It must be admitted, also, that hardly anything is 
known of the normal Greek d^a^, using that word in the sense 
of a reckoning-board with permanent lines drawn on it and 
possibly permanent balls or pebbles attached to it. Three types 



1 The word seems first to occur in 
the sense of 'trencher* in Cratinus, 
KXcojS. 2 (cit. Poll. X. 105). Hesychius 
says it was a synonym for fidicrpa 
'trough.' Pollux also cites d^ajcLOP 
from Lysias, without stating its mean- 
ing. It is oddly accented. 

* The evidence adduced by Cantor, 
Math. Beitrdge^ p. 141, is not satis- 
factory on this point, but the fact is 
hardly worth disputing. A sanded 
board was certainly used by Greek 
geometers, but is nowhere attributed 
to arithmeticians. Cf. Cic. Nat. Deor. 



2, 18, 48. Tusc, 5, 23, 64, and other 
quotations collected by Friedlein, 
Zahhs. § 76, pp. 62, 3. See also 
Cantor, Vorl, pp. 109—111. It seems 
to me not unlikely that o^o^ was a 
childish name for the board on which 
the alphabet was written and from 
which the children read their jS^ra 
dX<pa pay prJTa et ^6, etc. (Athenaeus, 
X. 453). "AjSa^ would be the *ABO 
board,* the termination being chosen 
by analogy from iriva^, 

3 lamblichus, ^or instance, and the 
pseudo-Boethius, cited post. 
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at least of such a machine are well known. One of these is the 
KufisiaQ tachotii, in which each wire carries 10 balls'. Some 
advance is shown in the Chinese swan-pan', where the whole 
field of the frame is divided by a transverse string : each wire 
on that part of it which ia below this string carries 5 bolls: 
and on the part which is above 2 balls, each of which is worth 
6 of those below. On both these machines, apparently, it is 
possible and usual to remove balls from one wire to another 
as the case may require. But the third type is the Roman 
abacus, which, at any rate in its highest development, was 
closed, so that balls or buttons could not he removed from the 
wire or groove in which they were originally placed. A few 
specimens of this sort, constructed with grooves in which 
buttons (clavicuU) slide, are still preserved. One of them which 
is figured in Daremberg'a Dictionnaire des AntiquitSs {s.v. abacus) 
and is in the Kircher Museum at Rome, may be roughly 
1 thus : 




Leaving out of consideration, for a moment, the two grooves on 
the extreme right, it will be seen that the remaining 7 contain 
buttons representing units, tens, etc. up to millions. The lower 



' Ihe balla are diflerently ooloutrf, 
aome of the 10 being white and some 
black. The instnmieiit was intro- 
daoed into the schools ot Eastern 
France after the great Russian cam- 
paign. It IB oommoD enough in 
Pestaloziiian aohools. See farther 
Cantor, Math. Beitr. pp. 129, 130. 



' Sudn = reckon ; p'kudn = board. 
Ooschkewitsch, an authority quoted b; 
Hank^ Zur Getch. der Math. p. 64, 
B8;s that "the practised Chinese 
reckoner plays with the fiogerB of the 
right hand on the tvan pan as on a 
muBioal inatnunent and grasps vbole 
nnmerical chorda." 
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grooves contain 4 buttons each, the higher 1 each, which 
represents 5 of the same value as those in the lower corre- 
sponding groove. The letters indicating the values of the 
buttons are obscure above C, but are plain enough on another 
specimen, which once belonged to one Welser, in whose works 
published at Nuremberg in 1682 there was given a drawing of 
his abaciLS (pp. 442 and 819) \ The sign which distinguishes 
the penultimate groove on the right, stands for uncia, and as 
there are 12 undae to the as, here the lower portion of the 
groove has 5 buttons for 5 undae, the upper 1 button for 
6 unciae. The signs appended to the last groove on the right 
are S for semuncia (^j^jth of an as): for sidlicus (^th of an as) : 
and Z^for sextula (7*5 nd of an as). It is not, however, very clear 
why there should be 4 buttons in this groove or what was 
the value of each and how, if of different values, they were 
distinguished from each other. Welser's abacus, which in other 
respects is exactly similar to this, had three separate grooves 
for these fractions, the first containing 1 button for the 
semuncia (^th) : the second 1 button for the sidlicus (^th) : 
the third 2 buttons, each representing a seoctula (T^nd). These 
grooves therefore together (and no doubt the last groove of the 
Kircher abacus) represent {fths of an uncia *. Both abaci are 
capable of representing all whole numbers from 1 to 9,999,999 
and the duodecimal fractions of the as in common use. Since 
such an abacus could seldom represent more than one number 
at a time, it is probable that, in calculating with it, the larger 
of the two numbers to be dealt with would be represented on 
the table. The smaller would be mentally added or subtracted 



^EeproducedbyFriedlein in ZeiUchr. 
filr Math, u, Physik, Vol. ix. 1864. 
Plate 5. See also p. 299. A descrip- 
tion of this abacus is given also in 
Friedlein's Zahlzeichen, p. 22, § 82. 
A figure of it is given in Darem- 
berg, Diet, des Ant. s.v. arithmetica, 
M. Buelle, the writer of the article, 
says that 4 Boman abaci (which he 
names) are known, but it does not 
appear that they are all now in exis- 
tence. 



3 This statement, which is taken 
from Friedlein, seems unlikely. On 
theanalogyof all the preceding grooves, 
we should expect the table to conclude 
with f^ths of the uncia, and not f f ths. 
It will do so if the last two buttons be 
taken to represent, not sextulae, but 
dimidiae sextulae, the ordinary sign of 
which is easily to be confused with 
that of the sextula. See Friedlein, 
Zahlz. Plate to § 48. 
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as the case may be, and the buttons would be successively 
altered so as to represent the sum or remainder. Multiplica- 
tion can only have been performed by repeated additions, and 
division by repeated subtractions ^. 

24. It will be seen that the types of abacus now known 
are not very diverse from one another, and there is no cause to 
be greatly distressed by our ignorance of what the Greek a^a^ 
was. A certain table, however, which may be an a^Sa^, was 
discovered in 1846 in the island of Salamis and this, which can 
be partly explained by reference to the Roman instruments, 
must serve to assure us that there cannot have been any great 
superiority in the Greek afia^ at any time. This " Salaminian 
table" may be figured thus': 
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^ Unless indeed the abacus is used 
merely as a memoria technica. Thus 
the Chinese, in dividing, first represent 
the dividend, then, breaking it up as 
the remainders successively are ob- 
tained, place, on the wires from time to 
time vacated, balls to represent the snc- 
cessive ciphers of the quotient. The 
actnal division is done in the mind by 

G. G. M. 



use of the multiplication-table. Thus 
GoBchkewitsch (cited by Hankel uti 
sup,) says many modes of division 
have been proposed for the Bussian 
UchotUf but they all involve the use of 
a second board or of a board and 
paper. 

^ There is a drawing of it in Da- 
remberg s.v. Abacus: also in Revue 

3 
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It ia made of marble ftod is very large, being about 5 ft. 
(1-5 metres) long by 2^ ft. (75 metre) wide. The letters upon 
tbe margin are easily explained. |- is the customary Attic sign 
for a drachma. The letters which, in the table, stand on the left 
of this sign are 11 for 5 {wivTe), A for 10 (Sera), p for 60, H for 
loo (ixaTOp), P for 500 and X for 1000 (x^oO in the ordinary 
Attic style. To these are added, in one row, the signs pi for 
5000 and T for toXovtov or 6000 drachmae. Tbe signs which 
stand to the right of h in the table are tbe fractions of the 
drachma, viz. I for Jth (obol), C for -j^th {J obol), T' for it^^ 
(TerapTt}fioplop of the obol) and X for x*^ow {Jth of the 
obol, ^th of the drachma). The last three fractions, it will be 
observed, when added together make ^the of an obol, which is 
the real unit of the table. On the principle of a Boman abacus, 
this scale would be thus distributed : 




But it will be seen that the lines of the Salaminian table do 
not fall in with this arrangement. Here we have 11 lines, with 10 
intervals, in one place ; and 5 lines, with 4 intervals, in another. 
If the table be really an o/3af, the simplest explanation is that 

Areheotog. 1616, p. 296, Trhera a very reakoner bo that the eolomns exe ' 

nmate deMription of the stone ia perpendionlar to his body. Bat it is 

IpTen by U. Bangah^, Another Qreek too smoU and roughly drawn to fnmiah 

n&tx ia also flgnred on the DaiioB-Taie Important infonnation. 

at Kaplea. The nimieralH on it are ' Trrapniiurpiv is BSokh's ezpla- 

of the Mine kind as thoee on the nation; M. Tineeut proposed rptni- 

Salaminian table and it is held by the /lopior. 
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the 10 spaces at one part of the board contained stones repre- 
senting values from a talent to an obol, in the order TPXPHP 

APhh and the 6 spaces at the other part of the board contained 
stones representing values from an obol to a chalcus, in the 
order I, C, T, X. The transverse line would serve to distinguish 

two sums which were to be added together or subtracted one 
from the other : or again, as in the Roman system, the numbers 
compounded with p might have been placed above this line. 
The crosses on the line are merely aids to the eye in keeping 
the various rows distinct. Operations with fractions of the obol 
would be separately conducted at the lower end of the table. 
The table also being very large, perhaps two people would work 
at it at once, or because it was heavy, it might be desirable to 
use it from either side and therefore a table of customary values 
would be repeated in various parts of the table. The received 
explanation, however, of the use of the table is diflferent from 
this. The well-known archaeologist, M. Vincent \ considered 
that the table served two purposes : that it was an a^a^, and 
also a scoring board for a game something like tric-trac or back- 
gammon. When it was used as an a^a^, fractions of the 
drachma were calculated at the end of the table on the 4 spaces 
there reserved: sums from the drachma to the talent were 
calculated on five of the other ten spaces, and the remaining 
five were used for calculations from one talent to 10,000 talents. 
It is an objection to this theory that a Greek merchant or tax- 
gatherer can seldom have had occasion to calculate above a few 
talents, since the whole revenue of Athens in her prime was not 
2000 talents*. But the suggestion which M. Vincent adopts 
from M. Bangab^^, that the Salaminian table was also a scoring- 
board for some kind of ireTTeia is extremely attractive. Pollux, 
who vaguely describes two kinds of this game (ix. 97), says that 
each player had 5 lines and 5 counters, and that the middle 
line was * sacred' {iepd ypafifii^). M. Bangab^ therefore sug- 



^ Bevue Archiol, 1846, p. 401 sqq. he must have spent 10 talents in 

^ See, however, Theophrastus, Char, charity. 
YI. (ed. Jebb), where the boastful man ' Ibid, p. 295 sqq. 
reckons, on jnst such an abacas, that 

3—2 
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gested that the lines marked with a cross on the table are really 
the Upal ypafifiai, and that two players, sitting opposite to one 
another, would play at some kind of backgammon, each player 
confining his counters to his own side of the transverse line. 
The counters were moved according to throws with dice, as in 
backgammon. Anyone, who is acquainted with the latter 
game, will be able to suggest two or three very good forms of it 
which might be played on this table and in which the lines 
marked with a cross should be truly Upal, either because no 
*blot' might be left there or because they should be an asylum 
where no solitary wanderer could be ' taken up.' The 5 lines 
at the opposite end of the table would serve for some less 
elaborate Trerrela or for a third player or might, in some way, 
have been used to determine the values of the throws. 

25. It will be seen, from the preceding observations, that our 
knowledge of the abacus of antiquity is derived entirely from 
Koman sources, and that the mode in which it was used must 
be inferred simply from the appearance of extant instruments 
and the practice of modern nations. It would seem, however, 
that the use of the abacus was combined with the more 
advanced finger-symbolism above described. Thus the Emperor 
Frederick the Second (Imp. A.D. 1210 — 1250) in a treatise on 
the art of hawking^ says that the hands must, on various 
occasions, be held in certain positions, such as abacistae use for 
representing certain numbers in accordance with Bede's or 
Nicolaus' instructions. Now since only one number could, as a 
rule, be represented at a time on the abacus, a calculator who 
was operating with two high numbers, would require a memoria 
technica of both, and it would be very convenient to represent 
one on the abacus, the other on the hands. It is indeed 



1 Reliqiia Libr, Frederici II, (ed. 
Schneider i. p. K)2) quoted by Roe- 
diger : *'fleplicet indicem ad e^tremi- 
tatem pollicis et erit modus secundum 
quem abacistae tenent septuaginta cum 
manu,'* with more directions of the 
same kind. Thus also Leonardo of 
Pisa (about a.i). 1200) in his Liher 
Ahbaci (ed. Boncompagni p. 5) says 



that after mastering the apices {i.e. 
the numerical signs used with the 
abacus) the pupil must learn *com- 
putum per figurain manuum secun- 
dum magistrorum abbaci usum anti- 
quitus sapientissime inventam.' He 
then gives the scheme after Bede. 
Vide Friedlein, Zahlz. p. 66. 
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possible, considering the lateness of all allusions to this finger- 
symbolism, that it was originally invented as a companion to the 
abacus. 

26. A few words only remain to be added on this branch 
of Greek practical arithmetic. Western abacistae had intrc 
duced, certainly by the 10th century, a i^onsiderable improve- 
ment in thense of their instrument, jyhich consisted in discarding 
pebbles and. substituting for them the Roman numeral signs or 
the letters of the alphabet in order, so that thenceforth 525, for 
instance, was represented by V. II. V. or EBE in the last three 
columns of the abaxyusK At the end of the first book of the 
Oeometria^^ attributed to Boethius (who died A.D. 524) the 
author states (Friedlein's ed. pp. 395-;-397) that Pythagoreans 
used with the abacus certain nine signs which ke calls apices of 
which he gives the forms. (The names are added apparently 
by a later'hand.) The forms are obviously the parents of our 
own so-called Arabic numerals (except 0, which is not mentioned 
in Boethius)', and some of the names are also pure or nearly 
pure Arabic : the forms are also practically identical with the 
Gobar-numerals used by the Arabs of N. Africa in the 9th 
century, which again are admittedly of Indian origin. Upon 
these facts an endless controversy has arisen among historians, 
the questions in dispute being whether Pythagoras or any 
Pythagoreans might, not have procured these signs from India 
and used them secretly for their quasi-theosophical arithmetic' : 
whether the later Alexandrians might not have obtained the 



^ Gterbert (ob. 1003) sometimes uses 
the Boman numerals, but generally 
the apices, Boethius or rather a pseudo- 
Boethius (Friedlein's ed. pp. 426-429) 
of a much later date mentions the use 
of the alphabet (cf. Friedlein Zahlz, 
pp. 54, 55, §§ 78—80). It wiU be ob- 
served that with an abacus on which 
numbers were represented by signs in 
appropriate columns, the four rules 
of arithmetic could be performed pre- 
cisely as we perform them. Addition, 
subtraction and multiplication were 
80 in fact. Division, however, was not. 



See Hankel, Zur Gesch. der Math. pp. 
317—323. 

2 It is doubtful whether the cipher 
was at first used by the Western Arabs 
among the Gobar-signs. It was intro- 
duced to Europeans first apparently in 
the hook Liber Algonsmi, a translation 
of the work of Mohammed ben Musa 
Alkhftrismt, made in the 12th century. 
Gobar or gubdr means *dust.' 

8 This was Cantor's opinion. Math, 
Beitrdge, p. 221 sqq., but in Vorle- 
mngerii p. 610 and elsewhere he foUows 
Woepcke (see next note). 
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signs from India or elsewhere and given them to the Italians on 
the one hand, the Arabs on the other^ : and lastly whether the 
passage in Boethius is not a forgery". It is sufficient here to 
repeat, what is admitted by all parties that there is no evidence 
in any Greek author that these apices were known to the Greeks : 
that there is also no evidence whatever that the Greeks ever 
used any written numerical signs with the abacus : that the 
MSS. of Boethius containing the apices are certainly not older 
than the 11th century : that no trace of such signs is to be 
found elsewhere in any European writer before the end of the 
10th century or thereabouts : that the Indian signs, from which 
the apices are derived, seem to be not older than the 2nd or 3rd 
century: that the Arabs themselves did not obtain the Indian 
arithmetic and Indian numerals till the time of Alkh&rizmi 
(cir. A. D. 800) and that Arabian mathematics did not begin to 
pass from Spain to other European countries till about the 
time of Gerbert (ob. A.D. 1003). The mere statement of these 
facts is surely sufficient to assure any reader that Ae connexion 
of the Greeks with the apices, if not absurd, is .purely con- 
jectural and need not be discussed at length in a short history 
of Greek mathematics*. If it were admitted that the Greeks 
knew of the apices at all, there would still be no reason what- 
ever to think that they ever used them in calculation. 

27. The apices, it must be remembered, were used only 
with the abacus. No writer, even of the middle ages, ever in 
the course of his text exhibits a number in these symbols. If 
he purposes to illustrate the method of division, he states his 
example with Roman numerals, then draws an abacus and 



1 Woepcke (Journal Asiatique, 1863, 
I. p. 54 sqq.) suggests that the later 
Alexandrians got these signs from 
India: Theod. Henri Martin (Annali 
di matem. Borne 1863, p. 350 sqq.) 
suggests that they got them partly 
from Egyptian, partly from Semitic 
sources. 

3 This is Friedlein's opinion, main- 
tained in many articles. The most 
^sonyenient reference is to Zahlz. pp. 
15—19, 23—26, 51—54, 66, 67. StUl 



later and on the same side is Weissen- 
bom, in Zeitschr. Math, Phys, xxnr. 
(1879), Hist, Lit, Ahth, Supplemerit- 
heftj published also in Teubner's Ab- 
handlungen zur Gesch. der Math. Part 
II. 1879. This latter writer rejects the 
whole Geometria, not merely the arith- 
metical passages at the end of Bk. i. 
and Bk. ii. 

s Another brief discussion of the 
apices question is given by Hankel, 
pp. 323—328. 
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inserts in it the necessaty numbers with apices. Hence, closely 
as apices upon an abacus resemble, and serve all the purposes of 
our modem numerals, there is still a great gulf between the 
two. The cipher is yet to be invented before the abacus can be 
discarded. It follows again, from the same fact, that whatever 
be thought of the Greek acquaintance with apices^ there can be 
no doubt at all that these were never entitled to be described 
as ordinary Greek characters for the numerals. They were not, 
and could not have been, used in inscriptions or other writings. 
It remains to consider, in this place, what characters were used 
in such documents. 

28. It has been suggested above that probably, when the 
use of the fingers in counting was first discovered, it required, 
as in S. Africa at the present day, two men to count the higher 
tens, three to count the higher hundreds and so on. A single 
man, in counting say 40 or 60, would be apt to forget how 
many times he had counted his fingers through and would take 
an assistant to record them. But he would soon find that he 
could count high numbers by himself, if he kept some visible 
record, to which he could afterwards return, of each group of 10, 
Suppose, for instance, that each time he had counted through 
both hands, he pressed them on the ground, so as to leave an 
imprint of his fingers. He would thus have a written record, in 
groups of 10 perpendicular strokes\ Any other marks would, 
of course, serve his purpose, but it is a curious fact that in all 



^ In order dearly to represent the 
arithmetical resources of primitiye 
man, I may as well state here what 
I conceive to be a very early method 
of counting. Suppose a man, who 
has names for his fingers and knows 
that aU human beings have the same 
number of fingers, desires to count 
by himself 96 cows or other large 
unmanageable objects. I suppose he 
would first take a pebble for each cow 
and seat himself before the heap of 
pebbles. He would then take a pebble 
for each finger up to 10, then press 
his fingers on the ground : and would 



repeat this process tiU he had exhaust- 
ed the pebbles. The imprints of his 
fingers would then shownineteen hands 
and one finger over, or 9 men + 1 hand 
+ 1 finger. This he would call *ring 
finger-men and n'^/it-thumb* or by 
some such name. The pebbles, the 
fingers and the written marks are used 
concurrently, but in time as his nomen- 
clature became settled and his memory 
improved, he would omit first one, 
then two of the three symbols, and 
would finally dispense with them all 
and trust to his nomenclature alone. 
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the most ancient specimens of any sort of writing, the units at 
least are represented, not by dots or crosses or any other marks, 
but by perpendicular strokes only. This want of variety 
suggests that such strokes represent the fingers. The invention 
of separate symbols for 10 and 100 would follow at a far later 
time. The oldest known writings of the Egyptians and 
Phoenicians have such signs, but have no intermediate signs 
(e.g. for 50 or 500). They repeat the unit-strokes up to 9 : they 
repeat the signs for 10 and 100 up to 9 times\ The ancient 
Greeks, according to lamblichus", did the same. It is probable 
enough that such was the case, since- an arithmetical written 
symbolism may well suggest itself long before any other kind of 
writing; but on the other hand, as some kind of writing is 
necessary to explain to us the purport of arithmetical symbols, 
and as the oldest Greek writings are of very late date and of the 
most advanced art, we can hardly expect to find evidence in 
support of lamblichus' statement. 

29, It goes without saying that, in a very large proportion 
of Greek inscriptions, the names of such numbers as occur are 
written in full. The oldest known compendious numerical 
symbols are those which used to be called Herodianic signs. 
The attention of modem students was first called to them by 
one Herodianus. a Byzantine grammarian of the 3rd century, 
who, in a passage printed by Stephanus in the Appendix 
Olossariorum to his Thesaurus, declared that he had frequently 
seen these signs in Solonic laws and other ancient documents, 
coins and inscriptions. While Greek epigraphy was an unknown 
science, this statement excited little interest, but it has since 
been abundantly confirmed by the enormous mass of inscriptions 
which the industry of scholars has, of late years, collected. In 
this sort of numerals, a stroke I repeated not more than four 
times, is the unit-sign par excellence and the other symbols are 

1 See Pihan, Expo8€ des Signes de (See Franz, Epigr, Graeca, p. 347. 

Numiration, etc. pp. 25—41, 162— Bockh, C. J. G. no. 2919, Vol ii. p. 

168. 584.) Such forgeries were, of ooorse, 

3 In Nicom, Arithm, ed. Tennulius, not unusual when a city wished to 

p. 80. An inscription from Tralles has produce a documentary title to some 

€T€os 1 1 1 1 1 1 1 but Bockh suspects this to ancient privilege, 
he a forgery of late imperial times. 
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merely initial letters of numeral names. P (irivre) stands for 
5: A (Bexa) for 10: H {iKarov) for 100: X {xt^ioc) for 1000: 
M (jivploc) for 10,000, and there are further compendia P, P etc. 
for 50, 500 etc. as may be seen on the Salaminian table figured 
above. From the frequency with which these signs occur in 
Athenian inscriptions, they are now generally called Attic. As 
a matter of fact, no others are used in any known Attic in- 
scription of any date B.C.* But they are by no means exclu- 
sively Attic. They were used for instance in Boeotia, at first in 

the forms of the local alphabet (thus M, fl, i, ITE, KE, PI, >, |> 
and afterwards, down to a late date, in the Attic forms'. It is 
probable, in fact, that these numerals were once universally 
used in Greece but at present there is not enough evidence on 
this point. They were at any rate known and used outside 
Attica long after the alphabet came to be used for numerical 
purposes. A great number of papyrus-rolls preserved at Hercu- 
laneum, state on the title-page, after the name of the author, 
the number of books in his work, given in alphabetic numerals, 
and the number of lines in Attic numerals: e,g. ^Ettlkovpov irepl 

<f>va€a)<: IE (dpiO.) XXXHH. We might in the same way use 
Roman numerals for the one division, Arabic for the other. 
One author, who is presented with such a title page in these ' 
rolls, is a certain rhetorician called Philodemus, of Cicero's time. 
The papyri therefore cannot be older than 40 or 50 B.C. and 
may be much later '. 



1 In other words, no others occur in 
Vols. I. and ii. of the Corpus Inscr, 
A tticarum, 

8 See Franz, Eyigr, Graeca^ App. ii. 
oh. 1, p. 348, Bockh, G. I. G. Vol. i. 
no. 1669 (p. 740 sqq.) and no. 1670 
(p. 750 sqq.) The latter inscription 
Bockh dates about 70 or 100 b. c. A 
large majority of Greek Inss. (inclu- 
ding all the oldest) do not contain 
numerals at all. Inss. from places 
outside Attica are very seldom older 
than the 2nd century B.C. and are 
mostly of imperial times. The monu- 



mental evidence, therefore, as to the 
early numeral signs, is very scanty. 
The Herodianic signs are found, beside 
Boeotia, in Arcadia with local pecn- 
liarities (Le Bas and Foucart, Ims, de 
Peloponn, no. 341e) : in Erythrae near 
Halicarnassus about 250 b.c. (Bayet 
in Revue ArchSol. 1877, Vol. 33, p. 107 
sqq.): and in Bhodes about b.c. 180 
(Brit. Mus. Inss.), cf. Curtius in Bur- 
sian^s Jahresb. for 1878. 

^ See Bitschl, Die Alexandrinischen 
BibliotJiekeny pp. 99, 100, 123 note. 
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30. But- at some time which cannot now be certainly 
determined, the Greeks adopted the practice of using the letters 
of the alphabet in order as their numeral symbols, and this 
style ultimately superseded the Attic in Attica itself and be- 
came universal among Greek speaking peoples. The alphabet, 
however, as used for numbers, was not the same as that used 
for literary purposes, but contained some additions. The 
following table will show clearly enough what the numerical 

alphabet was: 

a', I3\ y, S', €' = 1, 2, 3, 4, 5. 

r, v\ ff> i = 7, 8, 9, 10. 

{yii.iff tfl'=ll, 12 19.) 

k\ V, lil, v\ f, o\ 7r' = 20, 30, 40, 50, 60, 70, 80. 
{Ka\ Kp\ \a\ \0 etc. = 21, 22, 31, 32 etc.) 

♦P = 90. 

p\ tT\ T, V , tf>\ x', ^', ®' = 100, 200, 300 800. 

♦ ^ = 900. 
{pia, pK^' etc. = 111, 122 etc.) 
/«. A /% A /€ etc. = 1000, 2000, 3000 etc. 

Mu or M, M, M etc. = 10,000, 20,000, 30,000 etc. 

It will be seen that an alphabet of 27 letters ^ (including 3 
strange letters, the so-called iiriaijp^a s", p, and ^) represents 
all the numbers from 1 to 999 and that numbers under this 
limit are marked with an acute accent, placed immediately 
behind the last letter. At 1000, the alphabet recommences, 
but a stroke is now placed before the letter and usually, but 
not always, somewhat below it. For 10,000 Mu, or M, the 
initial of fivpioc was generally used, and the coefficient of the 
myriad, to use an algebraical expression, was usually written 
over (but sometimes before or behind)* this M, Sometimes 



1 The 24 letters, exclusive of the iwi- 
arifui, are those of the Ionic alphabet, 
introdaced formally at Athens in 403 
B. c. It was in use in Asia as early as 
470 B.C. 

3 If the coefficient was written first, 
M was often omitted and a dot sub- 
stituted (e.g. j8.^^r/4j8' = 29,342). In 



MSS. again the myriads are sometimes 
represented by Ky jS, -f etc. hundreds of 
thousands {jivpiaKis fivploi) by t, /§, 'f 
etc. Videt for authorities, Hultscb, 
Metrologicorum Scriptorum Relliquiaet 
Vol. I. pp. 172, 173. Ritschl, IHe 
Alex. Bibl. p. 120. Niconuichus (ed. 
Hoche) Introd. p. x. Friedlein Zaklz. 
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also (e.g, in MSS. of Geminus) /, ^k, ,\ etc. are iised for 10,000 
20,000, 30,000 etc. in the ordinary sequence of the alphabet. 

Thus the number 29,342, would be written tA.fir/j^ff or ^kO.t^i^. 
But in a high number, since the digits were always arranged in 
the same order, from the highest multiple of 10 on the left to 
the units on the right, the strokes or accents which distinguish 
thousands and units were often oihitted and a stroke drawn 
over the whole number. The left-hand letter would then have 
a local value {e,g. flT/ifl = 9349)\ The symbolism for fractions 
will be mentioned later. 

31, It has been commonly assumed, since the use of the 
alphabet for numerals was undoubtedly a Semitic practice and 
since the Greek alphabet was undoubtedly derived from Semitic 
sources, that therefore the Greeks derived from the Semites the 
numerical use of the alphabet with the alphabet itself. And 
this theory derives further colour from the fact that the Greek 
numerical alphabet contains three Semitic letters which were, 
within historical times, discarded from the literary alphabet. 
Yet this evidence is in all probability wholly illusory. The 
Greek alphabet was derived from the Phoenicians but the 
Phoenicians never used the alphabet for numerical purposes at 
all*. The Jews and Arabs did, but the earliest documentary 
evidence for the practice, even among them, is not older than 
141 — 137 B. c. when dates, given in alphabetic numerals, appear 
on shekels of Simon Maccabaeus*. The Greek evidence goes a 
good deal further back than this. 



pp. 9—11, §§ 12—17. Nesselmann, 
Algebra der Griechen^ pp. 74 — 79. 

1 Cf. for instanoe C I. A, Vol. iii. 
nos. 60 and 77. 

^ See for instance Nesselmann, Alg. 
der Griecheut pp. 74 — 79. Cantor, 
Math, Beitrdge, pp. 116 — 118. Vorles. 
pp. 101—107. Friedlein, Zahlz, p. 9, 
§ 12, etc. 

* The ordinary forms of Phoenician 
numerals are upright strokes for units: 
a horizontal stroke for 10: // for 20, 
and kl for 100. 

* See Schroder Phonikische Sprachc, 



Madden, Coifis of the Jews, p. 67. 
Also Dr Euting's letter quoted by 
Hankel, Zur Gesch. der Math, p. 34. 
It was Hankel who first proclaimed 
the relevancy of these facts to the 
history of the Greek numerals. But 
Ewald and Nordheimer had, long be- 
fore, stated that the Hebrew numerals 
were used '* after the Greek fashion" 
and that they do not appear till a late 
time. Hankel abides by the common 
opinion that the Greek numerical 
alphabet dates from the 5th century 

B.C. 



44 



GREEK CALCULATION. Logistica, 



Against these facts it may be urged (1) that the Jewish 
practice of Oematria, adopted by the later Kabbalists, is said 
by them to be very early, and is perhaps as old as the 7th 
century B. c. This was a curious system of Biblical interpre- 
tation, whereby two words were treated as interchangeable, if 
their letters, considered as numerals amount, when added 
together, to the same sum ^ And again (2) both the Hebrew 
and the Greek literary alphabets are too short for a good 
arithmetical symbolism and both are supplemented up to the 
same limit (the 27th lietter in each standing for 900). But as 
to (1), it must be observed that the supposed antiquity of 
gematria depends solely on a merely conjectural and improbable 
comment on Zechariah xii. 10". There is in fact no clear 
instance of gematria before Philo or Christian writers strongly 
under Philonic influence (e.g.* Rev. xiii. 18 ; Ep. Bam. c. 9)'. 
The practice belongs to Hellenistic Jews; its name is Greek 
and it is closely connected with Alexandria, where, we shall see, 
alphabetic numerals are first found. And as to (2), it seems 
more likely that the Jews took the idea of alphabetic numerals 
from the Greeks than vice versa. The Greeks could, by hook 
or by crook, furnish the necessary 27 alphabetic symbols. The 
Jews could not. Their alphabet is only 22 letters, and the 
numbers, 500 to 900, must be represented by the digraphs 
pn, in etc. compounded of 100-400, 200-400, etc.* There is in 



^ See Cantor, Vorles. i. pp. 87, 
104 — 5, quoting Lenormant, La Magie 
chez les Chaldeens p. 24. Also Dr 
Ginsburg's monograph, Kabbalah p. 
49 and the same writer's article Kab- 
balah in Ency, Brit. 9th ed. Vol. xni. 
The Qeinatria is employed in Rev. xiii 
18, where 666, the number of the beast, 
is the sum of the Hebrew letters in 
Nerun Kesar. So in Gen. xviii. 2 
*Lo I three men' is by gematria found 
equivalent to * These are Michael, 
Gabriel and Baphael.' Gematria is 
by metathesis from ypafAfiarela, 

3 Hltzig, Die xn. kleinen PropheteUy 
p. 378 sqq. cited by Cantor Vorl, p. 87. 



3 Cf. Siegfried's Fhilo, p. 330. 

^ The later Hebrew alphabet has 
^ye final forms ^l D> J. P)* Y (cf • Greek 
a and s), which are sometimes used to 
represent the numbers 500—900. But 
this cannot be an ancient practice. 
The square Hebrew characters, which 
alone have finals, did not come into 
use till the 1st or 2nd century b. c, 
and these five finals were not definitely 
fixed for many centuries afterwards. 
Vide the Table of alphabets in Madden 
* Coins of the Jews' or Dr Euting's, 
appended to Bickell's Outlines of Hebrew 
Gram. 1877. 
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fact no evideoce against, and a good deal for, the supposition 
that the Jews derived alphabetic numerals from the Greeks. 
The contrary belief is perhaps only a relic of the old superstition 
which counted it profane to question the priority of the Hebrews 
in all arts. 

32. But the date at which the Greeks adopted the alpha- 
betic numerals is not easily to be determined. The alphabet 
was indeed, at an early date, used qiuisi numerically but not in 
the manner now under discussion. The tickets of the ten panels 
of Athenian jurymen (heliastae) were marked with the letters of 
the alphabet from a to /t, r being omitted \ So also the books 
of Homer, as divided by Zenodotus (flor. c. B.C. 280) were 
numbered by the 24 letters of the ordinary Ionic alphabet, 
r and P being omitted : and the works of Aristotle were also 
at some ancient time divided into books, numbered on the same 
principled It seems unlikely that the regular numerical alpha- 
bet (with r, P, ^) was. in common use at the time when these 
divisions were made. Secondly, in the numerical alphabet r is 
undoubtedly the digamma and this and P occur at their proper 
{i.e. original) places in the alphabet. But the evidence at 
present forthcoming shows that there never was, in any Greek 
country, a literary alphabet which contained both r and P along 
with both -^ and w. One or other of the first had dropped out 
before one or other of the second had been introduced*. The 
last numeral "^, whether it represents the Phoenician shin^ or 
tsad^, occurs in either case out of its place and is clearly 
resumed into the alphabet for numerical purposes only. These 
facts surely raise a presumption that the numerical alphabet 
was settled not casually and by local custom, but deliberately 



^y 



1 Sobol. to Aristophanes Plut, 277. 
Hicks, Greek Hist. Inss. no. 119, p. 
202. Franz, Epigr. Gr. p. 349. 

3 This appears from Alexander Aph- 
rodisiensis, who (in Metaph, 9, 81, b. 
25) quotes from ^ ruv NtKofi, a series 
of definitions which belong to the 
sixth book. The Aristotelian books so 
nmnbered are the Ethics, Politics and 
Topics. 



* See the charts appended to Eirch- 
hoff Zur Oesch. des Griech. Alphabets 
3rd ed. and pp. 157 — 160 of the text. 
Such transcripts as that in Hicks Gr, 
Inss. no. 63, p. 117 sqq. are mis- 
leading. The original of this (see 
Rhein. Museum, 1871 p. 39 sqq.) con- 
tains neither rf nor a;. 

* The Greek w. Herod, i. 139. 
Franz, Epigr. Graeea, p. 19. 
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and by some man of learning^ Further, since no antiquarian 
could of his own motion persuade a people to revive, and to 
revive in their right places, letters which they had long since 
discarded, it is probable that this particular antiquarian was 
supported by some paramount political authority. It is plain 
also that this authority did not reside at Athens or near 
thereto, for the Athenians and Boeotians continued to use the 
Herodianic signs for two or three centuries at least after the 
alphabetic numerals appear elsewhere. It may be conceded, 
indeed, that public inscriptions would be the last pla<;e in which 
the new numerals would appear, but it is incredible that the old 
signs should have been retained by mere custom so long if the 
new had meanwhile been in common use. Lastly, it must be 
mentioned that the alphabetic numerals were a fatal mistake and 
hopelessly confined such nascent arithmetical faculty as the 
Greeks may have possessed. The Herodianic signs were clumsy 
but they did not conceal those analogies which ought to be 
obvious to the tiro in arithmetic. An Athenian boy who had 

been taught that lU multiplied by Ml amounted to Pllll would 

very soon have learnt that AAA multiplied by AAA would 

amount to PHNHH and he might have guessed that, if PI 

added to P amounts to Al, then PA added to P would amount 

to HA. And these are really the severest difiSculties which can 
occur with Herodianic signs. But, with alphabetic signs, 
7' X 7' = ^ is no clue to X' x X' = "^ or 5" + e = m' to f' + 1/' = pc\ 
Such signs as these are no assistance to calculation and involve 
in themselves, a most annoying tax on the memory. Their 
advantage lies in their brevity alone, and it is to be suspected 



^ It should be mentioned here that 
we know of no fluctnation in the value 
of the Greek letters. P for instance 
might occasionally have its Semitic 
value 100, instead of 90, or 2 might 
occasionally {<? or S" being omitted) 
represent 100, instead of P. But 
there is no known case in which any 
such doubt arises. It is, no doubt, 
only an accident that "^ does not occur, 



on any inscription earlier than the 
ISth or 14th centuiy. Similar acci- 
dents may have affected the record in 
many other particulars, but we must 
of course use the record as we find it. 
As it stands, it points to Alexandria 
as the place where the numerical alpha- 
bet was invented and there never was 
any reason to doubt this. 
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that they were invented first for some purpose to which brevity 
was essential or desirable. 

33. It curiously confirms all the inferences which have here 
been made, to find that the earliest evidence of these alphabetic 
numerals is found on coins of Ptolemy II. (Philadelphus) 
assigned to 266 B.C. The lateness of this date accounts for 
the later persistence of Herodianic signs. Alexandria, if any- 
where, was the place where an antiquarian might have formed 
the numerical alphabet, and a king have published it, with 
eflfect. Coins are precisely the documents on which it is 
desirable to state numbers as concisely as possible \ Other 
evidence begins also soon after the date of these coins and 
in the same place. The oldest Graeco-Egyptian papyrus, which 
is ascribed to 257 B. c. ^ contains the numerals k6' ( = 29), and 
after this alphabetic numerals are common enough on Ptolemaic 
coins and papyri ». They do not occur, however, on stone- 
inscriptions, as might be expected, till somewhat later. The 
earliest instance is probably one of uncertain place (though 
certainly from the Levant) ascribed to about 180 B. c. * or 
another of Halicamassus * of about the same date. A 
Rhodian inscription of the same time still uses the He- 
rodianic signs® but soon afterwards, say from 150 B. c. the 
alphabetic numerals are used invariably on all Asiatic-Greek 
monuments \ 

The cumulative evidence is surely very strong that the 



1 It will be remembered that the 
earliest Jewish evidence is found on 
coins. 

' Now at Leyden, no. 379. See 
Bobion, quoting Lepsius, in Acad* de$ 
fnscr, Suj. div. 1878, Vol. 9. 

^ The E on some coins of Ptolemy 
L (Soter) and the douUe signs AA, 
BB etc. on those of Arsinoe Phila- 
delphi are of doubtful signification. 

* G, I. O. Vol. IT. pt. zzxiz. no. 
6619. No. 6804 was clearly not written 
at the dates which it mentions. 

■ G. I, G, Vol. II. no. 2656. Franz, 
Epigr, Or, p. 349. 



^ In British Museum, not yet pub- 
lished. 

7 In the Asiatic inscription no. 6819, 
above cited, and many more, the 
numbers are arranged in their alpha- 
betic order, e.g. ijk, ^«r. The coins of 
Ptolemy Philadelphus above-cited were 
struck at Tyre. These two facts may 
perhaps suggest some Semitic influence 
in the use of alphabetic numerals, but 
I cannot attach any weight to them. 
The practice of writing numerals in 
their alphabetic order survivedin Mace- 
donia and N. Greece till the 2nd cent. 
See C. /. G. ii. nos. 1965, 1970, 1971. 
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alphabetic numerals were first employed ia Alexandria early 
in the 3rd century B. c. It remains to be added that two of the 
foremost Greek mathematicians were during this century very 
much interested in the further abbreviation of Greek numerals. 
Archimedes (b. c. 287 — 212) and Apollom'us of Perga (flor. 
temp. Ptol. Euergetes B.c. 247 — 222) both suggested new 
modes of stating extremely high numbers, the former in his 
yjtafjLfilrrjf;, the latter probably in his cokvtokiov. These will 
be described later on but are mentioned here to show that 
probably arithmetical symbolism was one of the Alexandrian 
subjects of inquiry at precisely the time when the new symbol- 
ism first appears on Alexandrian records. 

34, But it is time to return to the alphabetic numerals as used 
in calculation. Fractions {Xeirrd) do not appear on inscriptions 
but are represented in MSS, in various ways. The most common 
methods are either to write the denominator over the numerator 
or to vrrite the numerator with one accent and the denominator 



Ka 



-Ka 



twice with two accents each time (e.g. tf or tf or tf Ka' Ka'), 
Submultiples, or fractions of which the numerator is unity, are 
the most common. With these, the numerator is omitted, and 
the denominator is written above the line or is written once 
with two accents, (e. g. ^ or X^" = ^) \ Some special signs are 
found, viz. signs similar to L, C and 8 for J and w" for f . 
Brugsch gives, on the authority of Greek papyri', the signs | for 
addition, J? for subtraction, and /^ ' for a total. Another com- 
mon compendium is the form X for eXarxft)!/ and its inflexions '. 



J 



^ For some more minnte details see 
Nesselmami, Alg, der Gr. pp. 112 — 115. 
Hnltsch, Metrol. Scriptt. i. pp. 172— 
175. Friedlein Zahlz, pp. 13 — 14. 

It is to be remembered that though 
fractions with high numerators occur 
in Greek writers, yet they represented 
only the ratio between the numerator 
and denominator. In calculation, they 
were reduced, as among the Egyptians, 
to a series with unity for numerator 
and these two conceptions of a fraction, 
as a ratio and as a portion of the unit, 



were alone permissible in Greek arith- 
metic. See Cantor Vorl, pp. 107, 174, 
405. Hankel, p. 62, and Hultsch, loc. 
cit. 

2 Numerorum Demoticorum Doctrina^ 
1849, p. 81. See plate z. appended 
to Friedlein Zahlz. and reff. there 
given. 

' In Heron's Dioptra (ed. Vincent 
p. 173) and the scholia to the Vati- 
can Pappus (ed. Hultsch, Vol. ni. p. 
128). Nesselmann, Alg. Gr, p. 305 and 
n. 17. 
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It remains to be mentioned only that the Greeks had no cipher. 
The o which Delambre found in the Almagest is a contraction 
of ovBiv, and occurs only in the measurements of angles, 
which happen to contain no degrees or no minutes *. It stands 
therefore always alone and is not used as a digit of a high 
number. The stroke which Ottfried Miiller found on an Athenian 
inscription, and which Bockh thought to be a cipher, is clearly 
explained by Cantor* as the iota, the alphabetical symbol 
for 10. 

35. Of calculation with these alphabetic numerals very 
little mention is made in any Greek literature. It would seem 
from the technical names for addition and subtraction (viz. 
avpTcOepac and d<f>ai,p€2p, vTre^acpetv) and from some passages 
of classical authors that these operations were generally per- 
formed on the aj3a^\ Multiplication, also, was, if possible, 
performed by addition*, but it cannot be doubted that an 
expert reckoner would master a multiplication-tablp and have 
the alphabetic signs at his finger-ends. For such a person, for 
a mathematician, that is, who was competei^t to read Archimedes, 
Eutocius, a commentator of the 6th century after Christ, performs 
a great number of multiplications with alphabetical numerals *. 
The date of the writer and the work to which they are appended 
alike show that these are masterpieces of Greek arithmetic. 
A specimen or two, with modern signs added for mpre convenient 
explanation, may be here inserted : 



^ Astronomie Ancienne, i. p. 547, 
II. pp. 14 and 15. Theoh in his com- 
mentary says nothing of this o which 
indeed may be only the introduction 
of late transcribers who knew the 
Arabic signs (v. Nesselmann, Alg. Gr, 
p. 139, and note 25. Friedlein, Zahlz. 
p. 82). 

* See Math. Beitr, p. 121 sqq. and 
plate 28. Hultsch, Scriptt. Metrol. 
Graeci, Praef., pp. v. vi., Friedlein, 
Zahlz, p. 74. 



' Cf. Theophrastus Char, (ed. Jebb) 
ly. n. ^0 and xni, n. 2. 

* Lucian, 'BpfMTLfxost 48. Friedlein, 
Zahlz. p. 75. 

5 Torelli's ed. of Archiinedes (Oxford, 
1792), Circuli DimensiOy p. 208 sqq. 
The forms as they stand in MSS. are 
given p. 216. See also Nesselmann, 
Alg. Gr. pp. 116—118. Hankel, p. 
56. Friedlein, Zahlz, p. 76, where 
many misprints in Nesselmann are 
corrected. 



G. G. M. 
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M M,/3 ,a 

a 

a T K€ 



M 



265 
265 



40000, 12000, 1000 

12000, 3600, 300 

1000, 300, 25 

70225. 



aKe 



The mode of proceeding is apparent on the face of this example. 
Each digit of the multiplier, beginning with the highest, is 
applied successively to each digit of the multiplicand beginning 
with the highest. Examples of multiplication, where fractions 
are involved, are also given by Eutocius. One of them is as 
follows * : 

3013 J i 
3013 J i 



,7^7 


L 


8' 


.7*7 


L 


8' 


y 







M fA^0 ^aff> yjtp 
y _ _ 

fi \e aL lS' 
yfrp 78' ff' tr' 



9000000, 39000', 1500, 750. 

30000, 130, 5, 2J. 

9000, 39, li J h 

1500, 6i, I 4 

750, 3i, i, ^ 

9082689 j\. 



Multiplications are given also by Heron of Alexandria (flo7\ B.C. 
100) and are conducted in precisely the same way as those of 
Eutocius ^ In other words, for 700 years after the introduction 



1 In this specimen, the letter L re- 
presents the Greek sign for J. See 
above, p. 48. 

* It wUl be observed here that 
Eutocius treats 13 as a single digit. 
He knew the multiplication table for 13. 

^ Geometria, ed. Hultsch, 36 and 83, 
pp. 81 and 110. They are printed 
also by Friedlein, Zahlz, pp. 76, 77. 
The second of them begins: fiovddes 



id' Kal XewTOL TpiaKoar&rpira icy'' iSv 6 
troKvTrKaaiaa'fios ylvercu ourws* id' i5' 
/>PS-'- Kol tS' TO, Ky \y' \y tk^ \y" \y" 
K.T.X. In modem figures, the problem 
is 14|| X 14||. 

It is worked out as follows : 
14 X 14= 196 : 14 x f|= %V : fl x 14 = 

Wand|ix||( = V5'-A)=if+TiV.7fti. 
The sum (ofioO) is 196^®/+ A . A= 

216 + ^V-uV 
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of the alphabetic numerals, no improvement was made in the 
style of Greek calculation. And if such were the performances 
of professional calculators, it may be conceived that those of the 
unlearned were yet more clumsy. Thus Hank el * quotes from 
a work written as late as 944 A. D., some multiplications in which 
the writer finds by addition that 5 times 400 is 2000 and that 
5 times 9 are 45 ! It can hardly be doubted that some Greek 
compiled a multiplication table and that children at school were 
practised in the use of it, as Roman children were, but no trace 
of such a table survives nor is any cleiar mention of it made 
in any Greek writer. 

36, No example of simple division nor any rules for 
division are found in Greek arithmetical literature. The 
operation must have been performed by subtracting the 
divisor or some easily ascertained multiple of the divisor from 
the dividend and repeating this process with the successive 
remainders. The several quotients were then added together '. 
But the Greeks had no name for a quotient and did not conceive 
the result of a division as we do. To a Greek 5 was not the 
quotient of ^. The operation did not discover the fact that 
5 times 7 is 35 but that a seventh part of 35 contains 5, and so 
generally in Greek a division sum is not stated in the form 
"Divide a by 6,'' but in the form "Find the 6th part of a.'* 
This is the sort of nomenclature which would naturally be 
expected among a people who were constantly compelled to 
resort to the dj3a^ with its concrete symbols. 

But though there is no instance of a simple division, there 
is more than one of what, in our schools, is called ' compound ' 
division, where the dividend and the divisor both consist of a 



^ p. 55, citing De arguments lunae^ 
wrongly attributed to Bede. (Patro- 
logia, ed. Migne, Vol. 90, p. 702.) On 
p. 56 Hankel gives a division from the 
same book. To divide 6152 by 15, 
multiples of 15 are first tried in order 
up to 6000. The remainder is 152. 
Then 15, 30, 60, 90, 120, 150. Ee- 
mainder 2. The answer is 400+10 
and 2 over. 



2 The process with whole numbers 
may be inferred from that with frac- 
tions. Heron (GeoTnetria, ed. Hultscb, 
12. 4, p. 56) divides 25 by 13, finds a 
quotient I + J + J^+tt+tV «^d adds 
these terms together to 1||. Obviously 
the intermediate stages were y|=?$ 
= i + ii = 4+fi etc. See Friedlein^ 
Zahlz, p. 79. 

4—2 
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whole number with fractions. These occur in Theon s com- 
mentary on Ptolemy's fieydXi] trvvTa^i^ (the Almagest). Here 
for astronomical purposes it is frequently necessary to conduct 
operations with degrees and the sexagesimal fractions, minutes, 
seconds etc. (irpwra e^Koardy hevrepa k^ijKoardy etc.) ^. The 
rules for such operations are easy to perceive, if it be re- 
membered that degrees are the units, minutes ^V^hs and seconds 
^^ths of the unit. Hence Theon rightly premises that where 
a dividend consists of degrees, minutes, seconds, etc., division by 
degrees produces a quotient of the same denomination as the 
dividend : division by minutes produces a quotient of the next 
higher denomination to the dividend: division by seconds a 
quotient of two denominations higher than the dividend etc. 
And in multiplication, of course, the denominations are similarly 
lowered. There is no occasion here to give a specimen of 
Theon's multiplication, for it follows precisely the same lines as 
that of Eutocius, exhibited above, p. 50. But it is desirable to 
show his method of division, since no other specimen of the 

process is procurable. He divides a^te k' le" (i.e. 1515*^ 20' 15") 

by /^ i^' r (i.e. 25' 12' 10") in the following manner": 



^ The Latin for these was 'partes 
minutae, partes minutae secuncUie, The 
sexagesimal system is beyond question 
of Babylonian origin. In Greek ma- 
thematical literature, the circle is 
divided into 360 parts (rfiififiaTa .or 
fioTpai) first in the *Apa<f>opiK6s of Hyp- 
sides (cir. b.c. 180). The division of 
the diameter into 120 parts with sexa- 
gesimal fractions appears first in Pto- 
lemy (cir. A.D. 140), but was probably 
introduced by Hipparchus (cir. b.c. 130). 
This trigonometrical reckoning was 
never used save by astronomers. See 
Cantor, V<yrles, pp. 70, 76, 274, 311, 



336, 351. Hankel, p. 66. Friedlein, 
Zahlz, pp. 81 — 82. Nesselmann, Alg, 
der Griech, pp. 139—147. Theon's 
Commentary (ed. Halma) pp. 110 — 119. 
185 — 6. A summary of Hypsicles' book 
is given by Delambre, Astron, Anc, i. 
See also post §§ 55, 140. 

^ Theon does not himself give a 
scheme of a division, as he does of a 
multiplication. He merely describes 
the process. The scheme in the text 
with modem figures is from Delambre, 
Astron, Anc, ii. p. 25. A translation 
of Theon's words is given by Nessel- 
mann, p. 142. 
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25^ 12' 10"J1515^ 20' 15" (60° 7' 33 
25*^ X 60' = 1500' 

Kemr. 15' = 900' 



920' (bringing down 20' from dividend.) 
12' X 60° = 720' 

Kemr. 200' 

10"x60'= 10' 



Kemr. 190' 

25' X 7' = 175' 



Kemr. 15' = 900" 



915" (bringing down 15".) 
12' X 7'= 84" 

Kemr. 831" 
10" X 7' = 1" 10'" 



Kemr. 829" 50"' 
25' X 33" = 825" 

Kemr. 4" 50"' = 290"' 
12'x33" =396'" 



The quotient therefore 60' 7' 33" is a little too high, but he e 
Theon leaves it. The length and timidity of the operation 
sufficiently show with what difficulty it was performed^. 

37, There is another operation, the Extraction of a square 
root, which — though indeed no specimen of it with ordinary 
numbers occurs in any Greek writer, — was so frequently per- 
formed, and at such an early date, by Greek arithmeticians 
that some mention of it must be made in this place. Archi- 
medes in his Circuli Dimensio^ gives a great number of 
approximate square-roots. He states, for instance, that ^^ is 

^ There is extant a meagre tract on etc. Halle, 1879. See also the preface, 

Multiplication and Division with Sexa- pp. xii. xvi. of Hultsch's iii. Vol. of 

gesimal Fractions, attributed either to Pappus. 

Pappus or to Diophantus. It was edited ' Prop. ni. pp. 206 — 208 (ed. Torelli). 

by 0, Henry, Optisculum de MuUipUc, The whole work is given post § 126, 
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greater than ^/3 which is greater than ^ : so also 

^/349,450 > 591^ and 7l,373,943ff > 1172^ and 

^/5,472,13233^>2339i\ 

He does not, however, give any clue to the mode by which he 
obtained these approximations. Nor does his commentator 
Eutocius, but the latter states that the rule for finding an 
approximate square-root (o7ro)9 hel avveyyv^; rfjv Supafievrjv 
ifKevpav evpelv) was given by Heron in his Metrica, by 
Pappus, Theon and several other commentators on Ptolemy. 
Only one of the works, to which Eutocius here alludes, is now 
extant. Theon, in his commentary on the Almagest, gives the 
rule, and an explanation of the rule, and some examples, of 
extracting a square-root with sexagesimal fractions. It is clear 
that Archimedes did not use Theon*s method, and no other is 



^ The approximations might still be 
improved. 591f , 1172f , and 2339J are 
nearer to, and also smaller than, the 
roots of the numbers in question. Other 
roots which Archimedes gives, are too 
large. Nesselmann, Alg. Gr, p. 108 — 
110. From the fact that Archimedes 
gives both too smaU and too large ap- 
proximations, it has been supposed 
that he used continued fractions, but 
(apart from the difficulty of suggesting 
a Greek symbolism for these) it is ob- 
jected to this theory that Archimedes* 
approximations are not so close as 
those which continued fractions would 
produce. Many other modes, by which 

he might have found his values for aJb^ 
have been suggested. The simplest 
(De Lagny's) is as follows. Archime- 
des selected fractions such that the 
square of the numerator is nearly 3 
times the square of the denominator. 
He would in this way find two series : 

h I H, H. m, ^^^ aU > V3: and 

h H, W, iih Uh l-m all < >/3. 

Both these series are constructed on the 



same principle, each numerator being 
twice the preceding numerator + thrice 
the preceding denominator, and each 
denominator being twice the preceding 
denominator + the preceding numera- 
tor. This is closely similar to the pro- 
cedure of Diophantus. Archimedes, 
however, takes the 6th term of the 
first series and only the 4:th of the 
second. It is therefore essential to this, 
as to every other explanation of the 
same Mnd, that Archimedes be supposed 
to have been less careful with one ap- 
proximation than with the other. (For 
more theories and criticisms thereon 
see Heiberg, Quaestiones Archimedeae, 
1879, pp. 60—66.) As it is unlikely 
that Archimedes, if he had a scientific 
method, would have failed to use it 
rigorously, some writers (e.g. Nessel- 
mann, loc, ciU and Friedlein, p. 81) are 
of opinion that he found his approxir 
mations only by repeated trial: others 
however (e.g. Cantor, Vorl, pp. 272 — 4, 
and Heiberg mp, cit.) believe that he 
had a method which we cannot dis- 
xsover. 
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forthcoming in any Greek writer. It would seem also, from 
Theon's language, that his method was by no means old or 
familiar, and we must conclude, therefore, in default of evidence, 
that the earlier Greeks found square-roots by experiment only. 
The process would certainly take a long time, but we have no 
reason to suppose that the Greeks were unwilling to spend a 
long time on a simple arithmetical problem. They may, of 
course (without going so far as Theon's method), have derived 
many useful hints from geometry: e.g. the square-root of a 
number is twice that of one quarter of the number : or 4 times 
that of -j^ or 9 times that of ^, etc., and in this way, they may 
easily have reduced the number to be experimented on down to 
some reasonable limit. It is useless, however, to expend 
conjecture on a subject on which there is not a particle of 
evidence. 

38. Theon's method of extracting a square-root may be best 
explained by a paraphrase of his own words. "I ought to 
mention " he says " how we extract the approximate root of a 
quadratic which has only an irrational root. We learn the 
process from Euclid ir. 4, where it is stated : ' If a straight line 
be divided at any point, the square of the whole line is equal to 
the squares of both the segments together with twice the 
rectangle contained by the segments.' So, with a number 

like 144, which has a rational ^ i o 

root, as the line «y8, we take a y 

lesser square, say 100, of which the root is 10, as aj. We 
multiply 10 by 2, because there are two rectangles, and divide 
44 by 20. The remainder 4 is the square of ^y, which must be 
2. Let us now try the number 4500, of which the root is 
67° 4' 55". Take a square a^yS, containing 4500 degrees 
{fioipai). The nearest square number is 4489, of which the 
side (root) is 67^ Take arj = 67^ and ae^rj the square of arj. 
The remaining gnomon ySfS contains 11°, or 660'. Now divide 
660' by 2ai7, i.e. 134. The quotient is 4'. Take 6(9, t^k = 4', 
and complete the rectangles 0^, f/t. Both these rectangles 
contain 536' (268' each). There remain 124', = 7440". From 
this we must subtract the square f\, containing 16". The 
remaining gnomon /SXS contains 7424". Divide this by 2a/c 



(/ 



\ 
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(= 134' 80. The quotient is 55". The remainder is 46" 40'", 
which is the square \y, of which the side is nearly enough 55"." 

a 71 K d 



e 



670 



4489 



4' 



268' 



268' 



16" 



65" 



3688" 40 



ft AfVft 



65" 



00 

s 

CO 



So in general Theon concludes " when we seek a square-root, we 
take first the root of the nearest square-number. We then 
double this and divide with it the remainder reduced to minutes 
and subtract the square of the quotient, then we reduce the 
remainder to seconds and divide by twice the degrees and 
minutes (of the whole quotient). We thus obtain nearly the 
root of the quadratic\" In this procedure, with its continual 
references to a geometrical figure, we have a conspicuous 
instance of the fact, stated at the beginning of this chapter, that 
Greek XoyiariK'^ must often have sought its rules in the 
discoveries of the scientific dptdfirjTLKrj. No doubt it was so in 
many other cases. It is hardly to be believed that while 
philosophers were aware of the modes of finding a Greatest 
Common Measure and a Least Common Multiple and well 
versed in the treatment of series and proportions, the common 
people should have been unable to adapt these results of 
dpcOfjLrjTCKT] to the needs of their own daily calculation. The 
meagre records of Greek logistic, however, contain no mention 



^ Theon gives another example, also 
with a figure. In this case he finds the 
square root of 2^ 28' and finds 1® 34' 15" 



as the result. The procedure is ex- 
actly the same as in the preceding 
example. 
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of any of these subjects. The theoretical treatment of them is 
alone known and this belongs to dpiOfiijTiKTj the subject of the 
next chapter. 

39, Before closing this account of XoyiaTiKi], it remains to 
add a few facts, isolated here either because they did not have, 
or do not seem to have had, any real inlBuence on the methods 
of Greek calculation or because the original report of them is so 
meagre or doubtful or disconnected that it would have caused 
unnecessary disturbance to have mentioned them before. 

It has been stated, already (sup. p. 48), that in the 3rd 
century B.c. the abbreviation of the Greek arithmetical symbolism 
attracted the attention of (mter alios) Archimedes and Apol- 
lonius. This remark, however, though it has been often made 
with less reserve, seems to some writers to convey a suggestio 
falsi, inasmuch as abbreviation of the symbolism was not the 
ostensible object of the works in which Archimedes and 
ApoUonius proposed their improvements in arithmetical nomen- 
clature. It is, therefore, desirable that some fuller account of 
these works should be given than could be conveniently 
inserted elsewhere. 

In a pamphlet entitled ylrafifMirrj^;^ (in Latin trans. 
arenarius 'the sand-reckoner') addressed to Gelon, king of 
Syracuse, Archimedes begins by saying that some people think 
the sand cannot be counted, while others maintain that, if it 
can, still no arithmetical expression can be found for the 
number. " Now I will endeavour " he goes on " to show you, 
by geometrical proofs which you can follow, that the numbers 
which have been named by us (? me) and are included in my 
letter^ addressed to Zeuxippus, are suflScient to exceed not only 
the number of a sand-heap as large as the whole earth but of 
one which is as large as the universe. You understand, of 



1 Torelli's Archimedes, pp. 319 sqq. 
It is printed also, in Heiberg's Quaes- 
tiones Archimedeae. It is probable that 
Archytas of Tarentum, "whom Horace 
(Od, I. 28. 1) calls 'numero carentis 
arenae mensorem/ had been busied 
with the same problem as that of the 
xl/afjLfdrrjs, Archytas was a contempo- 



rary of Plato and at least 100 years 
earlier than Archimedes. 

2 It appears from c. i. sec. 7 that this 
letter was entitled ipx^^- It is clear 
that it was concerned only with the 
nomenclature which Archimedes is now 
about to introduce again (cf. also c. iii. 
sec. 1) and not with any special problem. 
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course, that most astronomers mean by 'the universe' the 
sphere of which the centre is the centre of the earth and the 
radius is a line drawn from the centre of the earth to the centre 
of the sun." (But Archimedes himself would be willing to sup- 
pose the universe a sphere as large as that of the fixed stars, 
according to Aristarchus of Samos\) Assume the perimeter of 
the earth to be 3,000,000 stadia^ and in all the following cases 
take extreme measurements. The diameter of the earth is larger 
than that of the moon, and that of the sun is larger than that of 
the earth. The diameter of the sun is 30 tiines^ that of the 
moon and is larger than the side of a chiliagon inscribed in a great 
circle of the sphere of the universe*. (This is proved geometri- 
cally.) It follows from these measurements that the diameter 
of the universe is less than 10,000 times that of the earth* and 
is less than 10,000,000,000 stadia^ 

Now suppose that 10,000 grains of sand not < 1 poppy-seed, 
and the breadth of a poppy-seed not < -^ih of a finger-breadth. 
Further, using the ordinary nomenclature, we have numbers up 
to a myriad myriads (100,000,000). Let these be called the 
first order {irp&rot, dpiOfiol) and let a myriad myriads be the 



^ It is at this point that Arohimedes 
mentions the theory of Aristarchus of 
Samos (advanced in his inroO^<r€i's) that 
the earth goes round the sun and that 
the orbit of the earth is comparatively 
a mere spot at the centre of the sphere 
of the fixed stars. Archimedes does not 
seem to have understood this language 
and certainly did not adopt this theory. 
See Heiberg's note, op. cit. p. 202. A 
treatise of Aristarchus Be distantia 
lunae et soils is extant. See Wallis' 
Works Vol. III. and Delambre Astron. 
Anc, I. ch. V. and ix. 

2 * Though some,' adds Archimedes, 
* take it at only 200,000 stadia. I will 
take it at 10 times the approved size.* 
He refers to Eratosthenes, who calcu- 
lated the circumference to be 252,000 
stadia. Delambre i. ch. 7. A stadium 
was nearly 200 yards. 



' Eudoxus, he says, made it 9 times, 
Pheidias the son of Acupater 12 times 
and Aristarchus between 18 and 20 
times larger than that of the moon. 

* Aristarchus, he says, made it yJirth 
of the zodiacal circle, but his instru- 
ments cannot have been able to make 
so nice a measurement. Archimedes 
goes on to describe his own apparatus, 

by which he found that the diameter of 

900 9Q0 

the sun is between ^r-r and .r^ (i.e. 

27' 0" and 32' 56"). See Delambre Astr, 
Anc, I. c. IX. 

^ Following the rule that the dia- 
meter of a circle is less than i of the 
perimeter of any inscribed regular poly- 
gon, above a hexagon. 

8 Following the rule that the circum- 
ference of a circle is more than 3 times 
its diameter. 
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unit of the second order {BevTcpoL dpiOfiol) and let us reckon 
units, tens, etc. of the second order up to a myriad myriads : 
and let a myriad myriads of the second order be the unit of 
the third order {rplroL dpiOfioi) and so on ad lib. If numbers 
be arranged in a geometrical series of which 1 is the first term 
and 10 is the radix, the first eight terms of such a series 
(10° — 10^) will belong to the first order: the next eight to the 
second order and so on. Thus, the terms from 1 to 10 millions 
may be called the first octad: 10® to 10" may be called the 
second octad and so on\ Using these numbers, and following 
the rule that spheres are to one another in the triplicate ratio of 
their diameters, Archimedes ultimately finds that the number 
of grains of sand which the sphere of the universe would hold is 
less than a thousand myriads or ten millions of the 8th octad. 
This number would be expressed in our notation by 10*® or 1 
with 63 ciphers annexed. 

40, Now though this work is ostensibly devoted to a 
fanciful subject and though it is full of references to recondite 
discoveries in astronomy, geometry and dpcO/nrjTiKii, yet it is 
plain that it contains matter which might have had, and 
perhaps was intended to have, an important bearing on the 



^ At this point Archimedes incidental- 
ly adds that it will be convenient {xp^(^t' 
fiop) to observe the following fact. In 
any geometrical series beginning with 
1, if any two terms be multiplied, the 
product will be a term as far from the 
greater of the two multiplied as the 
lesser was from unity, and as far from 
unity as the sum of the distance of both 
the multiplied terms, less 1. E.g. in 
the geometrical series a, 6, c, d, e, /, g^ 
ft, i, *;, It where a is unity, dxh=l, and 
I is as many terms (less 1) from a as d 
and h together. It will be seen that 
Archimedes is referring to the fact 
which we express by saying that 

He does not again 



»*n 



a"*xa'*=a 



n—nW+n 



refer to this fact, and does not other- 
wise, as some say, anticipate the method 
of logarithms. I have omitted from 



the text a further nomenclature which 
Archimedes suggests. There may be n 
octads of the first period, of which the 
last number will be 10***"^ This num- 
ber, 108'»-i, will then begin the first 
octad of the second period and so on. 
See Heiberg op. cit, p. 69. Nesselmann 
pp. 122—1215. 

It may be mentioned here also that 
the Greeks always began a geometrical 
series from 1, though they could give 
no reason for the practice. They did 
not know that l=n^. Theon Smyr- 
naeus (ed. Hiller, p. 24) says explicitly 
that '*1 is not a number, but is the 
beginning of number," and this was the 
common Greek notion, though incon- 
sistent with their practice. See Cantor 
Vorles. pp. 134, 368, Aristotle Metaph, 
XIII. 8, etc. 
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Greek symbolism, whicli belongs to Xoyca-riKTJ. This matter 
also had previously been published, without any practical appli- 
cation, in the lost ^Apxai, addressed to Zeuxippus. It deals 
indeed, as we know it, entirely with nomenclature and not a 
word is said of symbolism. But it is pretty clear (see especially 
the last note) that Archimedes' procedure was to write down 
the powers of 10 in order from 1 as far as necessary, then to 
divide the series into groups of 8 terms each and, when it was 
necessary to multiply two terms together, merely to add the 
numbers of their places in the series and so find at a glance 
their product and the name of the product. It can hardly be 
doubted that in writing down the powers of 10, in order to 
bring them within a manageable space, he employed a symbol- 
ism \ He would have required a symbolism of only 10 signs. 
Thus if a, yS, 7, S, e, f, 17, 9, k, \ were his symbols for numbers 
from 1 to 10, then 

his first octad might be, a, X*, X^ — \^, 
„ second „ „ X* — X*', 
„ third „ „ X*" — ^X*". 

On this principle, such a number as 1,957,362 would be written 
X^A:X*eX*^XY7X^fX*;9. This symbolism, of course, is more cumbrous 
than ours but it is far shorter than the Herodianic and far more 
convenient than the common Greek alphabetic signs. If adopted, 
it would have immensely simplified procedure in the four 
rules of arithmetic ; — would have brought it in fact nearly to 
the perfection of the Indian method. Yet, whatever symbolism 
Archimedes himself used (if any), it is quite certain either that 
he did not publish it or that it never obtained any vogue. 
No allusion to it occurs in the ^jra/nfiLTrj^; or in any other 
Greek mathematical work. But a good many reasons may be 
suggested why a new symbolism would, in Archimedes' time, 
have been singularly inopportune. The alphabetic numerals 

^ To take only the second octad, the suggested in the text is not intrin- 

last tenn of this is 10^^ or a thousand sically improbable. Compare the Ma, 

million millions. This, in Greek, is M/3, etc. of Apollonius to be presently 

XL^idKis fivplai fivpiddes fivpiddufp. The mentioned, and compare the proposi- 

force of language, even Greek, will tion quoted from lamblichus below 

not go much further. The symbolism § 63. 
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had in all probability been lately introduced at Alexandria. 
The professors of dpcOfirjTiKi^ did not require a new symbolism, 
since geometrical figures were sufficient for the problems which 
they dealt with. Thirdly, the efficacy of Archimedes' symbols 
would at first appear principally in calculations with very high 
numbers and there was then hardly anybody, save Archimedes 
himself, who was interested in calculations with such numbers. 

41, That it is not at all far-fetched to suppose that 
Archimedes had in mind, when he invented his new nomen* 
clature, the improvement of customary methods of calculation, 
will be apparent if we consider the similar work of Apollonius. 

At the end of his commentary on the Circuli Dimeiisio, 
Eutocius says that he had done his best to explain the 
numbers used by Archimedes, but that Apollonius, using other 
numbers, had in his ^Hkvtoki^ov ^ obtained a closer approxima- 

X xi -XT- X- 1 1 i» xT_ X* circumference 

tion to the arithmetical value oi the ratio — ^. ; . 

diameter 

He then mentions some other persons who had maliciously 
criticised Archimedes and adds 'They use multiplications 
and divisions of myriads, which it is not easy to follow 
unless one has been through a course of Magnus' Arith- 
metic^' ; and concludes by recommending Ptolemy's method 
with sexagesimal fractions. The passage is so vaguely worded 
that it is impossible to feel sure whether the ^Hkvtoklov, or 
*Aid to Delivery,' of Apollonius has any connexion whatever 
with the multiplications of myriads mentioned afterwards. The 
book itself is lost and its name does not occur elsewhere. At 
any rate, Apollonius did invent a system of multiplication 
connected with a nomenclature in which myriads played a 
large part. Some account of both is to be gathered from the 
fragmentary 2nd Book of Pappus, but unfortunately the first 
half of the book is lost and with it the name of Apollonius' work 
and much precise information have doubtless disappeared. 

1 The first ed. had 'Qfcvrb^wtv, The Zahlz, p. 78, thinks it was a * ready- 
emendation was Originally Halley's reckoner' or multiplication-table only. 
(jpr«/. to his ed. of Apollonius) and was * This work is not elsewhere mention- 
subsequently found to be correct by ed. It is tantalising to think what it 
reference to two Paris MSS. Friedlein, may have contained. 
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Apollonlus, taking, like Archimedes, a geometrical pro- 
gression of the powers of 10 from 1 to 10", divided them into 
groups of 4 terms, tetrads and not octads. The first tetrad 
(1—1000) he called /^oi/aSe? : the 2nd (10,000— ten millions) 
fivpidSe^ aTrXat: the 3rd /ivpcdBe<; BtirXat etc. The first 
number of each tetrad is the unit of that tetrad, and the 
higher tetrads are (at least in Pappus) distinguished by the 
signs Ma, My9, My etc. Thus the number 5,601,052,800,000 
or, according to the Greek division, 5,6010,5280,0000 is written 

by Pappus My . e fcal M^ . ^rt xal Ma . ^eair. 

The fragment of Pappus contains examples, selected by that 
writer, illustrative of Props. XIV, — XXV. in the original work 
of Apollonius. The examples are of the following kind : 

Prop. XIV. Let there be given several numbers, each less 
than 100 but divisible by 10. It is required to find their 
product without multiplying them. Let the numbers be 
50, 50, 50, 40, 40, 30. The pythmenes of these are 5, 5, 5, 4, 4, 3, 
which, multiplied together, produce 6000. There are also 6 tens, 
which, divided by 4, give quotient 1 and remainder 2. The 
product of these tens is therefore 100 of the fivpcdSe^ aTrXat. 
This, multiplied by 6000, produces 60 of the fivpcdhe^ infkal. 
This is the product of the numbers proposed. 

The other examples are all of this sort (the numbers 
in each case being varied^) and all are designed to illustrate 
a new rule, viz. that in multiplying numbers together, the 
coefficients of the powers of 10 only need be multiplied. These 
coefficients are called irvOfieve^ or fundamental numbers. Thus 



^ The concluding part of Apollonius* 
book is given (though not in Ap.'s 
words) by Pappus (ii. 25). The last 
prop, was ''Let two or more numbers 
be given, each less than 1000 but divi- 
sible by 100 : and other numbers each 
less than 100 but divisible by 10 : and 
finally other numbers less than 10. It 
is required to find their product.** After 
performing this, Apollonius returned 
to the problem which he had originally 
set himself, viz. to multiply together 



all the numerals contained in the line 

*A/)T^/it5oj ifXetre Kpdros ^^oxov ivvia 

Kovpax, 

The product is fivpiddes TpiaKaideKa- 

irXcu pQS^ diaSeKawXai r^ij' ipdcKairXal 

d(a\ or 

196.10000^3^.368.1000012+4800.1000011. 
Pappus then tries his own skill on 
another line : 

'M.^vw d€ide Bcb. Arj/x-fyrepos dyXaoKdpwov 
which seems carefully chosen to avoid 
high numbers. 
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8 is the itvOmv of 80: 5 of 500: 7 of 7000 etc. In multiplying 
80 by 600, it is necessary only to multiply 8 by 6. The product 
of the powers of 10 may be discovered by reference to the 
geometrical progression of tetrads. It is evident that this 
latter part of the rule is borrowed from the discovery of 
Ai'chimedes mentioned above. We have here, in fact, the 
suggestion of the y{rafifilT7}<;j with only an easy alteration (hardly 
an improvement) of the nomenclature, put into actual practice. 
Yet still there is no reference to an abbreviated symbolism. 
In many places* Pappus says that Apollonius used ypafifutl, 
which made his solutions far more readily intelligible : but 
these ypafifial were beyond question straight lines. They were 
used presumably to represent the terms in the progression of 
tetrads and also to represent other numbers and the irvOfieve^ 
of these, but they can hardly have served any higher purpose 
than merely to prevent mistake. It must have been a certain 
convenience to distinguish the pythmenes in this way : e.g. 



a p a 



K ^ <T ^ etc. 

X 7 T 7 

where a, ^, 7 etc. are pythmenes not only of tens (t, k, X etc.), but 
of hundreds {p, a, r etc.) \ In spite, however, of the absence of 
evidence, it is difficult to believe that Apollonius wrote his 
book without using some special symbolism and it is still more 
tnarvellous if, having written the book, he did not see that 
it could not become popular without an accompanying symbol- 
ism. His symbolism, however, if he had any, was not published 
or never attracted attention, and thus he, as well as Archimedes, 
lost the chance of giving to the world once for all its numeral 
signs. That honour was reserved, by the irony of fate, for 
a nameless Indian of an unknown time, and we know not whom 
to thank for an invention which has been as important as any 
to the general progress of intelligence. 

1 E.g. n. 6. 6: 8. 28: 18. 10. of the numbers. Thus it does not ap- 

(Hultscl^'s Ed.) pear that 7' is the Tv6fi-^v of X' or r , but 

^ The irvdfi4v€5 of tens and hundreds, it is easy to see that rpeU is the irvOfiifiP 

though absolutely concealed by the of TptdKovra and rpta/c6<rtoi. 
symbols, were discernible in the names 
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42. Another arithmetical symbolism is also attributed to the 
Greeks. It was first mentioned by Noviomagus {De Numeris, 
Cologne, 1539. Lib. I. c. 15) who said it was used by * Chaldaei 
et astrologi\' It consisted of a curious set of signs (somewhat 
resembling railway^signals) in which the value of the symbol is 
determined, as it were, by the position of an arm attached to a 
post. Thus L- is : : p- is 10 : -J is 100 and -^ is 1000 : -^ is 
2 : -T— is 20 : -^ is 200 and -r is 2000. /- is 3 : ^ is 4 : 
:ii— is 5 : z:^ is 6 : C— is 7 : -^ is 8 and C3— is 9. All these 
signs, when reversed, represent ten times higher values, as with 
those for 1 and 2 above exhibited. The ' post ' was often drawn 
upright: f, H, [^ etc. and several 'arms' might be attached 
to one post. Thus ^ = 5543 : H< = 2454 : Qd = 3970 etc. It 
cannot be said that this is a first-rate symbolism : but it is 
compact in form and it preserves also, to the eye, the analogies 
which are the greatest aids to calculation. It is impossible to 
say what is the origin of these signs, or where or at what date 
they came into use. Friedlein thinks they may be really 
Chaldaean and have belonged to the mediaeval art of horoscopy*, 
which Noviomagus professed. 

43. Calculation seems to have been regularly taught in 
Greek schools as early as there were any schools at alP. It 
became also a favourite subject of the Sophists, among whom 
the polymath, Hippias of Elis, was its most famous professor*. 
Socrates himself seems to have had a limited liking for it. 
According to Xenophon*^, he told his pupils to learn Xoyia-fjLov^, 
but to beware of the idle pursuit of this as of other branches of 
learning : so far as was useful (or beneficial, cio(f>€\ifiov) he was 
always willing to forward them. As we have just previously 



1 Nesselmann (pp. 83—84) took them 
from Heilbronner's Historia Matheseos 

• 

(pub. 1742). Heilbronner said he got 
them from Geminus and Hostus, a 
German antiquary of the 16th cent. 
Cantor {Math, Beitr. pp. 166—167) 
found the passage in Hostus, who refers 
to Noviomagus. Friedlein finally un- 
earthed the passage of Johannes Novio- 
magus who says he had the signs from 



Joh. Paludanus Noviomagus. The MS. 
of Geminus, which Heilbronner saw, 
remains undiscovered. 

« Friedlein, Zahlz, pp. 12, 13. 

^ See the Excursus on Education in 
Becker's Charicles. 

* Cf. Plato Protagor. 318 b. Hipp. 
Min. 367—368. 

^ Memor. iv. 7. 8. For geometry, see 
IV. 7. 2. 
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been informed, by the same authority, that Socrates thought 
there was no need for more geometry than would enable a man 
to measure or parcel out a field, it may be presumed that he 
preferred the practical art of logistic to the theories of dpL0fMi]- 
TiKij. Plato, however, was not of the same mind. His dislike 
of the sophists extended to the subjects which they taught and 
he is, on many occasions, as was seen at the beginning of this 
chapter, careful to distinguish the vulgar logistic from the 
philosophical arithmetic. But calculation cannot be discarded 
by the philosopher any more than by the merchant : so Plato, 
in his ideal constitution (Legg. 819 b), directs that free boys 
shall be taught calculation, a " purely childish" art, by pleasant 
sports, with apples, garlands etc. It makes men " more useful to 
themselves and wide-awake." Contemptuous language of this 
sort, used by the most influential of Greek thinkers, set the 
fashion to too many generations of mathematicians. Euclid is 
said to have been a Platonist : he certainly never meddled with 
logistic. His successors, with few exceptions, were aflfected by 
the same prejudice. The contributions of Archimedes and 
Apollonius to the art of calculation have been already men- 
tioned. Hipparchus calculated a table of sines (so to say) 
and thus probably introduced the art of reckoning with sexa- 
gesimal fractions for astronomical purposes. The brilliant and 
above all things practical Heron of Alexandria seems, in his 
MerpiKa, to have offered some improvements in Greek calcu- 
lation. A long era of Neo-Platonism and Neo-Pythagorism 
followed, but to this time belonged probably the ApoUodorus, 
whom Diogenes Laertius (viii. 12) mentions, and Philo of 
Gadara and the Magnus whom Eutocius praises. Nothing of 
these writers now survives, and it is very unlikely, judging 
from the calculations of Theon and Eutocius himself, that they 
produced any stir in their own day. Logistic was practically 
abandoned as hopeless after Apollonius' time. *Api0/ii]TiKi] 
became the hobby of the more ingenious spirits and to this 
science belongs the last brilliant achievement of Greek mathe- i/ 
matics, the invention of algebra. 



G. G. M. 
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44, The history of dpiOiirjTiKrj, or the scientific study of 
numbers in the abstract, begins in Greece with Pythagora4i 
{cir. B.C. 530), whose example determined for many centuries its 
symbolism, its nomenclature and the limits of its subject-matter. 
How Pythagoras came to be interested in such inquiries is not at 
all clear. It cannot be doubted that he lived a considerable 
time in Egypt* : it is said also, though on far inferior authority, 
that he visited Babylon. In the first country, he would at 
least have found calculation brought to a very considerable 
development, far superior to that which he can. have known 
among his own people : he would have also found a rudimentary 
geometry, such as was entirely unknown to the Western Greeks. 
At Babylon, if he ever went there, he might have learnt a 
strange notation (the sexagesimal) in arithmetic and a great 
number of astronomical observations, recorded with such numeri- 
cal precision as was possible at that time\ But. Pyt hngnrftft 



^ It is asserted by Isocrates, Lavd, 
Busir, 0. 11. 28, p. 227, and Callimachus 
ap. Diod. Excerpt, Vatic, vii — x. 36. 
It is implied in Herod, n. 81, 123, 
Aristotle Metaph. i. 1. These are the 
most ancient aathorities. The Egyp- 
tian origin of Greek geometry is at- 
tested in many more passages, to be 
cited below. The visit to Babylon is 
first mentioned Strabo xiv. 1. 16. 



3 Both these statements may be 
illustrated by one example. One Baby- 
lonian document contains a statement 
of what portions of the moon's face are 
successively illuminated in the first 
fifteen days of the month. These are 
stated as 5, 10, 20, 40, 1. 20, 1. 36, 
1. 52 etc. where 1. 20, 1. 36, 1. 52 etc. 
stand for 80, 96, 112 etc. parts out of 
240 into which the moon was divided. 
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was not the fi rst ^-^ ^^ \n\tvxf^A inf.^ t,f]ia foreign If^aming for 

the Asiatic Greeks h ad certainly, before his time, acquired a 
goo d deal of Chaldaean astronomy and ha^ avpti imprnvftd .upon 
Egyptian geo metry^ Nor was the bent of his mind altogether 
singular in his time. Among the Greeks everywhere, a new 
speculative spirit was abroad and they were burning to discover 
some principle of homogeneity in the universe, ftom^. fii nda- 
mental unity was purely to h^ Higppmprl PitTi ^r \j i \hpi mflttftr 

or th e structure of thing s. Tl^p jmnV pliilnanpTiArq nhr^ao ftift 

former fiel d : Pythagoras took the l at tar / But the difficulty is 
to deterr f i inp -^^^^^^^^ ^^°t^9^fi^>!i1 ntnHir^rf 1^^ him l i ft n phil n- 
jophy o f str ucture or vice versa^ T he evidence seems to favour 
the former view. The geometry which he had learnt in Egypt 
was merely practical. It dealt mainly with such problems 
as how to find the area of given plane figures, the volume 
of giden solids : its highest flight was to find roughly the ratio 
between the diameter and the circumference of a circle. Its data 
generally, its discoveries always, were numerical expressions. 
Given the number* of a certain straight line, it could find the 
number of a certain curve : given the numbers of two or three 
straight lines it could find the numbers of a superficies or a solid. 
It was natural to nascent philosophy to draw, by false analogies 
and the use of a brief and deceptive vocabulary', enormous con- 
clusions from a very few observed facts : and it is not surpris- 
ing if Pythagoras, having learnt in Egypt that number was 
essential to the exact description of forms and of the relations 
of forms, concluded that number was the cause of form and 



See Hincks in Trans. Royal Irish Acad, 
Polite Lit. zxii. 6, p. 406 sqq. Cantor, 
Vorles. pp. 72—76. 

^ Thas Thales had invented some 
propositions in scientific geometry. He 
had also predicted an eclipse and is 
said by many different anthorities to 
have had much astronomical know- 
ledge. Herodotus (ii. 109) says express- 
ly that the knowledge of the polos and 
gnomon (on these sundials see below, 
p. 145 n.) came to the Greeks from 
Babylon. PKny (Hist. Nat. ii. 76) attri- 



butes the introduction of the gnomon 
to Anaximenes : Suidas to Anaximander 
{subvdc). 

' Primitive men, on seeing a new 
thing, look out especially for some 
resemblance in it to a known thing, so 
that they may call both by the same 
name. This developes a habit of press- 
ing small and partial analogies. It 
also causes many meanings to be at- 
tached to the same word. Hasty and 
confused theories are the inevitable 
result. 

5—2 
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so of every other quality. Number, he infen-ed, is quantity 
and quantity is form and form is quality \ 

The genesis of the Pythagorean philosophy here suggested 
has strong historical warrant. It is certain that the Egyptian 
geometry was such as I have described it: *the empirical 
knowledge of the land-surveyor, not the generalised deductions 
of the mathematician. If not certain, it is at least undeniable 
that Pythagoras lived in Egypt and there learnt such geometry 
as was known. It is certain that Pythagoras considered number 
to be the basis of creation* : that he looked to arithmetic for 
his definitions of all abstract terms and his explanation of all 
natural laws : but that his arithmetical inquiries went hand in 
hand with geometrical and that he tried always to find 
arithmetical formulae for geometrical fact? and vice versa^. 

45, But the details of his doctrines are now hopelessly lost, 
"g^r Pi T^n nd^^^ y^n i rn iih^y r^mninrd th e secrets of hia Rnh nnl in 

Italy and when at lfl «t. a. Pyt.^iQgnrPQn pTiilngnphy wag pnlilisbp.H*, 

it was far more elaborate than the teaching of its fou nder. 
Even the tenets of this later school come to us only by hearsay. 
Of Pythagoreans we know something from Plato and Aristotle 



^ It was Pythagoras who discovered 
that the 5th and the octave of a note 
could be produced on the same string 
by stopping at | and i of its length 
respectively. Harmony therefore de- 
pends on a numerical proportion. It 
was this discovery, according to Han- 
kel, which led Pythagoras to his phi- 
losophy of number. It is-probable at 
least that the name harmonical propor- 
tion was due to it, since 

l:i::(l-i):(»-4). 
lamblichus says that this proportion 

was called vvevavHa originally and that 
Archytas and Hippasus first called it 
Jiarmonic, Nicomachus gives another 
reason for the name: viz. that a cube, 
being of 3 equal dimensions, was the 
pattern &pfiovia : and having 12 edges, 
8 corners, 6 faces, it gave its name to 
harmonic proportion, since 

12:6:: 12-8:8-- 6. 



Vide Cantor, Vorles. p. 152. Nessel- 
mann, p. 214 n. Hankel, p. 105 sqq. 

' Some such vague term must neces- 
sarily be chosen. Aristotle [Metaph. i. 
5) says that the Pythagoreans held that 
number was the &px^ Kal u)s vXrj rots 
oS<ri Kod d)s irddri re koX ^^eis. It is not 
possible to extract from these words a 
definite theory of the functions of num- 
ber in the cosmogony: it seems to be 
* everything by turns.* 

' See Diog. Laert. vni. 12 and 14. 
In the second passage Pythagoras is 
said, on the authority of Aristozenus, 
to have introduced weights and mea- 
sures into Qreece. 

^ By Philolaus. See Diog. Laert. 
vni. 15. 85. The silence of Pythagoras 
was proverbial. On this and the facts 
stated in the text cf. Bitter and Preller, 
Hist, Phil §§ 96, 97, 102—128. 
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and the historians of philosophy, but hardly anything remains 
which is attributed, by any writer of respectable authority, to 
Pythagoras himself\ He is probably responsible for some of the 
fantastic metaphysics of his followers. Aristotle expressly says 
that he referred the virtues to numbers and perhaps he agreed 
with Philolaus that 5 is the cause of colour, 6 of cold, 7 of mind 
and health and light, 8 of love and friendship and invention. 
Plutarch says that he held that the earth was the product of 
the cube, fire of the pyramid, air of the octahedron, water of the 
eicosahedron, and the sphere of the universe of the dodecahedron*. 
But doctrines of this kind, though they imply an interest in 
mathematics, are not themselves contributions to mathematical 
knowledge and do not require to be discussed in this place. 
^ Foy our prese nt purpose, it is suflBcient onl y to consider w hat 
advances in arithmetic are du e to fv thagoras or his _schDoL 
without speculating on thejaode or_ord er irLw Jiinh ^^^y Wftr^ 
obtained or their place jrj jjin Fythagorfrf ii n philnnop hj^ 

The following discoveries, at any rate, with the accompanying 
nomenclature]^ are as old as Plato's time. All numb ers were 
cl assified as Qd?d or ev en (apTioLJiijmepia^M), . Of these the odd 
numbers were gnomons (yvoofLove^) and the sum of the series of 
gnomons from 1 to 2n + 1 was a square (jerpdycovosiy. The 
root of a squar ejiumber was call.ed its side [irXeypd), Some com- 
goun d numbers hiaiVe.aQ»SSiJaxe-CQ£)ts. Tbesejattgr.wer^ pMcmgrg 
{irepofnJKei^ or TrpofirjKei^) *. Products of two n umbers were 
j^lane {iiriirehoC)^ of three solid {arepeoif, A number multiplied 
twice into itself was a cube UdSoif. Some more classifications 

1 Porphyrins, a Syrian, late in the tos or 0X0705), but this is not certain. 
3rd century after Christ, and lambli- Plato calls it a 8i5»'a/us. 

chus both wrote a * life of Pythagoras.* * ^ Ct Aristotle on Plato in Fol, v. 

2 See Ritter and Preller, pp. 72, 79, 12. 8. 

§§ 116, 117, 127. 8 Plato, Rep, viii. p. 246. The same 

^ Aristotle, Phys, iii. 4. The gnomon passage invites one or two other little 

is properly a carpenter's instrument, remarks. dpiOfibs &ir6 in later Greek 

a T square with only one arm. The writers means *the square of* : Apid/Ms 

name was afterwards used in other U7r6 means * the product of.* dir6oTa<rts 

senses. once in Plato (Timaeus 43 d) means the 

* See Plato r/ieae^ 147 D— 148b. A 'interval* between the terms of an 

surd was probably at this early time arithmetical progression. aC^ais may 

called inexpressible or irrational (df^rj- (like atf^iy. Rep. vii. 528 b) mean * mul- 
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are given by authorities of less antiquity. Any number of 

the form — ^r was calle d triangular (rplycovosi). Perfect 

(reXeLov) numbers ^ ^a f-hftfie yr^^'^rh n.r^ ft^u*\1 \q th^ »"^ ^^ ^1^ 
th eir possible fac torej(e.g^ 28ial.r^-24rA--i-.XjfcJJ): f or simil ar 
treasons numbera are.^arcfisaM;^ (vTreprikeLot) ^ dg^rsctiv e (iWi- 
TT^^^. Amicable ((i>t\ioi) iiumb eisjjcfe.th^fl^ nf wKi/A.^/^h \a f.liA 
sum of £h e factors of the pJLhe rJe.g. 220 = 1 + 2 -f 4 + 71_+ Ijg- ; 
284 = 1 + 2 + 4 + 5 + 10 + 11 + 20 + 22 + 44 + 35 +110)". 
Beside this work in classification of single numbers, numbers 
were treated in groups comprised either in a series (e^^eo-*? or 
dvaXoyia avveyrj^^ or a proportion {dvaXoyia), Each num ber 
ofjuch a s erie s Q r - proportiou was i;dlled a (a^m (opo^). The 
mean terms of a proportion were ^c alled /Meao rvTe^^. ^'hr ee 

kind ^ of p roportion , the arithrrndAcal^ gfQjjf^ffnrSi^nl QTlf^ hnnrfmrvn'irn l 

were cert ainly Vnown*. To these Tfln^hlirbna^ n/lda a fnnrt.h^ 

thr jlj ? y?Vafj wh irh^ hr i v i j i ffl^ rji l l i i i n i M n i n i n t rnd n rrd f rom Fmhyl nn 
It is composed between two numbers and their arithmetical 

and harmonical means, thus a : — -^ — :: f : 6 (e.ff. 6 : 9 :: 8 : 12). 

2 a+b , ° 

Plato knew that there was only one expressible geometrical 

mean between two square numbers, two between two cubes*. 

It is a familiar fact that the geometrical proposition, Euclid 1. 47, 

is ascribed to Pythagoras. It follows that a right-angled triangle 

may be always constructed by taking sides which are to one an- 



^ 



tiplication.' For other terms see Jour- 
nal of Philology f xn. p. 92. 

^ Theon Smymaeus (ed. Hiller) pp. 
31, 45. 

* lamblichus in Nicom. Ar, (ed, Ten- 
nulius) pp. 47, 48. 

' It will have been observed that 
much of onr modem nomenclatnre (e.g. 
* square, ' * cube,* * surd,' * term,* • mean') 
is taken from the Latin translation of 
the Greek expressions. 

^ Philolaus in Nicomachus Introd, 
Ar, (ed. Hoche) p. 135, Archytas in 
Porphyrins, ad Ptol, Harm, cited by 
Gruppe, Die Fragm, des Archytas , etc. 



p. 94. This quotation (with one or two 
more) I take from Cantor, VorL p. 140 
sqq. The statement in the text might 
be easily confirmed from other sources. 
See for instance Simplicius on Ar. de 
Anima 409, b. 23. Dr Allman doubts 
{Hermathena v. p. 204) whether these 
proportions were first applied to num- 
ber, but see Ar. An, Post. i. 6. 74, 
and Hankel p. 114. 

* In Nicom, Ar, (ed. Tennulius) pp. 
141—2, 168. 

^ Tim^ieus, 32 b. Nicomachus, Introd, 
Ar. II. c. 24. 
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other in the ratios 3:4: 5, and to these numbers therefore 
great importance was attached in Pythagorean philosophy*. To 
Pythagoras himself is ascribed a mode of finding other numbers 
which would serve the same purpose. He took as one side an 
odd number (2n + 1) : half the square of this minus 1 is the other 
side (2/1* + 2n) : this last number plus 1 is the hypotenuse 
(2n* + 2n + 1). He began, it will be noticed, with an odd number. 
Plato* invented another mode, beginning with an even number 
(2n) : the square of half this plus 1 is the hypotenuse (n* + 1) : 
the same square minus 1 is the other side (n* — 1). 

46, A few more details expressly alleged by, or inferred from 
hints of, later authors might be added to the foregoing but it is 
impossible to frame with them a continuous history even of the 
most meagre character. We^cannot say precisely what Pythagoras 
knew or discovered, and what additions to his knowledge were 
successively made by Philolaus or Archytas or Plato or other 
inquirers who are known to have been interested in the 
philosophy of numbers ^ 

Proclus savs* that the Pythagoreans were concerned onl y 
with the questions 'how many' (to iroa-ov) a^nd *how grpjit.* 

absolute W% ? thp. fi^ld nf fl.Hf.hmP.f.ifi ! fLy.mher appUfd ftf ^"«^^' 
ojjjfy'n^rwn^y /fyyiyp^<i>*r7^ /^f grftomplrv . macfnitvde in motion of 



^ This rule was known to the Egyp- 
tians, the Chinese and perhaps the 
Babylonians at a very remote antiquity, 
V. Cantor, Forie*. pp. 66, 92,153—4. The 
discovery is expressly attributed to Py- 
thagoras (Yitruvius, iz. 2). Cantor 
(Varies, p. 153 sqq.) is of opinion that 
Pythagoras knew this empirical rule 
for constructing right-angled triangles 
before he discovered Eucl. i. 47. 

2 Proclus (ed. Friedlein), p. 428. It 
will be noticed that both the Pythago- 
rean and Platonic methods apply only 
to cases in which the hypotenuse differs 
from one side by 1 or 2. They would 
not discover such an eligible group of 
side-numbers as 29 : 21 : 20. See 



Nesselmann, pp. 152 — 3. These are 
provided for by the first lemma to 
Euclid, X. 29. Infra, p. 81 n. 

' Plutarch, QxiaesU Conv. viii. 9. 
11 — 13, says that Xenocrates, the pupil 
of Plato, discovered that the number of 
possiblesyllableswasl,002,000,000,000. 
This looks like a problem in combina- 
tions, but the theory of combinations 
does not appear in any Greek mathe- 
matician, and the number seems too 
round to have been scientifically ob- 
tained. (Cantor, Varies, pp. 215, 220.) 

* Ed. Friedlem, pp. 35, 36. For 
the distinction between number and 
magnitude compare Aristotle, An, Post. 
I. 7 and 10, and Cat, o. 6. 
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spheric c\ \ nntrnnnmj* But they did not so strictly dissc[ciate 
discrete from continuous quantity. An arithmetical fact ' had 
its analogue in geometry and m^e versa; a musical fact had 
its analogue in astronomy and vice versa. Pythagorean arith- 
metic and geometry should therefore be treated together, but 
there is so little known of either^that it seemed unadvisable, 
for this purpose only, to alter the plan of this book. The his- 
tory of Grepk geometry is so much fuller and more important 
and proceeds by so much more regular stages than that of 
arithmetic, that it deserves to be kept distinct. 

The facts above stated are sufficient to show that, from the 
first, Greek apiOfirjTLKri was closely connected with geometry 
and that it borrowed, ftom the latter science, ^its symbolism 
and nomenclature. It had not yet wholly discarded the abacus*^ 
butjts aim was entirely different from that of the ordinary 
calculator and it was natural that the philosopher who sought 
in numbers to find the plan on which the Creator worked, 
should begin to regard with contempt the merchant who wanted 
only to know how many sardines, at 10 for an obol, he could 
buy for a talent. 

47. Whensoever and by whomsoever invented, most' of the 
known propositions of dpLdfirjriKrj were collected together, not 
much later than 300 B. c. by Euclid in his Elements. Only 
the seventh, eighth and ninth books are specially devoted to 
numbers, but it cannot be doubted that the second and the 
tenth, though they profess to be geometrical and to deal with 



^ These four sciences became, through 
the Pythagorean influence of Alexan- 
dria, the quadrivium of early mediae- 
valism. The subjects of this fourfold 
education are mentioned in the familiar 
line ^^Mu8 canit: Ar numerat: Ge pon- 
derat: Ast colit astra." To this, how- 
ever, another trivium Rhetoric, Dialec- 
tic and Grammar, were added (" Gram 
loquitur: Dia vera docet: Rhet verba 
colorat'*) and these seven are the god- 
desses of science and art who attend at 
the nuptials of Philology and Mercury 



celebrated by Martianus Capella (cir. 
A.D. 400). The same seven branches of 
education are discussed by Cassiodorus 
(born about a.d.468), De Artibus ac 
Disciplinis Liberalium Litterarum, 

« E.g. Plato, Legg. 737 e, 738 a says 
that 5040 has 59 divisors including all 
the numbers from 1 to 10. A fact of 
this sort must have been discovered em- 
pirically by means of the abacus, 

3 Archimedes uses one or two propo- 
sitions which are not in the Elements. 
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magnitudes, are intended also to be applicable to numbers. 
The first 8 propositions of the second book, for instance, are for 
geometrical purposes proved by inspection. No one can doubt 
them who looks at the figures. But as arithmetical propositions 
they are not self-evident if stated with any arithmetical symbol- 
ism. In such a form, the first 10 propositions (the 9th and 10th 
are not treated in the same way as the first 8) are as follows* : 

(1) ab + ac'\-ad+ =a(6 + c + d+ ). 

(2) (a + 6)" = (a + 6) a + (a + 6) 6. 

(3) (a + J) a = a6 + a\ 

(4) (a + 6)" = a'+6» + 2a6. 

(5) (i)" = («-6)5 + (|-6)\ • . 

(6) (a + 6)6 + (|)" = g + 5y. 

(7) (a + 6)' + a* = 2(a + 6)a + 6^ 

(8) 4i(a + b)ai-b^={2a + by. 

(9) (a_6)» + 6^=2(|)V2(|-6 

(10) 6» + (a + 6)' = 2(|y + 2(| + 6y. 

The eleventh proposition^ is the geometrical way of solving 
the quadratic equation a (a — 6) = 6* and the fourteenth solves 
the quadratic a* = bc. From this statement, in algebraical 
form, of the chief contents of the 2nd Book, it will at once 
be seen what an advantage Greek mathematicians found in a 
geometrical symbolism. These propositions are all true for in- 
commensurable, as well as commensurable, magnitudes, irrational 
as well as rational, numbers. But in numbers the Greeks had 
no symbolism at all for surds. They knew that surds existed, 

1 It wiU be observed that Theon's structing a regular pentagon. Euclid's 

method of finding a square root, cited solution of the quadratic would be in 

above, is founded on Eud. ii. 4. So algebraical form, 

also Diophantus (infraf p. 104) uses » 

Euclid II. as an arithmetical book. 6 = a/ ^a + ( ^ J _ ^ . 

. 2 This is the famous problem of ' the ^ ^ 

golden section,* which is used again in (Cantor, Varies, pp. 226, 227.) 
Euclid IV. 10 for the purpose of con- 
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that there was no exact numerical equivalent, for instance, for 
the root of 2 : but they knew also that the diagonal of a 
square : side :: \/2 : 1 \ Hence lines, which were merely con- 
venient symbols for other numbers *, became the indispensable 
symbols for surds. Thus, Euclid's 10th book, which deals with 
incommensurables, is in form purely geometrical, though its con- 
tents are of purely arithmetical utility : and every arithmetical 
proposition, in the proof or application of which a surd might 
possibly occur, was necessarily exhibited in a geometrical form. 
It is not, therefore, surprising that a linear symbolism became 
habitual to the Greek mathematicians and that their attention 
was wholly diverted from the customary arithmetical signs of 
the unlearned. 

48. It is in the 7th book of the Elements' that Euclid 
first turns to the consideration of numbers only. 

It begins with 21 definitions which serve for the 7th 8th and 
9th books. The most important of these are the following : 

(1) Unity (jiovdsi) is that by virtue of which everything 
is called * one ' {^v Xiyerai) \ 

(3) and (4) A less number, which is a measure of a 



^ This fact, according to an old scho- 
liast (said to be Proolus) on the 10th 
book of Enclid, remained for a long 
time the profoondest secret of the Py- 
thagorean school. The man who di- 
vulged it was drowned. See Cantor, 
Varies, pp. 156, 166, quoting Knoche, 
Unterstich, uber die SchoL des Prokliis 
etc., Herford, 1865, pp. 17—28, esp. 
p. 23. 

2 The use of lines of course avoided 
the necessity of calculation. A rect- 
angle represented a product : its side a 
quotient. Thus, for instance, Euclid 
(x. 21), wishing to show that a rational 
number divided by a rational gave a 
rational quotient, states that 'if a ratio- 
nal rectangle be constructed on a ra- 
tional line, its side is also rational.' 

3 In the 7th 8th and 9th books, no 
geometrical figures are given j as indeed 



none are necessary. In the 7th book 
according to our MSS. numbers are 
generally represented by dots (in Pey- 
rard's edition by lines), in the 8th book 
particular numbers are given by way of 
illustration : in the 9th book both dots 
and particular numbers occur. Euclid 
probably used lines only, except where 
a number was to be represented as odd 
or even, in which case perhaps he used 
dots. At any rate, he does not, any 
more than in the geometrical books, 
use division^ and his treatment of the 
propositions is purely synthetic; as 
elsewhere. 

The arithmetical books of Euclid are 
included in Williamson's translation, 
Oxford 1781—1788. 

* In the 2nd definition fjiovds means 
'the unit.* 'Number* is there defined 
as *t6 iK fJLovddbJv avyKeifJievov ttXtjOos** 
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greater, is a /Lte/^o? (part) of it : but if not a measure, it is fiepr) 
(parts) of the other \ 

(6) and (7) *Odd' and 'even' numbers (Trepia-aol and dprvot), 

(11) 'Prime 'numbers (irpooro^ 6 fiovdBt, fiovov fierpovjjbevosi)* 

(12) Numbers 'prime to one another' (tt/^cSto? irpo^ 
dXKrjXov^), 

(13) Composite numbers {avvOeroi), 

(16) Products of two numbers are 'plane' (iiriireiot) and 
each factor is a ' side ' (Tfkevpa), 

(17) Products of three numbers (ifkevpaC) are 'solid' 
(o-repeoC). 

(18) ' Square ' numbers (rerpdrycavo^ 6 laaKi^ tao^). 

(19) * Cubes ' (kv^o^ o ladKi^ tao^ lad/etsi), 

(20) Numbers are 'proportional' (dvdXoyov eia-l) when 
the 1st is the same multiple, part or parts of the 2nd as the 3rd 
of the 4th. 

(21) Plane and solid numbers are 'similar' wlien their 
sides are proportional. 

(22) A 'perfect' (reXcto?) number is that which is the 
sum of all its factors {^leprj). 

It will be seen that this nomenclature is purely Pythagorean. 
The class of ' prime ' {nrptoToi) numbers is not indeed mentioned 
by any earlier wTiter now known, but it can hardly be doubted 
that they were defined by the Pythagoreans, as a sub-class of 
odd numbers. The book deals with the following matters : 

Prop. I. If of two given unequal numbers the less be 
subtracted from the greater as often as possible and the 
remainder from the less and the next remainder from the pre- 
ceding remainder and so on, and no remainder is a measure of 
the preceding remainder until 1 is reached, the two given 
numbers are prime to one another. This (which is proved by 
reductio ad absurdum) leads to 

Propp. II., III. To find the greatest common measure of two 
or more numbers. (The procedure is identical with ours.) 

Propp. IV. — XXII. These deal with submultiples and fractions 

^ fiipos iffTlv dpiBfJLOs ApiSfioVt 6 iXda- This word fi4pri is the plural of fi^pos, 
ffijp rov fi€ll;^ovoSf fhav Karafierpji tov and is a very inconvenient expression.' 
pid^ova, p-ipri 8^, orav p,^ Karap^rpy, 
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and apply to numbers the doctrines of proportion which had been 
previously proved for magnitudes in the 5th book \ 

Propp. xxiir. — ^xxx. Of numbers prime to one another. 
E. g. XXIX. If two numbers are prime to one another, all their 
powers are prime to one another. 

Propp. XXXI. — XXXIV. Of prime numbers in composition. 
E. g. XXXIV. Every number is prime or is divisible by a prime. 

Propp. XXXV. — XLI. Miscellanea : e. g. xxxv. To find the 
lowest numbers which are in the same ratio with any given 
numbers, xxxvi. To find the L. c. M. of two, and xxxviii. of 
three, numbers. XLi. To find the lowest number which is 
divisible into given parts. 

49, The 8th book deals, in the first half, chiefly with 
numbers in continued proportion {dpiOfiol ef^9 dvdXoryov) e.g. 
III. If any numbers are in a continued proportion and are the 
least which have the same ratio to one another", the extreme terms 
will be prime to one another, vil. If the 1st term is a divisor 
of the last, so is it of the 2nd. But a few other propositions are 
inserted, e. g. V. Plane numbers are to one another in the ratio 
which is compounded of their sides. XI. There is one mean 
proportional between two squares and xii. two between two 
cubes. The last half of the book (Propp. xiv. to xxvii.) is 
entirely devoted to the mutual relations of squares, cubes and 
plane numbers, e. g. xxii. If three numbers are in continued 
proportion and the first is a square, so is the third, xxill. If 
four numbers are in continued proportion, and the first is a 
cube so is the fourth. 

50. The 9th book continues the same subject for a few 
propositions: e.g. iii. If a cube be multiplied by itself the 
product is a cube. Then follow (viii. — XV.) some more pro- 
positions on numbers in continued proportion, or geometrical 
series: e.g. IX. If in a series, commencing from unity, the 2nd 
term is a square, so are the following terms. And if the 2nd 

1 E.g. IV. Every number is either and conversely, 

a fi4pos or fiiprj of every higher number. * i. e. are the least which can form a 

V. VI. If il is the same fiipos (oifiipri) of continaed proportion of the same num- 

f as C of D, ^ + C is the same otB + D. ber of terms, bearing the same ratio to 

ijx. It A:B::C:D, then AD=BC one anotber, as in the given case. 
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term is ax;ube, the following terms are cubes. A few propositions 
on prime numbers (xvi. — xx.) are then given of which the 
most important is XX. The number of primes is greater than 
any given number. The discussion of odd and even numbers 
is then introduced (xxi. — xxxiv.), the propositions being of such 
a character as xxiv. If an even number be subtracted from 
an even number, the remainder is even. Then suddenly, 
appears the following proposition, xxxv. "If any numbers be 
in continued proportion, and the first term be deducted from 
the 2nd and also from the last, the remainder of the 2nd will be 
to the 1st as the remainder of the last io the sum of all the 
preceding terms \" Stated in another form, this proposition is : 
If a, ar, ar^, ar^... ar"" be a geometrical series, then 

ar — a:a:: {ar"" — a) : a + ar + ar^,.. + ar^'^. 
It is an easy step further to conclude that 

2 «-i afar" — a) 

ar — a 
and thus to sum the series, but Euclid does not take this step. 
The proposition, as it stands, is apparently introduced solely for 
the purpose of proving the next (xxxvi.), the last in the book. 
This is, in effect, that in a geometrical series of the powers 
of 2 from 1 onwards, the sum of the first n terms (if a prime 
number) multiplied by the nth term is a perfect number*. In 
the proof ^ which is too long to be here inserted, the sum of n 
terms is assumed to be known by simple addition. 

^ Euclid takes only fonr numbers. His proof, pat shortly, is as follows: 

lje\,ai^y::py:^::B:€^, Take 717 = ^19= a, ^=^37, fX= 8. 
^ Tlienii9:ilic::iic:fX::fX:fe. Dividends ^\ Ok :i^kik\:\^\\\€ 
^ and componendo I;$:0k:: l;0+^+^\::dK + K\+\e. By sub- 
* stitation (taking the terms backwards) €0 : a +i37 + d :: /3^ : a. 
X i.e. ef-a:a+/37+d::/37-a:a. q. e. n. 

e 
' 'Edv dirb fiovddos oxoaoiovv ipiOfiol i^ifs iKTeduxnv h ry SivXafflovt. avaXoylq. 

IC.T.X. 

^ A short proof is easy : 

1 + 2 + 4 + 8+... + 2~=2«+i-l=;). 
2^p is a perfect number if 

2«p = l + 2 + 4+..,+2«+i>(l + 2 + 4+... + 2«-') 
which is obviously the case. 
From this also it is evident that the proposition is untrue unless 2? is a prime 



y 
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Such was the dptd^'qTLKri of rational numbers known in 
Euclid's time. Not all of it was of Euclid's invention, but 
it contains much the importance of which the later Greek 
arithmeticians did not perceive and which, neglected by them, 
was only in modern times resumed into consideration and 
made the elementary foundation of a scientific theory of 
numbers. 

61, The 10th book treats of irrational magnitudes and 
treats them geometrically through a symbolism of irrational lines. 

Definitions occur at intervals throughout the book. It 
starts with the following : 

1, 2. Magnitudes are commensurable (avfi/jLerpa) when they 
are measurable by one and the same measure : contra, incom- 
mensurable {aavfi^erpa), 

3, 4. Straight lines are commensurable in square {Svvdfiei 
<rv/jLfi€Tpot) when their squares may be measured by the same 
unit of space (x^p/bi/) : contra, Bvvdfbei dav/JL/ierpoL^. 

5. Hence, to any given straight line, there are an infinite 

number. Nesselmann {Alg, Or, p. 164 n.)* after remarking that it is not 

very easy to know whether a high nmnber is prime or not, quotes from Fermat 

(Varia 0pp. Math. Toulouse 1679, p. 177) the following rule. Write down the 

powers of 2 minus 1 each and above them the corresponding exponents of the 

powers: thus 

lAo....^- Kthe exponent is not prime, neither is the 

12 3 4 5 6 7 etc. • ^i t^ xi. j. • • av 

1 o rr -iir oi on -icxr, x powcr wwnti* 1. If thc cxpoucnt n IB prune, the 

1 o 7 15 ol DO 127 etc. . f • ^* • 'vi » u V « Ai.^ 

power minus 1 is divisible only by numbers of the 

form 2mn + 1. These can easily be tried. Fermat gives no proofs for his rule, 

and his accuracy is not above suspicion. (Jevons, EUm, Logic, p. 222.) 

^ As Euclid does not define the word to show how Z^fvaiui acquired this 

5^a/us (whence potentiay 'power') it mathematical sense. If the passage 

may be desirable here to give some Eudemi Fragm. (ed. Spengel) pp. 128 — 

account of it. The word iduaaOai means 129 is really quoted from Hippocrates 

to be the square root of (Plato, Theaet, of Chios, this is the earliest which con- 

148 A is probably the earliest instance) : tains the technical di^afus, Alexander 

hence dj&ya/us, as a rule, means the Aphrodisiensis (ed. Bonitz, 1847, p. 

square; but sometimes (Plato loc, cit.) 56) says that dwafjiivrf was the hypote- 

means a square root or rather a surd, nuse, iwa(n€v6fjievaL the sides of a right- 

i.e. a square root which cannot be angled triangle. These words, in this 

otherwise described. Ai^a/ucj is a more connexion, probably mean 'equalling* 

general term than rerpdyuuoSf which and * equalled.' If these names are 

is used only when a square figure is ancient, perhaps the technical use of 

contemplated. There is no evidence ii^afui grew out of them. 
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number of straight lines commensurable or incommensurable, 
some both in length and in their squares, some in square only. 
Let this given straight line be called piriTrj^ 'rational/ Then 

6, 7, prjToiy rational straight lines, are commensurable with 
it in length and square or in square only: lines incommen- 
surable with it in length and square or in square, are called 
aXoyoL^. 

8, 9. The square of the prjTij is also 'rational' and so is 
every square which is commensurable with it. 

10, 11. Squares incommensurable with that of the piyriy 
are aXoyoi : so also are the sides of such squares. If a recti- 
lineal figure be irrational, the sides of the square which is 
of equal area with it are also irrational. 

The book begins with 21 propositions on incommensurables 
generally. Of these the most important are : 

I. If two unequal magnitudes be given and from the 
greater more than half be subtracted and from the remainder 
more than half and so on with successive remainders, the final 
remainder will be less than the less of the two given magnitudes. 
So also, if only halves be deducted. This proposition, that 
a magnitude less than any given magnitude can be found, is the 
basis of the method of Exhxiustion of which so much and so 
brilliant use is made in Greek geometry *. 

11. If of two given unequal magnitudes the less be deducted 
from the greater as often as possible and the remainder from 
the less and the next remainder from the preceding remainder 
and so on, and no remainder is a measure of the preceding, the 
two magnitudes are incommensurable. (Compare vii. 1.) 

III. IV. To find the G. c. M. of commensurable magnitudes. 



^ It wiU be observed that Euclid's 
nomenclature differs from the modem. 
We call irrational aU that he calls in- 
commensurable: but with him a: Jb 
is rationaly because a^:b is rational. 
On the other hand, a Jb or any other 
multiple of an incommensurable, is 
with Euclid irrationalf because ajjb 
and the rest are rectangles already and 
cannot be squared. The priTr/ of Euclid 



serves the same purpose as what we 
call Hhe standard unit' of length or 
space. 

^ It is curious that Euclid does not 
add the further proposition that 'if two 
given magnitudes are incommensura- 
ble, there can be found a third, com- 
mensurable with one of the given and 
differing as little as we please from the 
other.' See Cantor, Tories, p. 230. 
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V. — IX. Commensurable magnitudes are to one another as 
numbers to numbers: and their squares as square numbers. 
Contra, of incommensurables and conversely. 

XI. If four magnitudes* are in proportion and the Ist is 
commensurable (or incommensurable) with the 2nd so is the 
3rd with the 4th. Here follow various propositions on com- 
mensurables and incommensurables in proportion, on the sum of 
two commensurables or incommensurables etc. 

XXL If a rational rectangle be constructed on a rational 
line, the side of the rectangle is also rational (i.e. a rational 
number divided by a rational gives a rational quotient). To 
this is appended a Lemma, proving that the line or number, 
whose square is irrational, is also irrational (a fact which was 
provided for in the definitions). This lemma, which introduces, 

so to say, the consideration of the expression v Va6, leads to the 
discussion of the medial line (fiearj) in the 2nd part of the book. 
The definition of fiea-rj^ is given in Prop. xxii. viz. The 
rectangle contained by rational lines commensurable only in 
square (i. e. a»Jb or \/a»Jb) is irrational and the side of the square 
which is equal to this rectangle is also irrational and may be 

called fiea-Tj (i.e. Ja'^b, or else sj\/ab, where, if numbers be con- 
templated either a or 6 must not be square). The following 
propositions xxiii. — xxxv. deal with ^iaat or medials only. 
They are of the following kind : 

XXIV. Medials may be commensurable with one another in 
length and square or in square only. 

XXV. Given two medials commensurable in length (e.g. 

ml^ab and n!^ab), the rectangle contained by them (mnjab) 
is medial. 

XXVI. Given two medials, commensurable only in square 
(e. g. Ja^/b and Jcjb), the rectangle contained by them (Jacb) 



^ This proposition is nmnbered z. in side of the square which is equal to 

Gregory's edition (Oxon. 1703) the 10th this rectangle, is a mean proportional 

and 11th exchanging places. {fi^aii AvdXoyov) to AB, BF. The name 

* The reason for the name is given 'medial' is used in the text, as more 

in the same place. If AB, BF are the convenient, 
sides of an irrational rectangle, the 
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is either rational or medial (i.e. according as acb is square 
or not). 

Upon these two propositions follow several problems\ to 
find medials^ commensurable in line or in square, ^ose rect- 
angle or square is of a given character : e. g. xxxiii. To find 
two medials commensurable only in square, such that their 
rectangle is medial and that the square of the greater exceeds 
the square of the less, by the square of a line either (a) com- 
mensurable or (J) incommensurable with the former. Two 
similar problems on lines incommensurable in square conclude 
the second part. All these lines are intended ultimately to form 
part of binomial expressions (cfl infra, p. 83, n. 2). 

At the xxxviith proposition, some editor has introduced a 
new heading, viz. ^Ap'xrj t&v Kwra aiiv&eaLv i^dStov and again at 
Prop. LXXiv. ^Apxv ™^ 'f^T* d^alpeaiv i^dStov. These hexads 
are six groups, of six propositions each, on irrational binomials. 
There is thus a set of 36 propositions (xxxvii. — Lxxii.) on bi- 
nomials "formed by addition" and another of 36 exactly corre- 
sponding propositions (LXXiv. — Cix,) on those "formed by sub- 
traction." The enunciation of Prop, xxxvii. runs : ' If two 
rational lines, commensurable only in square, are added together, 
the sum is irrational and may be called a biterminaV {ck 
Siio ovofidrtov). The difference of two such lines is, in Prop. 
LXXIV., called apotomi. The biterminals are ^/a + ^b, and 

a + t>/b: the apotomae are ^/a — Jb, a — Jb and \fa — b\ but 
altogether, twelve kinds of irrational binomials are distinguished. 
Of these twelve, six are formed by addition and are described 
and named in the first hexad: the other six are the corres- 
ponding binomials formed by subtraction and are described and 
named in the seventh hexad. The third hexad describes six 



1 To Prop. xzix. two lemmas are 
appended, the first of which is ' To find 
two square numbers, such that their 
sum is a square number.' This is 
solved with the help of Eucl. n. 6. 
By that proposition, in the line 

AD C B 

1 1 

AB .BC+CD^=BD\ AB ,BC wiU 

G. G. M. 



represent a square number, if AB and 
BC are both square or similar rect- 
angular numbers. AC is assumed to 
be even. 

The numbers which follow are 
those of Gregory's edition. Nessel- 
mann, who used the Basle edition, 
(pub. 1537, 1546, 1558) cites xxxii. for 
xxxm. etc. , the 30th proposition in that 

6 
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kinds of biterminals, the ninth six kinds of apotomae, and these 
are shown, in the following hexads, to be the squares of the 
binomials of addition and subtraction first defined. 

These few remarks being premised, to show the structure and 
style of the remainder of the book, the eflfect of the whole may 
best be given in the words of a most competent critic, as follows. 
"Euclid investigates," says Prof. De Morgan^ "every possible 
variety of lines which can be represented by VCV^^ ± V^)> ct and 
b representing two commensurable lines. He divides lines which 
can be represented by this formula into 25 species and he 
succeeds in detecting every possible species. He shows that 
every individual of every species is incommensurable with all 
the individuals of every other species'; and also that no line of 
any species can belong to that species in two different ways or 
for two different sets of values of a and b\ He shows how to 
form other classes of incommensurables in number how many 
soever, no one of which can contain an individual line which is 
commensurable with an individual of any other class*, and (?) he 
demonstrates the incommensurability of a square and its diago- 
nal*. This book has a completeness which none of the others 
(not even the fifth) can boast of: and we could almost suspect 
that Euclid, having arranged his materials in his own mind, and 
having completely elaborated the 10th book, wrote the preceding 
books after it, and did not live to revise them thoroughly." 



edition being divided into two parts, 
which are treated by Gregory as two 
separate propositions. 

^ Article Ettcleid€8 in Smith's Diet, 
of Gr. and Rom, Biography, 

^ This sentence gives the effect of 
the sixth hexads (Props. 67 — 71 and 
104 — 108) which, however, contain 
only 5 propositions each. They are 
devoted to proving, by separate cases, 
that ''every line, commensurable in 
length with a binomial irrational line, 
is an irrational line of the same 
species." Nesselmann, p. 179. 

3 This sentence gives the effect of 



the second hexads (Props. 43 — 48 and 
80 — 85). They are devoted to proving, 
by separate cases, that "every binomial 
irrational line can be divided into 
its terms only in one point :*^ i.e. that 
yja + \/b cannot = y/x + yjy, unless a=x 
and h = y, Nesselmann, p. 177. 

^ This sentence gives the effect of 
Prop. 116. Nesselmann, p. 182. 

^ This refers to Prop. 117, which is 
clearly not Euclid's, as we have it. 
The enunciation, for instance, begins 
"Let it be proposed to prove" etc. and 
two proofs are given. 
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52. "The preceding enumeration," says the same writer 
in another place ^ "points to one of the most remarkable 
pages in the history of geometry. The question immediately 
arises, had Euclid any substitute for algebra? If not, how 
did he contrive to pick out, from among an infinite number 
of orders of incommensurable lines, the whole, and no more 
than the whole, of those which were necessary to a com- 
plete discussion of all lines represented by V (V^ i V^)» with- 
out one omission or one redundancy? He had the power of 
selection, for he himself has shown how to construct an infinite 
variety of other species, and an algebraist could easily point out 
many more ways of adding to the subject, which could not have 
been beyond Euclid. If it be said that a particular class 
of geometrical questions, involving the preceding formula and 
that one only, pointed out the various cases, it may be answered 
that no such completeness appears in the 13th book, in which 
Euclid applies his theory of incommensurables. It is there 
proved that each of the segments of a line divided in extreme 
and mean ratio is an apotom^ — that the side of an equilateral 
pentagon inscribed in a circle is, relatively to the radius, 
the irrational line called a lesser line*, as is also the side of 
an icosahedron inscribed in a sphere — and that the side of 
a dodecahedron is an apotom^. The apotome then and the lesser 



1 In the English (also in the Penny) 
Cyclopedia, Art. ''Irrational Quantity." 
A most complete summary of the con- 
tents of Euclid's 10th book is here 
given, followed by the remarks quoted 
in the text. The book was evidently 
a favourite with De Morgan. Nessel- 
mann, p. 184, after remarking on the 
unsuggestiveness of the linear sym- 
bolism, says ** Abstract thought alone 
has extracted from these lines their 
hidden secrets, which our formulae, 
almost unasked, declare. Indeed I 
think it is not too much to say that 
this book, almost useless in its geo- 
metrical form and therefore little 
esteemed, is the very one which shows 



us the old mathematician in his high- 
est glory." 

* SeeProp.Lxxvii. compared with XL. 
If two lines, incommensurable in square 
and such that the sum of their squares 
is rational but their rectangle is me- 
dial, are combined, their sum and their 
difference are both irrational. The 
former is called ^ /ue/fwi', the latter rj 
iXdrrm^, Two such lines are found 
earlier in Prop, xxxiv. They are re- 



presented algebraically by 
^?^ and ^i 



-a\/b 

/a - Jab 
V - 2 

C— 2 
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line are the only ones applied The most conspicuous pro- 
positions of elementary geometry which are applied in the 
10th book are the 27th, 28th and 29th of the 6th book, 
of which it may be useful to give the algebraical significance S 
The first of these (the 27th) amounts to showing that 2x — x^ 
has its greatest value when x = \, and contains a limitation 
necessary to the conditions of the two which follow. The 28th 
is a solution of the equation cw? — a^ = 6, upon a condition 
derived from the preceding proposition, namely, that \ a' shall 
exceed h. It might appear more correct to say that the solution 
of this equation is one particular case of the proposition, namely, 
where the given parallelogram is a square : but nevertheless the 
assertion applies equally to all cases. Euclid however did not 
detect the two solutions of the question: though if the diagonal 
of a parallelogram in his construction be produced to meet the 
production of a line which it does not cut, the second solution 
may be readily obtained. This is a strong presumption against 
his having anything like algebra ; since it is almost impossible 
to imagine that the propositions of the 10th book, deduced 
from any algebra, however imperfect, could have been put 
together without the discovery of the second root. The re- 



1 Cantor, Varies, p. 228, gives practi- 
caUy the same algebraical equivalents, 
which, he says, first appeared in Mat- 
thiesen, Grundzuge der antik. u. mod. 
Algebra etc. 1878. He does not seem to 
have heard of De Morgan. As.these pro- 
positions are not usuaUy printed, the 
enunciations may be here subjoined: 

zxvn. Of all parallelograms applied 
to the same straight line and defective 
by parallelograms similar and similarly 
situate to that which is described on 
half the line, the greatest is that which 
is applied to half the line, and is similar 
to its defect. 

xxvni. To a given straight line to 
apply a parallelogram equal to a given 
rectilineal figure and having its defect 
similar to a given parallelogram : pro- 
vided that the given rectilineal figure 



be not greater than that which can be 
applied to half the line, so that the 
defects of the given rectilineal figure 
and of that which is applied to half the 
line be similar. 

XXIX. To a given straight line to 
apply a paraUelogram equal to a given 
rectilineal figure, and excessive by a 
parallelogram which is similar to a 
given parallelogram. 

D E 




A B 

In the figure AD if applied to the 
line AC ia defective {iWeLirei), AE 
if appUed to the line AB is excessive 
{vireppdWii), See also Simson*s note 
on these Propositions. 
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maining proposition (the 29th) is equivalent to a solution 
of oa? + a;" = 6 : but the case of a;' — cw? = 6 is wanting, which is 
another argument against Euclid having known any algebraical 
reasoning." 

53. It must be added, before quitting this book, that 
Euclid nowhere alludes to any familiar example of an incom- 
mensurable. Some editor (whose language and style of proof 
differ noticeably from Euclid's) has added, at the end of the 
book, Prop, cxvii. proving that * the diagonal of a square is 
incommensurable with the side\' Prof. De Morgan in one 
place' suggests that Euclid's interest in incommensurables 
was perhaps due to a suspicion that the circumference of a 
circle was incommensurable with the diameter. In another 
place', he suggests that Euclid had discussed some known 
examples of incommensurables in his lost work on Fallacies 
{irepl yjrevSaployv), which, he thinks, was intended to be pre- 
fatory to the Elements. Both suggestions, of course, are purely 
conjectural. Hardly anything is known of the Greek theory 
of incommensurables before Euclid's time. Their discovery is 
expressly attributed to P}?thagoras* but for a long time, the 
sole known fact was that the diagonal of a square : the side :: 
a/2 : 1. To this, according to Plato*, Theodorus of Cyrene 
added the fact that sides of squares represented by a/3, aJo etc., 
up to V17 were irrational Theaetetus, a pupil of Theodorus, 
made the generalization that the side of any square,. represented 
by a surd, was incommensurable with the linear unit. At a later 
date, perhaps, he improved this inta the form of Euclid x. 9 : 
Two magnitudes, whose squares are {or are not) to one another 



1 The proof is as follows. * Suppose 
the diagonal : side wp : g, p and q being 
whole numbers prime to one another. 
Then j^:=2q^. p* and p are, therefore, 
even numbers. It follows that g, whioh 
is prime to p, must be odd. But p, 
being even , = 2r. Therefore (2r)^ = 2q^ 
and q must be even. Which is absurd.' 
This proof is twice referred to by Aris- 
totle (An, Prior, i. c. 23. 41, a 26, and 
c. 44. 55, a 37). It may be very old, 
yet the method of reductio ad absurdum 



is attributed to Plato. 

2 Art. Eucleides in Smith's Die, of 
Biogr, 

8 Art. * Irrational Quantity ' in Penny 
Cyclop. 

^ See supra p. 74 n. 

^ Theaetetus, pp. 147 d — 148 b. In 
this passage, the young Theaetetus says 
he made the same generalization for 
cube roots as for square roots. Cube 
roots are not mentioned anywhere in 
Euclid. 
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as a square number to a square number, are commensurable (or 
incommensurable) and conversely \ Democritus is said' to have 
written a treatise irepl ypafifitSv dXoycov koX vaanSp, but no 
trace of it remains nor does any clue exist to the meaning of 
vaa-TfSv. It cannot be doubted that Euclid's work contains at 
least all that was known of the theory of incommensurables 
before his time, and as Euclid left it, so it remained, untouched, 
down to the loth century, when Lucas Pacioli de Burgo 
resumed the study ^ 

54, After the death of Euclid, the astonishing successes of 
geometry in the hands of Archimedes and ApoUonius and the 
growing interest of astronomy seem to have attracted all atten- 
tion to those sciences*, and, so far as we know, no substantive 
work on the theory of numbers was produced for nearly four 
centuries. Some small additions, however, were made en 
passant to the theory of rational numbers by various mathema- 
ticians. Thus, some theory of combinations was perhaps in- 
vented. The problem, attributed to Xenocrates by Plutarch, 
has been mentioned above (p. 71 n.), and Plutarch in the same 
passage*^ states, without more, that Chrysippus (b. c. 282 — 209) 
found that the number of possible combinations of 10 axioms 
was over a million : but that Hipparchus showed that the 
axioms, if affirmed, admitted of 101,049, and, if denied, of 



^ The scholiast to Enclid x., said to 
be Proclus (ed. Knoche, sup. cit. p. 74 d.), 
expressly attributes Euclid x. 9 and 10 
to Theaetetus. See Hankel,pp. 100 — 
103. 

^ Diog. Laertius ix. 47. 

3 Nesselmann, p. 183. 

4 Nesselmann, p. 187, gives many 
instances of the changes of fashion in 
mathematics. From the time of Ni- 
comachus (a. d. 100) the theory of num- 
bers became the Greek fashion. When 
Leonardo Bonacci (a.d. 1292) brought 
the Arabian algebra into Europe, this 
also became the fashion for 400 years. 
When Diophantus became known (Xy- 
lander 1571, Bachet 1621) indetermin- 
ate equations became the favourite 



study e.g. of Bachet, Fermat, Pell, 
Freniele. The differential calculus 
fcmowed and occupied all attention till 
Euler brought back the Diophantic 
analysis, which was in fashion with 
Lagrange^ Legendre, Gauss, Jacobi and 
their contemporaries. 

*• Quaest. Conv, viii. 9, 11 — 18. Also 
De Stoicorum Repugn, xxix. 3 and 5, 
(Beiske's ed. Vol. x. p. 330). Cantor 
Varies, pp. 215, 220. (The first num- 
ber attributed to Hipparchus is quoted 
as 103,049 inDe Stoic, Rep, where also 
he is said to* be 'one of the arithme- 
ticians'.) The Quaestiones Convival^s 
are also known as Symposiacon and 
DUpuiationes Convivalea, 
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310,952, combinations. Such results, however, may have been 
obtained empirically, and certainly no theory of combinations 
appears in any extant mathematical writer. 

55. Eratosthenes the famous librarian of Alexandria (b.c. 
275 — 194) invented a mode of distinguishing prime numbers, 
which was called, after him, * the sieve ' {k6<tkivov^ cribrum) of 
Eratosthenes. All composite numbers are ' sifted ' out in the fol- 
lowing manner^ The odd numbers are set out in order from 3 
to as high a number as possible. Then every 3rd number from 3 
is a multiple of 3 and may be rejected : every 5th number from 
5 is a multiple of 5 and may be rejected : every 7th number from 
7 is a multiple of 7 and may be rejected, and so on. The 
numbers ultimately retained are prime. Hypsicles (circa 
B.C. 180), the author of the 14th and 15th books added to 
Euclid's elements, made some contributions to the theory of 
arithmetical progression, which Euclid entirely neglects. The 
first three propositions of his dva^opiK6<i (a little work on the 
* risings of the stars/ ava^opaiy are to the following eflfect. 

(1) In an arithmetical series of 2n terms, the sum of the last 
n terms exceeds the sum of the first n by a multiple of n' : 

(2) in such a series of 2n + 1 terms, the sum of the series is the 
number of terms multiplied by the middle term : (3) in such a 
series of 2n terms, the sum is half the number of terms 
multiplied by the two middle terms. Some more general 
formula for the summation of arithmetical series perhaps led to 
the following definitions, most of which are entirely unknown 
to, or neglected by, Euclid*. "If as many numbers as you 
please be set out at equal intervals from 1, and the interval is 
1, their sum is a triangular number : if the interval is 2, a 
square: if 3, a pentagonal: and generally the number of 
angles is greater by 2 than the interval." This statement is 
quoted from ' Hypsicles iv '6p(p ' by Diophantus* ; but whether 

^ Nicomachus, Introd, Ar. ed. Hoche, did, is said to have written a work on 

p. 29 sqq., and lamblichus' Commen- polygonal numbers. See Cantor For2«9. 

tary (ed. Tennulius) pp. 41, 42. p. 143, quoting Westermann's Bib- 

2 Described by Delambrei!i«tron.i4nc. ypa<l>oij p. 446. 

I. and Cantor Varies, p. 312. * Prop. 8 of the treatise on Polygonal 

3 Philippus Opuntius, a pupil of So- Numbers, Nesselmann, p. 466. Cantor 
crates and Plato, and earlier than Eu- Vorl, p. 312. 



88 



GREEK THEORY OF NUMBERS. AHthmetica, 



"0/909 Q the term ') was the name of a book, or opo^s here means 
only the 'definition* of polygonal numbers, cannot now be 
ascertained. This extension of polygonal numbers (however 
originated) became a very favourite subject of later arithme- 
ticians, to be presently mentioned. 

Hipparchus {cir, B.c. 150) is said, by Arabian authorities, to 
have written on the solution of Quadratic Equations \ Heron, 
the ingenious mechanician and knd^urveyor (B.a 100), evi- 
dently knew some algebraical processes which were strange to 
Euclid, but he waa not an arithmetician proper', and the more 
particular account of his work may be left for the history of 
geometry. From this tim« dptBfirjTb/ci] may be said to dis- 
appear at least from history for twa centuries. 

56. It was revived by Nieomachui^ a native of Gerasa, 
probably a town in Judaea. The date at which he lived may be 
determined roughly by the two facts,, that he himself quotes one 
Thrasyllus', who seems to have been the astrologer, friend of 
the Emperor Tiberius, and that his work was translated into 
Latin by Apuleius of Madaura, in; the time of the- Antonines. 
He may be taken, therefore, to have flourislied about 100 A. D. 
He is said to have been a Pythagorean and to have written a 
work on arithmetical tbeosophy, but the curious farrago^ 
entitled deoXo^^ovfieva rrj^ dpi6pLr)T!i/cr}<:, is not his, for here 
Anatolius is cited, the Bishop of Laodicea (A.D. 270) who wrote 
a commentary on Nicomachus*. Two treatises of Nicomachus 
are extant, the Enchiridion Harmonices in two books, and the 
Introductio AHthmetica {elaajayyy dpLOfirjuiKT]): also in two 



^ Cantor Varies, p. 313, quoting 
Woepcke*s ed. of ^L^Alglhre d'Omar 
AlkhayydmV Paris 1861, Pref. xi 
and Journal AHat, v. (5th SeriBs) 
pp. 251—253. 

3 For a specimen of his skill, see 
below, p. 106. 

' In the Enchiridion Harmonices i. 
p. 24 (ed. Meibomius, 1652). In the 
same work, ii. p. 36, Ptolemy is cited, 
but this is clearly an interpolation, for 
it would be inconsistent with the trans- 
lation by Apuleius, which is attested by 



Cassiodorus de Arithmei, p. 555. 

^ All the facts about Nicomachus are 
collected, and the errors corrected, by 
NeflseUnann (pp. 188 — 191) who alleges 
also that none of the mathematical 
historians (including Montuda) can 
have read Nicomachus a4) all. Nessel- 
mann seems to have used an edition of 
the IntroductiO' published by Ast in 
1817. Quite recently an edition has 
been published in the Teubner series 
(ed. Hoche) with a good preface. 
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books. It is with the latter only that we are here concerned. 
It was an extremely famous book in its day, and earned for its 
author a distinction similar to that so long enjoyed in England 
by Mr Cocker. Thus Lucian, wishing to compliment a calcu- 
lator, says "You reckon like Nicomachus of GerasaS*' The 
number of commentaries on the Introductio also suflSciently 
attests its importance. Beside the translation of Apuleius and 
the notes of Anatolius, mentioned above, we know of a com- 
mentary by lamblichus', another (not extant) by Heronas', a 
translation (extant) by Boethius, commentaries (extant in MS.) 
by Asclepius Trallianus and Johannes Philoponus and another 
(not extant) by Proclus: extracts in Arabic by Thabit-ibn- 
Corra (A.D. 836 — 901) and a commentary by Camerarius of the 
16th century*. Nicomachus in fact inaugurates the final era of 
Greek mathematics. From his time onwards, dpL0firjTiKi] is the 
favourite study, and geometry is neglected in its turn. 

57. After a philosophical introduction, the first book of 
Nicomachus proceeds (c. 8 — 10) to the classification of numbers, 
as even and odd {aprtoL and irepvrTol)^. Even numbers are 
dpTLaKLf; dpTioL (2**), dpTiOTripiTTOc {2 (2m + 1)}, and irepuradp' 
TLot [2**^^ (2m + 1)} i.e. they are either powers of 2 or 2 multi- 
plied by an odd number or 2 multiplied by an even number, 
which is itself a multiple of an odd number^ Odd numbers (c. 
11 — 13) as either 'prime and uncompounded ' {irp&Toi koX davv 
Oerot), 'compounded' (SevTcpot teal avvOeroC) or 'compounded 
but prime to one another.' The habit of dividing numbers into 



* PhilopatrUj 12. 

2 Ed. Tennulius (very badly as 
NesBelmann shows) at Arnheim, 1667. 
The commentary of lamblichus forms 
the 4th part of his treatise on the Py- 
thagorean philosophy. 

3 Mentioned by Eutocius (ad Arclii- 
med. de Sphaera et Cyl. ii.). 

4 See i^esselmann, pp. 220—223. 

5 Nicomachus begins by saying that 
every number is the half of the sum of 
the preceding and succeeding numbers. 
1, however, has no predecessor and is 
half of 2 only. From this it is evident 



how far the Greeks still were from the 
conception of as a number. 

^ This is an improvement on Euclid's 
definitions to Book vii. There dpTioucis 
apTiosis theproduct of two even numbers, 
dpTiaKis Trepiaaos of an even multiplied 
by an odd number. Hence in ix. 34 he 
has to confess that 'numbers which are 
not powers of 2 and which, when 
divided by 2, give an even quotient, 
are both aprioKis dprnoL and a/>rcdKis 
vepiffffoL^ Nicomachus, as usual, gives 
a table for finding his three species. 
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3 groups (eiSrj) has here led Nicoraachus into great confusion of 
thought. His second class contains all the third : his second 
and third classes might very well contain even numbers, and 
lastly his third class defines numbers by their relation to others, 
whereas in c. 17 he says he has hitherto been considering 
numbers in themselves. Chapters 14 — 16 contain the de- 
finitions of perfect, excessive and defective numbers (tcXcao^, 
virepTekeLOLy eKKiireisi). Nicomachus then proceeds to the classi- 
fication of the relations in which numbers stand to other 
numbers. Of inequality between two numbers, 5 kinds may be 
distinguished (c. 18 — 23). These are 

1. When the greater divided by the less, gives a whole 
number as quotient. The greater is then called woXKaifKcuno^iy 
a ' multiple,* the less iiroiroXKaifkaaLo^y * a submultiple.* 

2. When the greater : the less :: m + 1 : m. The 
greater is iirifiopio^ (superparticularis)y the less v7r€7rifb6pio<: 
(subsuperparticularis)» Thus f is iTrlrptTo^, f iirLrerapTo^; etc. 
I is vTreTTLTpLTo^, ^ VTreirvTirapro^ etc. But f is specially 
named rffiiokLo^^, 

3. Greater : less : : ^m + n : m-^n. The greater is ctta- 
/AepiJ? {super partiens)y the less VTreircfiepTJ*; {subsuperjxirtiens). 
As a general rule, the fractions here contemplated are of the 



form 



m 



, and in the nomenclature the denominator is not 



m + 1 
mentioned. Thus 

1 + f is iirtSifieprff;, superbipartiens, 

1 + f is iTTCTpifj^pi]*;, supertripartiens, etc. 

But Nicomachus himself does not always use this nomenclature 
and was evidently equal to finding names for a fraction of the 

Thus I + f is iTrtBirptro^, 1 + f is iiriTpL- 



form 



m 



m + n 



^ Here Nicomachus refers^ to a 
table of 10 rows, divided into 10 
colnmns. The first horizontal row con- 
tains the numbers 1 to 10 : the second 
these numbers multiplied by 2: the 
third, multiplied by 3, etc. up to 10 
times. It is, in fact, the earliest known 
multiplication table. Every number 



in a lower row is iroXXairXoo-toj of the 
corresponding number in the 1st row : 
the numbers in successive rows (except 
the let and 2nd) are related, so that 
the lower rows are iwifiopioi of the next 
higher, the higher are virewifidpioi of the 
next lower. This table is referred to 
also in the succeeding chapters. 
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T€TapTo<i and in the same way, 1 + f etc. might have been 
called iTnTpLTrefiTTTo^, etc. 

4. Greater : less :: mn + 1 : n. The greater is TroWa- 
TrXaateTTifiopio^, the less vTroTroWaTrXaaieinfiopto^, 

2| is 8t7r7uL<n€4>v/^to'v^, duplex sesquialter. 

2^ is Si7r\a(Ti€7rlTpLTo<;, duplex sesquitertius. 

3J is rpLir\a<TLemTiTapTo<iy triplex sesquiquartus, etc. 

5. Greater : less :: p{m+l)+m : m+l, where p is more 
than 1. The nomenclature, so far as regards the whole 
number, is the same as in class 4, and as regards the fraction, 
the same as in class 3 (e.g. ScTrXao'LeirtSifiepjjf; = 2| etc.). An- 
other table is here appended, showing how to find numbers 
which shall be to one another in the foregoing ratios. There 
is, in fact, little of mathematical value in the 1st book of 
Nicomachus, but it is of some historical interest to observe how 
complicated the Greek treatment of fractions still remained. 
It should be remembered also that the nomenclature of Nico- 
machus was translated into Latin, and became habitual in 
Western Europe down to the introduction of the Arabian 
arithmetic. 

58. The 2nd book begins with another table, showing how 
to find series of iirtfiopioL, and various comments on this table \ 
In c. 6, Nicomachus turns to the theory of polygonal numbers. 
These he describes (c. 8 — 11) in precisely the same manner as 
that which is attributed to Hypsicles by Diophantus {supra 
p. 87), save that in Nicomachus the terms of the arithmetical 



^ The table is thus constructed. 
Write out a geometrical series begin- 
ning from 1. Take the sum of each 
pair of successive terms and set these 
sums in a row below the 2nd and suc- 
ceeding terms of the 1st, and continue 
this process ad lib. E.g. 

13 9 27 81 etc. 

4 12 36 108 etc. 

16 48 144 etc. 

64 192 etc. 

Here each column is a geometrical 

series of which the radix is MrpLTOi. 



The first numbers of the rows form a 
geometrical series of which the radix 
is 4 (chaps. 3 and 4). Legendre, in the 
preface to his Theorie des Nonibres, says 
that this science becomes a sort of 
passion with those who take it up: 
whereupon De Morgan remarks that 
this is probably because the curious cha- 
racter of the conclusions is not lessened 
by the demonstration. The explana- 
tion is peculiarly appropriate to Nico- 
machean dpiOfirjTiKifi, with its unsug- 
gestive symbolism. 
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series by which the polygonal numbers are found are all called 
gnomons. This word therefore, which in Euclid means the 
difference between one square and the next, means in Nico- 
machus the difference between any polygonal number and the 
next of the same order. Then follow (c. 12) some analogies 
between arithmetical and geometrical facts: e.g. as every 
square can be divided by a diagonal into two triangles, so every 
square number is the sum of two triangular : every square 
number plus a triangular makes a pentagonal etc. Then, as 
usual, a table is given of the polygonal numbers of each order, 
with remarks thereon. Chaps. 13 — 17 deal with solid numbers. 
The sum of a series of polygonal numbers from 1 upwards is a 
pyramid, triangular or square etc. according to the order of the 
polygonal numbers. The highest of such polygonal numbers is 
the base, 1 is the apex, of each such pyramid. If 1 be omitted, 
the pyramid is truncated (/cSXovpo^) : if 1 and the next poly- 
gonal number be omitted, the pyramid is 8i/c6\ovpo<i and so on. 
Besides pyramids, there are ctibes, beams (SoKiBe^), tiles (ttXiv- 
OiSe^), wedges {^(fyrjvlafcoc), spheres smd parallelepipeds. Wedges 
are numbers of the form (mxnx p), where all 3 dimensions are 
different^ : tiles are m' (in — n) : beams (or columns, arrfXiSe^ in 
lamblichus) are m^ (m + n). A number of the form m(m + l) 
is €T€pofii]Kr)<; : m{m-{-n) is oblong {7rpofii]Krj<i) if n>l: a 
parallelepiped is of the form m' (m + 1). The powers of 1, 5 and 
6 always end in 1, 5 and 6 : the squares of these numbers may 
therefore be called circular, their cubes spherical. In c. 18 — 20 
square numbers and eTepofirjKei^ (2, 6, 12 etc.) are set out in 
parallel rows and attention is drawn to a number of curious 
coincidences, thus exhibited : e.g. the differences between suc- 
cessive squares form the series of odd, those between successive 
€T€pofnj/c€t<; the series of even, numbers: in the series of odd 
numbers from 1, the first term is the first cube, the sum of the 
2nd and 3rd terms is the 2nd cube, the sura of the 4th 5th and 
6th terms is the 3rd cube and so on. 

59. At this point (c. 21) Nicomachus turns to the dis- 

^ Also called ff(fnfjKL(rKoi 'stakes' or (c. 16). On the origin of this classiii- 
^ufilffKOf, *altars. ' All solid numbers cation of numbers, see Dean Peacock in 
of 3 unequal dimensions are scalene Ency. Metrop. i. pp. 422, 423. 
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cussioa of proportion (dvaXoylaij ^eaoTriTesiy y which, he says, is 
very necessary for " natural science, music, spherical trigo- 
nometry and planimetry and particularly for the study of the 
ancient mathematicians." He begins with a slovenly definition: 
" ratio (X0709) is the relation between two terms : proportion is 
the composition of ratios"." When the same term is "on both 
sides," consequent (uttoXoyo?, comes) to the highest number, 
antecedent (7rp6\oyo<:j dux) to the least, the proportion is called 
'continued' (<rvvrj/i/i€vrj). "When the middle terms are diflferent 
from one another, the proportion is 'disjunct' (Bce^evyfJbivrjY. 
He goes on to say that Pythagoras, Plato and Aristotle knew 
only six kinds of proportion, viz. the arithmetical, geometrical 
and harmonical, and "their three sub-contraries*, which have no 
names." Later writers added four more. He then describes 
(c. 23 — 25) the first three kinds, with a few remarks on each. 
In a continued arithmetical proportion (a — 6 = 6 — c), he has 
discovered a "most splendid rule, which has escaped most 
mathematicians," viz. that 6' — ac = (a — by = (6 — c)'. In a 
continued geometrical proportion (a : 6 :: 6 : c), he notices* 
that a — 6:6 — c::a:6, and that between 2 square numbers 
there is one, between 2 cubes two geometrical means. In a 
harmonic proportion (a : c : : a — 5 : 6 — c) he observes, among 
other things, that (a + c) 5 = 2ac. In c. 27, he states that 
between any two numbers, even or odd, three mean terms may 
always be found, one arithmetical, one geometrical and one 



^ Properly (i.e. originally) opoKoyta 
meejiB geometrical proportion : /Accrinys 
any other kind. But this distinction 
was practically lost by Nicomachus' 
time. See an excellent note in Nessel- 
mann, pp. 210—212. 

3 Euclid v. Deff. 3 and 8 is more 
precise. lamblichus himself corrects 
Nicomachus on this point. 

3 Euclid's name for a continued pro- 
portion is dpidfiol i^Tjs aifoKoyop: Theon's 
is (Tvvexi?? dvoKoyla, Theon's name for 
an ordinary proportion of 4 terms is 
dL-j^pTifUvri. It is also called Siexv^* 

* lamblichus {In Nicom, pp. 141 — 2) 



says that the first three only were known 
to Pythagoras, the second three were in- 
vented by Eudoxus. The remaining 
four he attributes (p. 163) to the Pytha- 
goreans, Temnonides and Euphranor. 
All ten are treated in the Euclidean 
manner by Pappus, Math, Coll, in. (ed. 
Hultsch) pp. 85 sqq. 

^ A similar rule is true of any geo- 
metrical proportion, not necessarily 
continued. Euclid v. 17 and 19. The 
next proposition mentioned in the text 
is the Platonic theorem proved in 
Euclid vin. 11, 12. 



(1) 


a : c :: 6~c 


(2) 


b : c :: b - c 


(3) 


a : b :: b — c 


(4) 


a : c i: a — c 


(5) 


arc:: a — c 


(6) 


6 : c :: a — c 


(7) 


b : c :: a — c 
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hannonicaP. He next (c. 28) states the remaining seven kinds 
of proportion viz. 

a-b (e.g. 6, 5, 3). 
a — 6 (e.g. 5, 4, 2). 
a — 6 (e.g. 6, 4, 1). 
6 - c (e.g. 9, 8, 6). 
a- 6 (e.g. 9, 7, 6). 
6-c (e.g. 7, 6,4). 
a- 6 (e.g. 8, 5, 3). 

We have previously been told (c. 22) that the number of 
proportions was expressly raised to 10, because that was held 
by the Pythagoreans to be the most perfect number. It is 
rather surprising, therefore, to find that Nicomachus has yet 
another in reserve, the musical, which he calls reXeioTdri], the 
" most perfect, comprehending 3 dimensions and embracing all 
\ the other proportions." This, as was above stated (p. 70), is of 

the form a : — x— : : =- : 6, the 2nd term being the arith- 

2 a-ho 

metical, and the 3rd the harmonical, mean between the two 
extremes. 

60, The foregoing summary is sufficient to show that, in 
the interval of 400 years or so between Euclid and Nicomachus, 
something had been done, though we know not by whom, for 
the theory of numbers. In plane numbers, Euclid knows, or at 
least uses, only the square and the gnomon : in solids, only the 
cube : in proportions, only the geometrical. Almost the whole 
learning of polygonal numbers and solids and proportions was 
elaborated after his time, and before that of Nicomachus, for it 
is evident that the Introductio contains little that is original. 
In the meanwhile, again, mathematics had passed from the 
study of the philosopher to the lecture-room of the under- 
graduate. We have no more the grave and orderly proposition, 
with its deductive proof. Nicomachus writes a continuous 

^ He omits to mention that the two in geometrical proportion, viz. 
given numbers multiplied must produce 

a square, else the geometrical mean —^ : Jab : — — . 

wiU be irrational. He also fails to 
notice that the three means will be Nesselmann, p. 215. 
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narrative, with some attempt at rhetoric, with many inter- 
spersed allusions to philosophy and history. But more im- 
portant than any other change is this, that the dpcOfirjTLKij of 
Nicomachus is inductive, not deductive. It retains from the old 
geometrical style only its nomenclature. Its sole business is 
classification, and all its classes are derived from, and are 
exhibited in, actual numbers. But since arithmetical inductions 
are necessarily incomplete, a general proposition, though prima 
fade true, cannot be strictly proved save by means of an 
universal symbolism. Now though geometry was competent to 
provide this to a certain extent, yet it was useless for precisely 
those propositions in which Nicomachus takes most interest. 
The Euclidean symbolism would not show, for instance, that all 
the powers of 5 end in 5 or that the square numbers are the 
sums of the series of odd numbers. What was wanted, was a 
symbolism similar to the ordinary numerical kind, and thus 
inductive dpiOfirfriK'^ led the way to algebra. 

61. Contemporary with, or not much later than Nico- 
machus, was Theon of Smyrna, author of a treatise on " the 
mathematical rules necessary for the study of Plato \" The date 
of this author may be roughly determined by the fact that, 
in citing all the writers on music since Pythagoras, he stops at 
ThrasyUus (the friend of Tiberius) and does not quote the 
dpfjLovcKij of Ptolemy. Ptolemy himself also quotes from a 
certain Theon four observations of Mercury and Venus taken in 
the years A.D. 139 — 142. There seems no reason to doubt that 
this was Theon Smymaeus, whose Eccpositio is largely devoted 
to astronomy. The book itself" contains almost exactly the same 
matter as Nicomachus (without the chapters on proportion), 
blit is very ill-arranged, so that rules are anticipated, one class 
of numbers is treated in two or three widely separate chapters, 

^ Cited as 'Expositio rerum mathe- on geometry, stereometry and the 

maticarum ad legendum Platonem utU music of the spheres. Cantor and the 

lium,^ Ed. Hiller, Leipzig, 1878. most recent editor, HiUer, are of opin- 

^ The Exposition as we have it, was ion, however, that we have the entire 

formerly thought to be only a fragment, work. See Cantor Vorles, p. 367. 

We have it in two books, one on arith- Nesselmann p. 231 (quoting Bouil- 

metic, the other on astronomy. It was laud), 
supposed that three more were missing, 



96 



GREEK THEORY OF NUMBERS. Arithmetica, 



the same facts are many times repeated \ It contains, however, 
two novelties, which may be thus stated. (1) Every square", or 
every square minus 1, is divisible by 3 or 4 or both : if the 
square is divisible only by 3, then minus 1, it is divisible by 4 : 
and if it is divisible only by 4, then minus 1, it is divisible by 
3 : if it is not divisible by 3 or 4, then minus 1 it is divisible by 
both 3 and 4. (2) Theon introduces a new kind of numbers, called 
diameters {Siafierpixoi c. 31). These are numbers whose squares' 
are of the form 2n' ± 1. They are obtained in the following way. 
If 1 and 1 be the side and diameter of a square, then 1 + 1 is the 
side of the next, and 3 or 2 + 1 is its diameter : 2 -f 3 is the next 
side, 4+3 is its diameter : 5 + 7 is the next side, 10 + 7 is its 
diameter etc., each successive side being the sum of the last 
side + last diameter, and each successive diameter being twice 
the last side + last diameter. Each diameter is the whole 
number nearest to the root of twice the square of the corre- 
sponding side". It is curious that the ratios between these 
diameters and the corresponding sides are represented by the 
successive convergents of the continued fraction 

■*'2 +2 + 2+2 +^^- 

which represents the approximate value of \/2. Theon, how- 
ever, says nothing either of *J2 or of continued fractions*. 

62. At some unknown date, certainly before lamblichus, 
(i.e. before A.D. 300) lived one Thsrmaridas, the inventor of 
a certain proposition, known as his iirdvOrjfia or * after-blossom.' 
A brief and obscure account of this is preserved by lamblichus*. 



^ See Nesselmann, pp. 226 — 227. 

^ C. 20. The same rule is given by 
lambliohuB, In Nicom. p. 126. 

> These diameters are the {nrral 8«£- 
fierpoi, National diameters' to which 
Plato seems to allude in the famous 
passage about the 'nuptial number'. 
Rep, VIII. 246. 

* See Cantor Varies, pp. 229, 272— 
274, 369—370. Nesselmann, pp. 229, 
230 observes that Theon has here stated 
a mode of finding all the solutions, in 



rational numbers, to two indeterminate 
quadratic equations, viz. 2t'+l=M' 
and 2x^ - 1 =^^. He does not, indeed, 
suppose that Theon knew this, but the 
fact is interesting as bearing on the 
work of Diophantus. 

^ In Nicom, p. 88. Cantor, in his 
Math, Beitrdge, pp. 97 and 380, iden- 
tified this Thymaridas with him of 
Tarentum, who is said by lamblichus 
to have been a pupil of Pythagoras. 
In the Vorles, (Pref. vii.) he abandons 
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8. +8. + 8.- 8 



and has been brilliantly explained by Nesselmann (pp. 232 — 
236). The proposition, which is curiously worded, is as follows: 
"When amy defined or undefined {copca-fiivob ^ oopiaToC) quantities 
amount to a given sum and the sum of one of them plibs every 
other (in pairs) is given, the sum of these pairs minus the 
first-given sum is (if there be 3 quantities) equal to the quantity 
which was added to all the rest (in the pairs) : or (if there be 4 
quantities) to | of it : (if 5) to J : (if 6) to J " etc. That is, 
if ajj + a?j, + a?g = 8, be given, and cc^ + a?j = s^ and a?j + d?g = 5,, 
then a?j = 5j + Sg — S. If four quantities x^-\-x^-k- x^-\-x^ = ShQ 
given, and x^-\'X^== s^, a?^ + a;, = s^ ^i + a?4 = Sj be given, then 

. And generally, if aj^ + ajg + a?, +. .. + a?^ = S, 
and a?^ 4-a?2 = s^, a?j + a-j = s^,,,x^^-x^ = s^^, then 

_ g, + gg+ + Vi-^ 

n-2 

What is chiefly of importance in this proposition* is the use 
of the word aopuaro^ for an " unknown quantity." It does not, 
indeed, appear whether Thymaridas had or had not a corre- 
sponding symbol, but at least he has here stated an algebraical 
theorem and used an algebraical expression. He has gone 
beyond Nicomachus and nearly approached Diophantus. 

63, The (Tvvaycor^ri, or Mathematical Collections, of Pappus 
the Alexandrian must have been written about A.D. 300. 
Probably the first two books were arithmetical, since a fragment 
of the 2nd Book contains an account of the tetrads of Apol- 
lonius already described {supra, p. 62) and the remaining eight 
deal almost entirely with geometry and mechanics. lamblichus, 
who has been so often quoted in these pages, is a little later. 
He was born at Chalcis in Coele-Syria and may have been alive 



a?,= 



this supposition. Two other facts 
about Thymaridas are mentioned by 
lamblichus, (1) that he caUed unity 
the * terminating quantity' {irepcUvovaa 
iro(r6Tris)t and (2) that he caUed prime 
numbers edSuypa/ifUKol, because they 
cannot form plane figures. 
^ A very similar proposition appears 

G. G. M. 



in Strophe 29 of the Algebra of Aryab- 
hatta (ed. L. Bodet, pp. 14, 15, 38, 39 
in Journal Asiatique for 1879) . Cantor 
(Vorles. pp. 529 — 530) maintains that 
the Indian (who was born a.d. 476) 
has purposely disguised the epanthem, 
in order to conceal his plagiarism. 
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as late as A.D. 360 \ It has been already stated (supra, p. 89) 
that his commentarv on Nicomachus forms the 4th Book of his 
treatise on Pythagorean philosophy, the greater part of which 
is still extant. In this commentary lamblichus includes some 
new matter, most of which is unimportant and need not be here 
quoted*. One very singular statement, however, should not be 
omitted. lamblichus says that the Pythagoreans called 10 *the 
unit of the second course,' 100 *the unit of the third course,' 
1000 of the fourth and so on*. Upon this he founds the 
following proposition : "If the units of any three consecutive 
numbers, whereof the highest is divisible by 3, be added to- 
gether and the units (i.e. digits) of their sum be added together 
again and so on, the final sum will be 6." E.g. 7 + 8 + 9 = 24 
and 2 + 4=6 : 997 + 998 + 999 = 2994 : 2 + 9+9 + 4 = 24, 
\ 2 + 4 = 6. It will at once be seen that this was, for a Greek, a 
very difficult and remarkable discovery, and it tends very much 
to confirm the suspicion that the octads and tetrads of Archi- 
medes and ApoUonius were in fact accompanied by a symbolism 
which, if applied to tens, hundreds etc., would closely have 
resembled the Arabic numeral system. 

64. The extracts given, in previous pages, from Nicomachus 
and Thymaridas will have led the reader to expect that algebra 
is not far distant. This expectation becomes the more lively, 
when we find that about this time problems leading to 
equations were a common form of puzzle. Between 50 and 60 
riddles of this kind are preserved in the Palatine Codex of Greek 
epigrams (usually called the Palatine Anthology) and else- 
where. At least 30 of these are attributed to one Metrodorus, 
of the time of the Emperor Constantino (A.D. 306 — 337)*. 

1 The Emperor Julian (a.d. 861—363) tor Vorles. 890—892. 

is Bupposed to have corresponded with ^ fiovais dcvrepcjdovtx^yrjy rpuadovfiivTj, 

lamblichus, but the extant letters are &o. The name was suggested by a 

of doubtful authenticity. singular fancy of arranging numbers 

3 SeeNesselmann, pp. 287-242. Can- in a kind of race-course ; thus: 

{vffirXTi^y ' start ') 1.2.3.4.5.6.7.8.9 -^, ,. 

(y{,aaa, 'goal') 1.2.3.4.5.6.7.8.9'^" {Kafiirrvp.) 

The next course begins at 10 and goes ^ Jacobs, Comm, in Or. Anthol, Ft. 

on to 100 and back and so on. lambli- xiii. p. 917. 
chus makes great use of this figure. 
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A few of them are older, though perhaps their metrical form is 
of this date : many, no doubt, are much later, for the anthology 
was not collected till the 10th century*. One of them, at- 
tributed to Euclid*, is to this effect. A mule and a donkey 
were walking along laden with com. The mule says to the 
donkey, "If you gave me one measure I should carry twice 
as much as you : if I gave you one, we should both carry equal 
burdens. Tell me their burdens, most learned master of 
geometry." It will be allowed that this problem, if authentic, 
was not beyond Euclid, and the appeal to geometry smacks 
of antiquity. Another and a far more difficult puzzle is the 
famous ' cattle-problem ' (irpo^rffia /3o€ik6v) which Archimedes 
is said to have propounded to the Alexandrian mathematicians'. 
It is to the following effect. The sun had a herd of bulls and 
cows, of different colours. (1) Of Bulls, the white ( W) were, 
in number, (i +^) of the blue (B) and yellow (F): the B were 
(i + i) of the Y and piebald (P) : the P were (^ + 1) of TT and 
F. (2) Of Cows, which had the same colours, {w, J, y, p), 
«' = a + i) (B + b): 6=(i + i)(P+i»): p=a + i)(F+y): 
3^~ (i + 1) (^ + '"')• Find the number of bulls and cows*. 
This is a very difficult problem, leading to excessively high 
numbers, and may very well have been invented by Archi- 
medes. The problems of Metrodorus are shorter. One of them 
is of a kind still very familiar to schoolboys. It runs (Jacobs, 
XIV. no. 130) : *' Of four pipes, one fills the cistern in one day, 
the next in two days, the third in three days, the fourth in four 
days : if all run together, how soon will they fill the cistern ?" 
There are several more of the same pattern. Another (Jacobs 



^^ 



^ See art. Plantides in Smith's Die, 
of Biogr, Most of the algebraical epi- 
grams are in Ft. ziv. of Jacobs' Antho- 
logy, but a few more are in the Appen- 
dix (e.g. Nob. 19, 25, 26). Those 
attributed to Metrodorus are in xiv. 
116 — 146. See Nesselmann, pp. 477 
sqq. Cantor VorUs. pp. 893 — 4. 

* Jacobs* Appendix, No. 26. 

3 Discovered and printed by Lessing, 
Zur Gesch, der Lit, i. pp. 421 — 446. 



Nesselmann, who gives a translation 
and discusses it exhaustively (pp. 481 — 
491), stoutly denies its authenticity. 
Heiberg {Qiuiest. Archim, p. 26) is 
inclined to admit it. It is not in 
Jacobs. 

^ Solution in Nesselmann, pp. 484 — 
485. Some later hand has added some 
further difficulties : W+ B is a square- 
number, P+Y is a triangular. On 
this, see also Nesselmann's comments. 

7—2 
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XIV. 1 27) is : " Demochares has lived ^th of his life as a boy : 
^th as a young man ; ^rd as a man, and 13 years as an old man. 
How old is he ? " and there are more of this sort*. Another, 
not by Metrodorus (Jacobs, xiv. 49) is : * Make me a crown of 
gold and copper and tin and iron, weighing 60 minae. Copper 
and gold shall be |rds of it : gold and tin |ths : gold and iron 
f ths. How much gold, copper, tin and iron are in the 60 minae ? ' 
This is a problem on the epanthein of Thymaridas. None of 
these problems, of course, lead to more than simple equations, 
in which a line would be as good a symbol for the unknown 
quantity as any other. But they are all arithmetical pro- 
blems requiring analytical treatment, and they all involve the 
consideration of an unknown quantity, for which some quasi- 
arithmetical symbol would be most convenient. They became 
especially popular just about the time of Diophantus', and they 
are therefore, as will be seen presently, of some historical 
importance. 

65. Contemporary with lamblichus, or perhaps rather 
earlier, lived Diophantus of Alexandria, the last and one of the 
most fruitful of the great Greek mathematicians. His date 
indeed can hardly be determined exactly. An arithmetical 
epigram on his age is attributed to Metrodorus. From this, it 
would appear that he died at the age of 84 years, some time 



^ One of this kind is on the life of 
Diophantus (Jacobs xiv. 126.) On 
these problems, Dean Peacock (art. 
Arithmetic in Ency. Metrop. Pure Sci, 
I. §§ 244 — 248) remarks that many of 
them may have been solved (as similar 
problems were by the Indians, Arabians 
and early Italians) by the rule of * falsa 
pofdtio^ or 'regula duorum falsorum* : 
which dispensed with any algebraical 
symbol. The simple * falsa positio * was 
the assigning of an assumed value to 
the unknown quantity; which value, if 
wrong, could be corrected, in effect, by 
a ' rule of three * sum (as in the modem 
rules for Interest, Discount or Present 
Worth) . This was used by the Egyptian 
Ahmes and by the IndianBh&skara(bom 



A.D. 1114, author of the Lildvatif form- 
ing part of the larger work Siddhdnta- 
giromani). By the *regula duorumfal- 
sorum* (Arabic el Cataym, i.e. *the two 
errors*) two false assumptions were 
taken and x was found from their 
difference. The simple * falsa positio ' 
is called in the Ltl&vatt *Ishta carman\ 
or 'operation with an assumed number'. 
Both are continually used by Luca 
Pacioli and Tartaglia. See Dean Pea- 
cock's art. supra cit, : Hankel. p. 259, 
Cantor Vorles. pp. 624, 628—9. Also 
below p. 116 n. 

^ An epigram is actually included in 
Dioph. Arithm. (v. 33) and the problem 
solved. The epigram is printed in 
Jacobs, App. no. 19. 
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before A.D. 330 or thereabouts. But he is not quoted by any 
writer before the younger Theon*, who was working A.D. 365 — 
372 and later. Theon's daughter, the famous Hypatia (died 
A.D. 415) is said by Suidas (s. v) to have written a commentary 
on Diophantus. Abulpharagius, a Syrian historian of the 13th 
century, says positively that Diophantus was a contemporary of 
Julian the Apostate, who was emperor A.D. 361 — 363. If the 
date of Metrodorus were certain, and the epigrams ascribed 
to him were undoubtedly authentic, the epigram above cited 
would be conclusive. But it is not so, and Abulpharagius may bo 
right*. It would suit either testimony if we assign Diophantus 
to the first half of the 4th century, a time at which algebra cer- 
tainly ouoht to have appeared, but he may have been much 
earlier. Doubts were at one time felt whether his name might 
not be Diophantes, for the passages in which he is mentioned, 
generally have the genitive ALo<f)dvTov, which would suit either 
nominative', but Theon and Abulpharagius both call him Dio- 
phantos, and this may be taken to be his real name. 

Only. one work by Diophantus is cited, viz. the ^Apcd- 
fifjTCKd. Two, however, are extant, viz. an ^ApbOfirjriKd and a 
pamphlet on polygonal numbers, both mutilated. Diophantus 
himself, in the opening words of his ^ApidfirjTiKdy announces it 
as a work in 13 books : yet all the existing copies (save one) 
have it in 6 books, and the one exception (Vatican MSS. no. 
200) has it in 7*. Yet it is evident that these 6 or 7 books are 



^ Comm, on the Almagest, Ed. 
Halma. i. 111. The 6th definition 
of Diophantus is there quoted verbatim, 

3 On the question of Diophantus' 
date, see an exhaustive discussion in 
Nessehnann, pp. 243—256. Here, how- 
ever, Hypsicles, whom Diophantus 
quotes, is assigned to far too late a 
date, and Diophantus is (probably 
wrongly) identified with him who, ac- 
cording to Suidas, was teacher of Li- 
banius the sophist (cir, a.d. 314 — 400). 
Cantor Varies. Pref. p. vn cites Tan- 
nery, in Bulletin de Sci. Math, et 
Astron,, but I cannot find the article. 



8 One MS. of Suidas, (s.v, Hypatia) 
has AioipaMTriVt but others have Ai6- 
<f>avrov, Nesselmann, indeed (pp. 244, 
247 — 249), thinks aU are wrong and 
that the true reading of the passage 
(Kiister's) is vTrofJUfijfia els Awtpovrov 
da-rpovofjuKbv Kavbva, This would be 
the name of a commentary by Hypatia 
on the astronomical tables of som^ other 
Diophantus. 

* The known MSS. of Diophantus 
are enumerated by Nesselmann, p. 256 
n. They are three Vatican (nos. 191, 
200 and 304) one at Paris, one in the 
Palatine library (at Heidelberg), The 
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not a reasonable, and therefore probably not the original, 
division. Some propositions contained in the 2nd Book (1 — 5 
and 18, 19) clearly belong to the 1st, others, as clearly ought to 
belong to the 3rd (especially the last two, 35 and 36). Similar 
suspicions are aroused in other books. Evidence of mutilation 
is aflforded also by many propositions (e.g. II. 19 and several of 
the 5th Book) which are not proved at all\ Two subjects, 
which Diophantus must have treated, are entirely omitted, viz. 
the solutions of determinate quadratic and of indeterminate 
simple equations. On the other hand, the last books of our 
copies are pretty clearly the limit of Diophantus' learning. For 
all these reasons, Nesselmann* comes to the conclusion that the 
6 or 7 books of the ^Apc0fjLi]TiKd, as we have them, do sub- 
stantially represent the original, mintis, the two omitted subjects: 
that the omitted subjects were treated between the 1st and 2nd 
Books of our editions, and that the mutilation took place bef'^re 
the date of the earliest MS. {i.e. before the 13th century). 
A farther question arises, whether the fragment on polygonal 
numbers ever formed part of the ^ApLdfjbrjTCKa or not. Nessel- 
niann thinks it did : Hankel and Cantor hold that it did not. 
It can hardly be doubted that the latter are right. The ^Apid- 
firjTiKa is purely algebraical and analytic (with the single 
exception of V. 13): the fragment on polygonal numbers is 
purely geometrical and synthetia A similar question arises as 
to a work called Jlopiafiara (? ' Corollaries ') which Diophantus 
quotes in at least three places (v. 3, 5 and 19) : but as this is lost, 
it is not worth while in the present place to consider what it may 



extant works of Diophantus were pub- 
lished with a commentary by Bachet 
de Meziriac (Paris, 1621) : further notes 
were afterwards added by Fermat 
(Toulouse, 1670). A German transla- 
tion was published by O. Schulz (Berlin, 
1822). A Latin paraphrase by Xylan- 
der(Holzmann)Basle,1^71,first brought 
Diophantus into general notice, though 
many scholars knew of his existence 
before. 

^ A very striking instance occurs in 
V. 22, where the solution has nothing to 



do with the problem to which it is 
attached. Nesselmann (pp. 410 — 418) 
suggests that here the problem properly 
follows on Y. 21 : its solution is lost : 
the two next problems with their sola- 
tions are lost : the next problem is lost, 
but its solution remains. 

2 See esp. pp. 265 sqq. Cantor 
Vorles. pp. 397 — 398. Hankel, pp. 
157 — 158. Nesselmann quotes, in sup- 
port of his views (p. 272) Colebrooke's 
Alijchra of the Hindus, note m, p. lxi. 
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have contained, and how it would have fitted into the extant 
works \ 

66. Of these latter, the fragment of Polygonal numbers 
may be first dismissed, both because it is very short and 
because, also, it is in the antique geometrical style. The only 
difference, here, between Diophantus and his predecessors is 
that he treats of polygonal numbers generally, without specially 
handling the different classes of them. The book, as we have 
it, is divided into 10 propositions, which is an excessive number 
for the actual matter contained*. It begins by stating (as well- 
known) that all numbers above 3 are polygons, containing as 
many angles as units : and that the side of each such polygon is 
2. Then follows a statement of the purpose of the work to this 
effect : " As a square number is known to be the product of a 
number multiplied by itself, so every polygonal number, multi- 
plied by one number and added to another, both of which 
depend upon the number of its angles, produces a square 
number. I shall prove this, and shall show also how from a 
given side to find its polygon and conversely. Some auxiliary 
propositions must first be proved." Then follow some pro- 
positions on arithmetical progression, proved geometrically. 
Their result may be stated algebraically thus : Prop. ii*. If a, 
a + 6, a + 26 be three terms of an A. P. then 8 (a + 26) (a + 6) 
+ a" = [(a + 26) -f 2 (a + 6)]*. Prop. iii. If a, a + 6, a + 26 etc. 
be an A. P. the difference between the 1st term and the nth is 
(w — 1)6. Props. IV. V. Summation of an A. P. of n terms, 
proved first where n is even, secondly where n is odd. The 
following propositions introduce the more familiar progressions, 
in which the first term is 1. Thus vi.* if 5 be the sum of n 
terms of the series 1, 1 + 6, 1+26 etc. then 865 +(6 -2)' 
= [6(2/1 --1) + 2]'. Prop. VII. contains the geometrical proof 
that 6'(2n-l)"= [6(2n-l)]l The most important is VIil.: 
in the series 1, 1+6, 1+26 etc. the sum of n terms is a 

^ The curious may consult Nessd- mary of Props, vni. and iz. in Cantor 

mann, pp. 269 — 270, and his 10th Varies, p. 414. 

Chapter, pp. 437 sqq. 3 Proof given in fuU by Nessehnann, 

^ See a very fuU abstract in Nessel- pp. 471 — 472. 

mann, ch. xi. pp. 462 — 476. A sum- * Proof in Nesselmann, pp. 473—4. 
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polygon, containing 6 + 2 angles, and its side is the sum of the 
preceding (n — 1) terms (compare Hypsicles, whom Diophantus 
here quotes) \ ^ Thence follows a "definition" of a polygonal 
number to this eflfect : " Every polygonal number of n angles, 
multiplied by 8 (n — 2) and added to {n — 4)', is a square 
number ''^ This with the ixth Prop., in fact, completes the 
promise of the introduction, but a xth proposition is added 
"To find in how many orders a given number is polygonal'." 
Only a fragment of this remains, from which it is impossible to 
discern how Diophantus intended to complete his proof. All 
these propositions are given in the Euclidean manner, with an 
enunciation, a linear symbolism, and a synthetic proof ending 
iwep eBev Sel^ac (Q. K D.). But it is to be remembered that 
lines, with Diophantus, are symbols for numbers only (as in 
Euclid vir. — ix), and not for magnitudes (as in Euclid il. or 
X.) Nevertheless, he adopts for arithmetical purposes pro- 
positions proved for geometrical by Euclid (e.g. II. 3, 4 and 8) 
and from this it is evident that the arithmetical uses of Euclid 
were known to the later Greek mathematicians*. 



* The proof is given in full by 
Nesselmann, pp. 474 — 476. 

2 If P be the polygonal number, 
8 (w - 2) P + (n - 4)' = a square number. 
This proposition was known of tri- 
angular numbers as early as Plutarch 
{Plat, Quaest. v. 2, 4). and is so repeated 
by lamblichus. The general proof is 
probably Diophantus' own. Bachet 
remarks that the converse is not ne- 
cessarily true. If 8 (n - 2) P + (« - 4)« 
is a square, it does not follow that P 
is a polygon of the nth order, unless 
n is 3 or 4. E.g. If n = 5, 24P + 1 
is a square, if P=2: but 2 is not a 
pentagonal number. See Nesselmann, 
p. 467. 

> E.g. 36 has 3, 4, 13 or 36 angles: 
225 has 4, 8, 24, 76 or 225 angles, etc. 
Nesselmann. pp. 468 — 470. 

* The proof of the 1st proposition is 
short enough to be inserted here. It 



runs thus : 

\ \ 1 

E A B D G 

** Three numbers, AB, BO, BD have a 
constant difference ( = GD). It is to 
be proved that SAB ,BQ+BD^=a, 
square of which the side is AB + 2BG, 
SmGeAB = BG + GD,SAB .BG=8BG* 
+ SBG.GD, and iAB.BG=iBG^ 
+4:BG.0D. But(Eucl.n.8)4BG.(?D 
+ BD^ = AB^, The inquiry therefore is 
how^B« + 4^P.PG + 4BG2 give a sum 
which is a square number. Take 
AE=BG. Then(Euchdn.3)4B^.ilE 
+ 4AE^=4tBE.EAmdiBE.EA-hBA^ 
= {BE+EA)^ But (BE + EA)=AB 
+ 2AE=AB + 2BG, q.b.d." It will 
be seen that this proof is wholly Eucli- 
dean, but omits many steps which 
Euclid would certainly have inserted, 
and that it uses Euclid ii. 3 and 8 for 
ai'ithmetical purposes. 
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67. The Arithmetica is a work of infinitely greater im- 
portance. It is a treatise on algebra, and, if not the first that 
ever was written, is by far the earliest now extant. It is devoted 
to the solution of equations, which Diophantus expresses with 
algebraical symbols and treats always analytically. But as Dio- 
phantus does not claim for himself the credit of inventing either 
the symbols which he uses or his method of proof, a short 
recapitulation should be here inserted to account, as far as 
possible, for both inventions. 

The ancient geometers knew two modes of proof, which 
they called synthetic and analytic^. With the former, a pro- 
position is proved directly by steps advancing from the known 
to the unknown. With the latter (of which the reductio ad 
absurdum is a particular kind), a proposition to be proved is 
assurned to be true or untrue, and the assumption is shown 
to be consistent or inconsistent with some simpler facts already 
known, or is shown to be so upon certain conditions. Algebraic 
proof is of this latter, the analytical, kind. The invention of 
this kind of proof is expressly attributed to Plato ^ We have 
already seen (supra, p. 18), that calculation with an unknown 
quantity (called Hau or * heap ') was practised by the Egyptians 
in very remote antiquity, and that some conventional signs 
at least for addition and subtraction were then used. So useful 
an art can hardly have disappeared entirely from the later 
Egyptian civilization. Aristotle first, so far as we know, 
employed letters of the alphabet to indicate unknown magni- 
tudes, though not for purposes of calculation^ But this 



y 



1 Euclid xin. 1, (Schol.) Pappus, Bk. 
VII. Preface. Ed. Hultsch, p. 634. 
Proclus, ed. Friedlein, pp. 211—212. 
Todhunter's Euclid, Notes, pp. 309 
sqq. 

^ Proclus, loc, cit, and Diog. Laert. 
III. 24. 

8 See, for ezampre, Physics^ vil viil 
passim: but esp. vn. 6 (pp. 249 — 260 
of the Berlin ed.), where it is stated: 
"If A be the mover, B the moved 
thing, r the distance and A the time 



of the motion, then A will move -= 

twice the distance V in the time A or 
the whole distance V in half the time 
A," etc. Poggendorf, Gesch. der Phy- 
sik, p. 242, sees in this the germ of 
the principle of virtual velocity. It 
is evident also that Aristotle understood 
the advantage of these alphabetic sym- 
bols, for he explains {Anal. Post, i. 5, 
p. 74 a 17) how much time and trouble 
is saved by a general symbolism. 
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suggestion could haxdly be followed up because the alphabet, 
soon after Aristotle's time, came to be used for ordinary arith- 
metical purposes. Euclid uses lines as symbols for magni- 
tudes, including numbers, and though he solves quadratic 
equations and performs other operations of universal arithmetic, 
he uses always the synthetic mode of proof, and confines himself 
strictly to geometrical conditions. He will not add a line to a 
square, or divide a line by another line or name a particular 
number. The limitations imposed upon universal arithmetic by 
the linear symbolism were too great. Algebra could come only 
from the practical calculator who was not hampered by such 
diflBculties. The first step seems to have been taken, not by a 
Greek, but by the Egyptian Heron. Thus, in a proposition 
now included in the Oeometria (p. 101 in Hultsch's edition) 
but originally part of " another book " unknown. Heron does not 
scruple to add an area to a circumference\ In modem symbols, 
the proposition runs : ' If 5 be the sum of the area (-4), the 
circumference ((7), and the diameter (D) of a circle, find the 



diameter. The answer which he gives is d = 



Jn^S + 841 - 29 



11 



The proof, which he does not give, is obviously as follows: 

il is Jcf : C is Trd : TT is V. Then /Sf=^ d» + (tt -fl) d = 

iJd'+Vd. Multiply each term by 154 (=11 x 14). Then 
121 (f + 638 d + 841 = 1545 + 841 or (11 d + 29)' = 154 £f + 841, 
from which Heron s answer immediately follows. It cannot be 
doubted that Heron could solve an impure quadratic equation 
in a way which, but for the want of a symbolism, would be 
simply algebraical'. Two centuries or more afterwards, we find. 



^ Compare Diophantus, who, in his 
6th Book, means by a "right-angled 
triangle" three numbers such that 

a2^ j2_^2^ a^cls its area— to its side, 

treats its side upon occasion as a cube, 
etc. Hankel, p. 159. Of the great 
Greek mathematicians, Archimedes 
alone (in his Circuli Dimensio) ven- 
tures to introduce actual numbers into 



a geometrical discussion, and to divide 
a line by another line. He finds the 
value of ?r and some other similar ratios 
but does not himself pursue such invest 
tigations further and is not followed by 
any other writer. Trigonometry was 
used only for astronomical purposes 
and did not form part of geometry at 
all 
3 Cantor Vorles, pp. 341—2. 
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in the Semite Nicomachus, that the practical calculator has taken 
to proving, by induction from numbers themselves, the theories 
which hitherto had been proved deductively by the geo- 
metrician. In the 2nd Book of Pappus, the Aristotelian use of 
the alphabet appears again, but whether this was due to 
ApoUonius or his predecessor Archimedes cannot be discovered. 
Pappus, at any rate, uses A for 20, B for 3, F for 4, Z for 2 and 
T for an unknown number*. Thymaridas calls an unknown 
number dopborof;, and proves an algebraical theorem. Problems 
leading to simple equations become a common form of amuse- 
ment ; and finally, in Diophantus, the method of forming and 
handling equations appears almost complete, accompanied by 
an algebraical symbolism which was probably not new but 
of which no trace has been found in previous writers. The 
foregoing statement is sufficient to raise a very strong suspicion 
that there are large gaps in the history of Greek dpidfirjTi/oj, 
and that the later Greek mathematicians were not by any 
means so futile as they are sometimes represented to be^ 
Nevertheless hardly any writers are quoted save those of whose 
works large portions are still extant. It is therefore not an 
improbable supposition that there were in Alexandria and 
Pergamum and elsewhere, as in the English universities at the 
present day, many mathematicians of great ability and in- 
ventiveness, who did not write books at all but were content to 
allow their knowledge to ooze out in lectures and private com- 
munications'. What little evidence there is, and the absence of 
more, alike suggest that these mathematicians were of Semitic 
or Egyptian origin. On the other hand, it is still possible that 

^ See Hultsch's Ed. pp. 8 and 18. an Arcliimedes, an Apollonins. It is 

Cantor Vorles. pp. 298, 387. dotage without a future which wearies 

^ ThusHankel (p. 157) says, **0f the us in these writings. In the midst of 

performances of the Greeks in arith- this dreary waste appears suddenly a 

metic our judgment may be stated man with youthful energy, Diophan- 

shortly thus : they are, in form and tus." 

contents, unimportant, childish even: ^ What, for instance, was the Zo^i<ttc 

and yet they are not the first steps of Magnus, and how did it assist Porus 

which science takes, as yet ignorant and Philo of Gadara in those researches 

of her aim, tottering upon shaky which Eutocius (ad Arch. Cir. Dim.} 

ground : they are the work of a people mentions, but which he could not 

which had once produced an Euclid, understand? 
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Diophantus actually invented the symbolism, and the rules which 
first appear in his book but for which he claims no credit. 
In any case, Diophantus must always be esteemed one of the 
most brilliant of Greek mathematicians. 

68. The Arithmetica begins with a prefatory letter to one 
Dionysius, to whom Diophantus says, " Knowing that you are 
anxious to learn the solution of arithmetical problems, I have 
tried to systematise (or 'state in a handy form', opyavwa-ai) the 
method, beginning from the foundations of the matter. You 
will think it hard before you get thoroughly acquainted with 
it" etc. He then proceeds to definitions (11 altogether), in 
which h^ does not (as an inventor would) use the imperatives, 
Sarco, KaKeiaOco, ' let it be ', * let it be called ', etc. but the in- 
dicatives, eVri, KoXetrai, * it is ', * i^ ^ called ', etc. With such 
expressiona he states the symbolism and the rules of algebraical 
multiplication. He gives as a fact, without explanation, that * a 
negative term multiplied by a negative produces a positive '^ 
and (after recommending continual practice in the use of the 
previous rules) he states shortly how to reduce an equation to 
its simplest form. This is the evidence from which it is con- 
cluded that Diophantus was not the inventor of the method 
which he employs. The method itself may be shortly described 
as follows. 

Diophantus uses only one unknown, which he calls 6 apiOfio^ 
or 6 dopia-To^ dpcdfio^^ Its symbol is 9' or 9°' in the plural 99 
or 99*^, and, as in this last case, all inflexions may be appended 
to the symbol as 9®", 99**"* etc^ The square of the unknown a? 



^ Def. 9, Xct^ts ivl Xciyf/tv woWairXa- 
ffia<r$€iffa woieivirap^iv' Xct^ts 8^ iTrlvwap' 
^iv TToiei Xeiyf/iv, This should properly be 
translated, *'A difference multiplied by 
a difference makes an addition" etc. 
For it is to be remembered that Dio- 
phanttis has no notion of a negative 
term standing by itself or of subtracting 
a greater term from a less. 8x - 20 is 
to him an absurdity unless a; =2) at 
the least. 

^ In the definition described as t\tj6os 
fiofddujv oKoyov. 



' This symbol s, as it appears in onr 
MSS. is always assumed to be the final 
sigma^ adopted here because it was the 
final letter of ApidfiSst and because also 
it was the only Greek letter which had 
not a numerical value. It must, how- 
ever, be remembered (1) that it is only 
cursive Greek which has a final sigma 
and that the cursive form did not come 
into use till the 8th or 9th century: 
(2) that inflexions are appended to 
Diophantus' symbol s' (e.g. $ow, ssot 
etc.) and that his other symbols (except 
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is called Svvafii<;, its symbol is S^ : x^ is called kv/3o<: (symbol 
«*') : a?* is called hvvafiohvvafiL^, (symbol SS'') : a? is called 
Svpa/jLOKv^o^ (symbol S/c"") : a?® is called kv^okv^o^ (symbol kk?") : 
but beyond this sixth power of the unknown Diophantus does 
not go. These terms and symbols are not applied to the powers 
of any number except the unknown. All known numbers are 
called fiovaZe^f (symbol fi^) and unity itself is always written 
fi^ a or fi^ fiia. The coeflScients are written after the symbols 
(e.g. 99°' K = 20j? : fjfi k = 20). The sign of subtraction is the 
word Xelyjrei {minus), its symbol is «^, a truncated and inverted yjt 
(Def 9). The symbol of equality is i, the initial of f<709, la-ot^. 
In a composite expression, the negative .terms are placed after 
all the positive, but there is no sign of addition save mere 
juxtaposition. Thus SS^O S"r fju^a ^ K'^S^^ifi means 

9x' + 6«» + 1 - 4ar* - 12a? (IV. 29). 



//i) are initial letters or syllables. The 
objection (1) might be disposed of by 
the fact that the Greeks had two uncial 
sigmas C and 5;, one of which might 
have been used by Diophantus, but I 
do not see my way to dismissing objec- 
tion (2). It would be of great historical 
importance if we could discover what 
symbol Diophantus used, and of what 
word the inflexions appended to the 
symbol were supposed to form part. 
Both word and symbol may be Egyp- 
tian or Indian or Babylonian, and may 
reveal an entirely unknown chapter in 
the history of mathematics. Since, 
however, the only distinct anticipa- 
tions of Diophantus' art are found in 
Egypt in Ahmes and Heron (who also 
is believed to have been an Egyptian) 
I am inclined to look for the origin of 
Diophantus' symbols in some hieratic 
characters. The Greek sign s' is in 
form practically identical with two 
hieratic signs (1) for a papyrus-roll^ s'a^ 
a determinative of unknown force, 
which, as it happens, is the last charac- 
ter of the four with which Ahmes wrote 
his hau (Eisenlohr i. p. 60, n. pi. zi) : 



(2) for * sum-total', tmt. The hieratic 
■ signs differ slightly in form, and are 
said to be derived from different hiero- 
glyphic pictures (see Levi, Raccolta dei 
Segni leraticiy 1875, Plates 37 and 52): 
but Dr Birch tells me that he thinks 
the sign for a * sum-total' is identical 
with the papyrus-roll. So also I should 
expect to find /ft in some hieratic cha- 
racter. If I could prove these points, 
I would recast this chapter. 

^ Luca Pacioli (1491) uses p and m 
for plus and minus: Tartaglia (1556) 
uses for plus : Vieta has + and - , 
also = (later co ) for the sign of differ- 
ence (-4 c/D B) : Ouglitred first has x : 
Harriot (1634) writes factors consecu- 
tively without any sign of multiplica- 
tion. Descartes uses » for equal. 
Wallis turned this into = . See Nessel- 
mann, p. 305. Hallam, however, {Europ. 
Lit. Pt. I. Ch. ix. s. 6) rightly ascribes 
-h and - to Stifel (1544) : and says 
also that Xylander in his Diophantus 
used II for =. As to + and - see 
De Morgan's Arithmetical Books — A 
Bibliography— 1841, pp.19— 20, andhis 
art. in Trans, Camh, Philos, Soc, Vol. ix. 
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Fractions, of which the denominator is some power of the 

unknown, e.g. -, -^, -^ etc. are described as dpiOfioarov, 

Svi/afwarov, Kv/SoaTov etc.: in the symbolism generally the 
denominator is written above and after the numerator, S^®^» 

means - , 7*"* means -5 : but if the numerator itself contains 

X ' X 

a fraction, then the whole word dpidfiooTov etc. is written 
before the numerator (as dpidfwarov a a^ = — etc.). If, 

X 

however, the numerator and denominator are composite ex- 
pressions (also if they are very high numbers) Diophantus writes 
the numerator first, then ev fiopiip or fiopiov, then the denomi- 

_ __ 3 _ 

nator : e.g. fi^ tj fiopiov Sf" a . f;"*"^ a means 9 _^ ^ , ^^" A ^X ^^ 



X + X 



25600^* 



fiopio)pK/3f a/ce means - o^tkok • Some further details might be 

added but they are not necessary for the present purpose. 
SuflSce it to say that Diophantus often writes a name in full 
where a symbol would have served, that his symbols are only 
abbreviation? of the words (except •^), that inflexions are 
appended to symbols (not to S^, k^ fi^) as if they were words, 
and that he states, in grammatical sentences, the nature and 
the result of each step in an operation \ The following brief 



1 Nesselmann (p. 302) divides alge- 
braical styles into 3 classes: 

(a) the Rhetoricaly where no symbols 
are used and every term and operation 
is described in full. This is the style 
of Thymaridas, lamblichus, all the Ara- 
bian and Persian algebraists, and the 
early Italians (e.g. Leon. Bonacci, of 
the 13th, Begiomontanus and Luca 
Pacioli of the 15th century.) 

(6) the Syncopated^ where abbrevia- 
tions are used for the most common 
words and operations, but in other 
respects syntactical rules are observed. 
This is the style of Diophantus and of 



the later Europeans down to the middle 
of the 17th century. 

(c) the Symbolical, the modem style, 
where no words are used at all. Yieta 
(1540 — 1603), who in time belongs 
rather to the early Italians, uses a style 
which is very nearly symbolical and 
which was not generally adopted till 
more than a century later. Before his 
time, the Italians used B (res or radix), 
Z {zensus), C (cuhvs), etc. for a;, a;^ a^, 
etc.: and Bachet and Fermat long after- 
wards have N (numerus), Q (quadratv^), 
etc. in the style of Diophantus. Yieta, 
however, wrote A, Aq, Ac, Aqq etc. 



GREEK THEORY OF NUMBERS. ArithmeUca, 



111 



examples will illustrate all these points. The Prop. v. 3 
concludes koX ytverat 6 reTpdycovo^ S^ S fi^ X? Xelyjrei 99 kS L<ro<; 
Swdfieci S 99®*' fcr} . fj? XS /cat ylverat, 6 yJ" a*9 etc. i.e. The 

square 4a?' + 36 — 24a? is equal to 4a?* + 28a? + 34 and a? is -^ . 

In rv. 42 we read Xovnov Be ret virh rov irpoirov teal rplrov 
(Twafi^oripoL^ €<TTaL irevraKi,^. dW* 6 viro rov Trpdorov koI 
rplrov ia-rl S" i/S iv fiopltp S" a fi^iff Xelyfrec 99 ?' : i.e. It remains 
that the product of the first and third shall be 5 times their 

12jt?' 
sum. But their product is .^ ^ — =- , etc. 

a? "T~ j.^ "~ I tZ? 

69. It might have been expected that Diophantus, in 

introducing a new method of inquiry, which consists mainly in 

applying to a number, pro tern, unknown, the ordinary rules of 

calculation, would have called his work Xoyia-ri/cd. But it has 

been already pointed out that the distinction between dpiOfiTjrcKrj 

and \oyiariKi], though originally perhaps only one of method, 

soon became one of purpose. Logistic seeks only to find an 

answer to a question about some particular numbers, while 

dpLOfiTjrLfcij endeavours to define classes of numbers or to find 

rules which are applicable to all numbers. Ostensibly, the 

problems which Diophantus sets himself are generally of this 

latter kind : e.g. II. 33. To find three numbers such that the 

square of each plus the next number is a square : ill. 7. To 

find three numbers such that their, sum, and also the sum of 

any two of them, shall be a square: I v. 22. 'To find three 



thus admitting of more than one un- 
known (as Bq^ Cqq etc.) and he also 
introduced general coefficients as {rtiA 
etc.) Harriot (1631) and Wallis (1685) 
used to write aaa, etc. for a', etc. 
Descartes is sometimes said to have 
introduced the numeral exponents 
(which Wallis also uses) but Hallam 
[loc. cit.) ascribes this to Michael Stifel 
(1544). See Nesselmann, pp. 58, 296, 
302 sqq. See also preceding note and 
the preface to Wallis's Algebra, 1685. 
The word zensuSf from which the sym- 



bol Z was derived, is a mis-spelling of 
census f which is a bad Latin translation 
of mill (i.e. * wealth*, or 'possession'), 
the Arabic name for the square of the 
unknown. The Arabs called the un- 
known shaif 'thing', translated in 
Latin res^ in Italian cosaf whence 
algebra used to be called the Cossic 
art. See Colebrooke Algebra of the 
Hindus, p. xiii. The same writer (p. 
X. n) says that Bobt. Becorde (a.d. 1540) 
first used the sign = . The history of such 
signs seems to require investigation. 
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numbers in continued proportion, such that the difiference be- 
tween any two of them is a square :' V. 17. 'To divide a given 
number into four parts, such that the sum of any three parts is 
a square:' VI. 14. *To find a right-angled triangle such that 
its area minus either of the sides is a square.' Problems of 
this sort should be capable of general solutions : they are in- 
tended to discover classes of numbers having a common pro- 
perty, and are therefore rightly ascribed to dptO/j/rjriKT], But 
Diophantus does not, in fact, treat them generally. He is 
satisfied with a solution which gives only one case or a few 
cases. Usually he arrives at an equation to which he finds 
only one particular solution. Even where the problem leads to 
a quadratic equation, which may be solved for two positive 
roots, he never gives more than one^. With a symbolism which 
admitted of only one unknown quantity, he could not have 
been expected to find a perfectly general solution, but he might 
have done much more than he does'. It must be added also 
that he will not accept a result which is either a negative or an 
irrational quantity'. Equations which lead to such are 'im- 
possible' or 'absurd' {aSvvarov IV. 28, aroirov, V. 2). On the 
other hand, he does not by any means object to a fractional 
result, and he is the first of the Greeks to whom a fraction was 
a number and not a ratio. 

70. Of the 6 Books of the ^ApiOfnjTCKa now extant, the 
first, as has been said already, is mainly devoted to determinate 
equations of the first degree, the remainder to indeterminate 
equations of the second. The problems, however, which Dio- 
phantus sets before the reader, do not as a rule lead immediately 



^ In such a case, says Nesselmann, 
(p. 320) the Arabs and the earliest 
Italians always gave both roots. 

^ Hankel (p. 162) suggests that Dio- 
phantus' habit of only giving one solu- 
tion, was a relic of the old geometrical 
practice. It seems to me more probable 
that algebra was originally the inven- 
tion of practical men, who only wanted 
one solution. 

3 Hence, for instance to y. 30, 'To 



find two numbers such that their sum 
and product shall = given numbers* 
he adds (as a TrpoaSiopurfiSs or 'deter- 
mination') 'If the square of their 
sum be subtracted from twice the sum 
of their squares, the remainder must 
be a square' )i.e. 2x^ + ^^-{a^+2xy 
+y^ must = a square number with a 
rational root. } Similarly y. 33. Nes- 
selmann, p. 326. 
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and easily to equations with only one unknown. His art 
therefore distinguishes itself in two separate departments, the 
construction of equations and their solution. The second of 
these may be treated here first. 

In Def. XL Diophantus gives a rule for the solution of pure 
equations in the following manner : " If a problem leads to an 
equation containing the same powers of the unknown (etSr) ra 
avTo) on both sides but not with the same coefficients (/at) 
ofioTrXrjOri)^^ you must deduct like from like till only two equal 
terms remain. But when on one side or both some terms are 
negative (eVeXXe/Tret), you must add the negative terms to both 
sides till all the terms are positive (ivvTrapx^c) and then deduct 
as before stated'." He then promises to give the method of 
solving mixed or adfected quadratic equations^^ but this rule 
does not appear in our texts, and unfortunately Diophantus. 
though he often arrives at such equations, never goes through 
the process of solving them. He merely states a root or says 
that the equation is soluble (e.g. vi. 6 ''S^a? + 7a; = 7 whence x is 
found = 1'': or VI. 8 ''6S0a^+1S.x=6, whence the root is rational*''). 
But it is evident that he did not solve them empirically, for 
where a root is irrational, he sometimes gives approximations to 
it (e.g. V. 33). His method of solution seems to have differed 
from ours only in this, that in an equation ma?'-f pa? = g, he first 
multiplied the terms by m instead of dividing them*. Three 
forms of adfected quadratics occur in Diophantus viz. (1) 



^ 7r\7j0oi is the ordinary Diophantio 
expression for * coefficient'. 

3 The addition of the negative terms 
was called hy.the Arabs al-jehr (or * res- 
titution*): the deduction was called al- 
mukdbalah ('comparison'). These two 
n\mes were used together for Algebra 
until the end of the 16th century, when 
the second was discarded. Nesselmann, 
pp. 47 sqq. and 315. Comp. the 1st 
chap, of Wallis's Algebra, 

^ varepov 8^ ffoi Scl^ofiev koI tt&s, 8ijo 
eldCHv (ffuv ivl KaTa\€i(f>6ivTUPf rb roiwrop 
\ij€Tai, 

* Cf. Nesselmann, p. 318. 

G. G. M. 



« Nesselmann, p. 319. On p. 324 
sqq. Nesselmann discusses from what 
source Diophantus obtained his method 
of solution. The ancients, from Eu- 
clid's time or earlier, could solve the 
equations a?:i:px-q and px-x^ = q, 
geom^ricaUy considered. Thus x {x -\-p) 
=q would be in geometrical language: 
To produce a given straight line ptosk 
length pi-x, BO that the rectangle be- 
tween the whole line so produced and 
the part produced i.e. x{p-{-x) shall be 
equal to a given figure q. The other 
cases are equaUy easy to put geometri- 
cally. All three are solved in Euclid 

8 
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mx^'\'px=q (e.g. VI. 6), (2) mn^-px + q (e.g. iv. 45) and 
(3) ma^-^-q^px (e.g, VI. 24). One cubic equation (reducible 
at once to a?' + a?= 4j3^ + 4) occurs, vi. 19. No example of 
indeterminate simple equations occurs in the present text of 
Diophantus. Some problems, leading to such, are contained in 
the 1st Book (Nos. 14. 25 — 28), but Diophantus takes a short 
way with these by assuming one of the required numbers and 
so converts the equations into a determinate form. Indeter- 
minate quadratics are confined to the case "that one or two 
(never more) functions of the unknown, of the form Ax*i'Bx+ C, 
must be a rational square {laov rerpaycava)). Hence we have to 
do only with the equation Aa? + Bx+ (7=^* or with two equa- 
tions of the same form." Let the single equation be considered 
first. It assumes many forms according as one or another term 
is wanting or is eliminated. These need not here be considered, 
but it should be mentioned that the complete expression 
Aa?-^' Bx-\-C = y^ is deemed by Diophantus to be soluble* 
only (1) when -4 is a positive square number : in which case 
a^ x^+ Bx+ C = y^ : he then takes y = a^ -\rm ; (2) when (7 is a 
positive square number : in which case he takes y = mx + ^^0 : 



VL 28, 29 stated above (p. 84 n.). 
thefLgorea 
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To the line ABy a rectangle AE is to be 
applied so that AE = q and BE is 
similar to mc'^ (or BC : CE=m: 1). If 
AD=Xy then BC=mx, AC=p^mx: 
and AE=x{p±mx)f so that the proof 
of the geometrical proposition involves 
the solution of the quadratic equa- 
tions. This fact was first pointed out 
by Montucla Hist. Math. i. p. 413. 



Nessehnann quotes other suggestions 
by Cossali and Bachet, but does not 
decide for any. It should be stated 
that Diophantus nowhere appeals to a 
geometrical figure, whereas modem 
algebraists (ace. to Hankel, p. 162) 
down to the end of the 17th century 
always added one as an illustration to 
the solution of a quadratic equation. 
I do not, however, find thia in Ha^rriot 
or W^allis. 

^ It must be remembered that Dio- 
phantus does not avoid fractional solU' 
tionstor indeterminate equations, hence 
the problems which in modern text- 
books are called Diophantio (viz. to 
find a solution in positive integers for 
ax-\-by=c) are wrongly named, since 
Diophantus does not treat such equa- 
tions nor does he solve for integers 
those which he does treat. (Hankel, 
p. 163.) 
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1? 

(3) when -^ —AC is a positive square number, a condition 

which he uses only covertly. In such a case (e. g. iv. 33) he 
takes y=mx. If beside Aa? + Bx + G^y^, another function of x 
A^x^-]r B^x-t Cj is to be made equal to another square number 
^j* Diophantus calls the problem a " double equation" (S^TrXo^- 
corrj^ SiirXJj iaoTr}^;, hinfkff ta-eaai^;). He seems unable to solve 
these simultaneous equations unless A and A^ are the same 
square number, but if a?' is wanting in both expressions, he can 
6olve them either if B and B^ are to one another as two squares or 
G and Cj are both squares. Several examples of indeterminate 
equations of degrees higher than the second also occur. The 
ojrinion of Nesselmann on the methods of Diophantus is 
shortly as follows: (1) Indetemiinate equations of the 2nd 
degree are treated completely only when the quadratic or the 
absolute term is wanting: his solution of the equations 
Aa^ + G=iy* and Ax^ + S^ + C = y* is in many respects cramped. 
(2) For the 'double equation' of the 2nd degree he has a 
definite rule only when the quadratic term is wanting in both 
expressions: even then his solution is not general. More 
complicated expressions occur only under specially favourable 
circumstances. (3) The solution of the higher indeterminates 
depends almost entirely on very favourable numerical con- 
ditions and his methods are defective*. 

71. But the extraordinary ability of Diophantus appears 
rather in the other department of his art, namely the ingenuity 
with which he reduces every problem to an equation which he 
is competent to solve. To exhibit completely his cleverness in 
this respect would be, as Nesselmann says : "to transcribe his 
bookV The same critic, however, has selected a number of 



^ The following remarks by an accom. 
plished critic will sufficiently excuse me 
for saying so little on the Diophantio 
equations and their solutions. *'In 130 
indeterminate equations, which Dio- 
phantus treats, there are more than 50 
different classes. . .Almost more various 
than the problems are their solutions. . . 



Each calls for a quite distinct method, 
which is often useless for the most 
closely-related problems. It is there- 
fore difficult for a modern, after study- 
ing 100 Diophantic equations, to solve 
the lOlst." Hankel, pp. 164—165. 
2 Nesselmann, ch. 9, pp. 355 sqq. 

8—2 



116 



GREEK THEORY OF NUMBERS. Arithmetica. 



typical specimens, exhibiting the most striking characteristics 

of Diophantus* style. Some of these may be here given. 

(1) Diophantus shows great Adroitness in selecting the unknovm, 

especially with a view to avoiding an adfected quadratic. Thus 

IV. 38 is a problem 'to find 3 numbers, so that the product of 

any two + the sum of the same two shall be given numbers*.' 

Here ab + a + b = 8 : be + b+c ^15 :ac + a+c = 24. Here he 

takes b+l=x, whence 6 = a? — 1. Then from the first equation 

9 16 
a = 1 : from the second c = 1 : from the third a: = V. 

X X ^ 

In I. 16 'To find 3 numbers such that the sum of each pair is 
a given number/ the three given sums being a, 6, e he takes the 
sum of all three numbers together = x. The numbers therefore 
are a? — a, a? — 6, x — c. Whence 3x — (a + ft + c) = a: : and 

X = ^ — . (2) The most common and characteristic of 

Diophantus' methods is his use of tentative assumptions'^ which 
is applied in nearly every problem of the later books. It con- 
sists in assigning to the unknown a preliminary value which 
satisfies one or two only of the necessary conditions, in order 
that, from its failure to satisfy the remaining conditions, the 
operator may perceive what exactly is required for that purpose. 



1 Of. also I. 16, 18, 23, ii. 33, ni. 5, 
6, 7, 16, IV. 14, 16, 38 etc. Diophan- 
tus, of course, does not, in the selected 
specimen or elsewhere, use a, 5, c, or 
other symbols. He says ^the first, 
second, third numbers, the product of 
the first and second' etc. describing 
in fuU every expression which does not 
contain the unknown s. I have oo- 
casionally, for shortness, also altered 
the wording of a problem, by intro- 
ducing the given number or given ratio 
etc. into the enunciation^ 

' Nesselmann quotes too many speci- 
mens to be here cited. He calls this 
procedure ^FaUcher Ansatz^ but says 
that it is to be distinguished from the 
later "so beruhmt gewordene regula 
falsi oder falsa positio^^ (mentioned 



above p. 100 n.), with which it has 
nothing in common. Both processes 
seem to me to go pari passu up to a 
certain point. Here is an ItaUan speci- 
men of the simple * falsa positio' given 
by Dean Peacock. *I buy a jewel and 
sell it for 60 lire (1 Mra= 100 soldi): 1 
make 3^ soldi on each lira of the origi- 
nal price. What did I give for the 
jewel?" The operator says: * Assume 
that I gave 30 lire : then I should have 
sold it for 31. But, in reality, I sold 
it for 50. Therefore the original price 

was — ^ .' In Diophantus, however, 

the original assumption is completely 
dismissed, when its falsity, and the 
reason of this, are discovered, and no 
further use is made of it. 
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A good example is IT. 9 : *To find a cube and its root such 
that if the same number be added to each, the sums shall also 
be a cube and its root/ Here let x be the number added, 2oo 
the root, Sx^ the cube. Then 8^3® + a? = {SxY = 27x^, whence 
19a;* =1. As a? is to have a rational value, 19a;* = 1 will not suit. 
'Now this 19 arises' says Diophantus in effect 'from the differ- 
ence of 27a;' and Sa^, or the cubes of Sx and 2x» There is a 
difference of 1 between these last coefl&cients. Let me now 
find two numbers x and x-\-l such that the difference between 
their cubes is a square number. That difference will be 
Sx^ + 3a? + 1. If I assume this to be = (2a? — 1)', I shall find 
a; = 7, and my two numbers are 7 and 8. Now I return to my 
original problem. Let x again be the number to be added, 7a? 
the root and S4^Sa? the cube. Then S^Sa;* + x = {7x + a;)'= 512a?^ 
whence 169a?' = 1 and a; = 3^ .' This example will serve also to 
illustrate a third characteristic of Diophantus, viz. (3) the 
use of the symbol for the unknown in different senses^. The 
following is a more complicated instance of both methods. In 
.IV: 17 the problem is 'to find 3 numbers, such that their sum 
is a square and that the square of any one of them + the 
following number is a square,' The 3 numbers are first taken 
as 0? - 1, 4a; and 8a? + 1, where (a? - 1)' + 4a? and (4a?)' + 8a? + 1 
are both square numbers. Two conditions are thus satisfied. But 
the sum of all 3 numbers, viz. 13a?, must be a square. 'Take 
13a? equal to a?' with some square coefl&cient, e.g. 169a?'. Then 
a; = 13a?'.' A new use of a? is thus introduced and 13a;' Is sub- 
stituted for the original x, the numbers now being ISo?" — 1, 
52a;' and 104aj' + 1. A fourth condition remains, viz. that 
(104a;' + 1)' + (13a;' — 1) shall be a square number. Diophantus, 
then, takes this expression equal to a? (104a? +1)', findsa? = ^f, 
and substitutes this value in the expression. The use of 
'tentative assumptions' leads, again, to another device which 
may be called (4) the method of limits\ This may best be 
illustrated by a particular example. If Diophantus wishes to 
find a square lying between 10 and 11, he multiplies these 

^ If in any particular case, confusion by name, Nesselmann cites i. 22, m. 
is likely, Diophantus alludes to the 18, iv. 17, 18, vi. 13, 14, 15 etc. 
first symbol as 6 oSpiaTos, rj bivafui etc. ^ Compare ly. 45, v. 33, vi. 2, 23 etc. 
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numbers by successive squares till a square lies between the 
products. Thus between 40 and 44, 90 and 99 no square lies, 
but between 160 and 176 there lies the square 169. Hence 
^ = W ^^^^ ^® between the proposed limits. The method is 
very neatly used in the following instance. In iv. 34 the 
problem is *to divide 1 into two parts, such that if 3 be added 
to the one part and 5 to the other, the product of the two sums 
shall be a square.' If one part be » — 3, the other is 4 — 5?. 
Then as(d — x) must be a square. Suppose it « 4a;': then x =|. 
But this will not suit the original assumption, since x must be 
greater than 8 (and less than 4). Now 5 is 4 + 1 : hence what 

9 

is wanted is to find a number if + 1 such that -^ — =- is > 3 and 

< 4. For such a purpose y* must be < 2 and > IJ. "I resolve 
these expressions into square fractions" says Diophantus and 
selects ^ and f^ between which lies the square ^£ or f|. He 

then takes a? (9 — a?) = -j^ instead of 4ix\ Sometimes, indeed, 

Diophantus solves a problem wholly or in part by (5) synthesis^, 
M Thus IV. 31 is *To find 4 squares, such that their sum added to 

the sum of their roots is a given number.* The solution is as 
follows. "Let the given number be 12. Since a square + its 
root + J is a square, the root of which minus \ is the root of the 
first-mentioned square, and since the four numbers added 
together = 12, which plus the four quarters (12 + |) is 13, it 
follows that the problem is to divide 13 into four squares. The 
roots of these minus \ each will be the roots of the four squares 
sought for. Now 13 is composed of two squares 4 and 9: each 
of which is composed of two squares, viz. f|, ||, ^ and f^. 
The roots of these, viz. |, f , ^ and |, minus J each, are the 
roots of the four squares sought for, viz. ^, -fufHf H' ^^^ ^^® 
four squares themselves are |§^, ^, ff ^ and ^." Although 
it has been said above, and has been sufficiently shown by the 
foregoing examples, that Diophantus does not treat his problems 
generally and is usually content with finding any particular 
numbers which happen to satisfy the conditions of his problems, 

^ Compare also in. 16, iv. 32, v. 17, 23 etc. 
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yet it should be added that he does occasionally attempt (6) 
such general solutions^ as were possible to him. But these 
solutions are not often exhaustive because he had no symbol for 
a general coefl&cient. Thus in v. 21 'to find 3 numbers, such 
that each of them shall be a square minus 1 and their sum 
shall be a biquadrate (BwafioSvpafii^;)* he finds the 3 numbers 
in the form x*' — 2^, a? + 2a? and x^ ~ 2x, and adds *the problem 
has been solved in general {aoptaroi^) terms/ and at the end of 
IV. 37 (camp, also iv. 20) where a similar solution is given he 
remarks "A solution in general terms is such that the unknown 
in the expressions for the numbers sought may have any value 
you please." The problems rv. 20, 37, 39 and 41 are expressly 
problems for finding general expressions. He solves them by a 
* tentative assumption.' For instance IV. 39 is 'To find two 
general expressions for numbers such that their product minus 
Iheir sum is a given number/ The solution runs as follows: 
*The given number is 8. The first number may be taken as x, 
the second as 3. Then 2^ - 3 = 8, and x = 5|. Now 5 J is y , 
11 is the given number pltis the second: and 2 is the second 
minus 1. Hence at whatever value the second number be 
taken, if I add it to the given number and divide the sum by 
the second number minus 1, 1 get the first number. Suppose 

the second number to be a? + 1 : then is the first.* These 

general solutions for two numbers are immediately afterwards 
(iv. 21, 88, 40, 42) used in problems of a similai* character for 
three numbers, of which two are first found in general terms 
and then the third by a determination of x in the usual manner. 
Sometimes, however (e.g. iv. 26 and frequently in the 6th 
book*), a problem after being solved by particular numbers 
(as 40, 27, 25) is solved generally (by 40a?, 27a?, 25aj in IV. 26). 
But though the defects in Diophantus' proofs are in general 
due to the limitation of his symbolism, it is not so always. 
Very frequently indeed Diophantus introduces into a solution 
(7) arbitrary conditions and determinations which are not in the 

1 VI. 3, 4, 6, 7, 8, 9, 10, 11, 13, 15, 17. entirely with * right-angled triangles*, 
See Nesselmann, pp. 418 — 421. The i.e. with sets of three numbers, snoh 
problems of the vith Book deal almost that x^-{-y^=^z^. 
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problem. Of such " fudged " solutions, as a schoolboy would call 
them, two particular kinds are veiy frequent. Sometimes an 
unknown is assumed at a determinate value*: as in I. 14 * To 
find two numbers whose product is three times their sum,* 
where Diophantus, without a word of apology, takes the first 
number as a?, the second as 12. Sometimes a new condition is 
introduced, as in VI. 19, where, two numbers being sought such 
that the cube of one is greater by 2 than the square of the 
other, Diophantus takes the numbers as a?— 1 and ^ + 1, thus 
introducing a condition that the difference between the two 
numbers shall be 2. A very remarkable case of the latter kind 
occurs in IV. 7 where the problem would be, in our symbolism, 
to find three numbers, a^ V, c", so that a' + c' shall be a square, 
6' + c' a cube. Diophantus begins his solution by taking 
6* + c* = a^. Arbitrariness of this kind is of course different 
from the cases in which Diophantus merely takes a particular 
number, where any other would evidently do as well. In the 
latter, he is urged by the defects of his symbolism: in the 
former he is urged only by the want of a solution to a particular 
problem : the difference is one of kind and not of degree. 

72. From the very brief survey of the Arithmetical it will 
be obvious to the reader that it is a work of the utmost 
\ ingenuity but that it is deficient, sometimes pardonably, some- 
times without excuse, in generalization. The book of PoriS" 
mata, to which Diophantus sometimes refers, seems on the other 
hand to have been entirely devoted to the discussion of general 
properties of numbers. It is three times expressly quoted in 
the Arithmetica. These quotations, when expressed in modern 
symbols, are to the following effect. In v. 3 the porism^ is cited : 
'!( X -\-a^ m^ y + a = n^ and xy + a=p^, then m = n + V: in 
v. 5: *If three numbers a^, (x + 1)^ 4x^ + 4^+4, be taken, the 



^ Other examples in i. 25, 26, 27, 28, the noinbers but he wiU not trust him- 

n. 19, V. 7, 30, 31. self to find them. Of the Srd he says 

2 Nesselmann, pp. 441 — 443, shews (pp. 445 — 446, after Fermat) that Vieta 

that the conditions may be satisfied by uses it in the last propositions of the 

numbers of other forms. Of the 2nd 4th Book of his Zetetica. The 3rd 

porism he says (p. 445) that more porism is mutilated in the quotation, 
general expressions might be found for 
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product of any two + their sum, or + the remaining number, is 
a square: in V. 19 'the difference between two cubes maybe 
resolved into the sum of two cubes/ Of all these propositions he 
says €;^o/i.€i/ iv toi<: Tropiafiaaiv, *we find it in the Porisms'; but 
he cites also a great many similar propositions without expressly 
referring to the Porisms, These latter citations fall into two 
classes, the first of which contains mere identities, such as the 
algebraical equivalents of the theorems in Euclid ii. For 
instance in Diophantus il. 31, 32, and IV. 17 it is stated, in 
effect, that oo^ + y^ t 2^y is always a square (Eucl. ii. 4) : in 
II. 35, 36, III. 12, 14 and many more places it is stated that 

^ j +ab is always a square (Eucl. ii. 5) etc\ The other 

class contains general propositions concerning the resolution of 
numbers into the sum of two, three or four' squares. For 
instance, in ii. 8, 9 it is stated 'Every square number' (in ii. 10 
'every number which is the sum of two squares*) 'may be re- 
solved into the sum of two squares in an infinite number of 
ways': in V. 12 'A number of the form (4w + 3) can never be 
resolved into two squares,' but 'every prime number of the 
form (4n + l) maybe resolved into two squares': in v. 14 'A 
number of the form (Sn + 7) can never be resolved into three 
squares.' It will be seen that all these propositions are of the 
general form which ought to have been but is not adopted in 
the Arithmetica. We are therefore led to the conclusion 
that the Porismata, like the pamphlet on Polygonal Numbers, 
was a synthetic and not an analytic treatise. It is open, 
however, to anyone to maintain the contrary, since no proof 
of any porism is now extant. 

With Diophantus the history of Greek arithmetic comes */ 

to an end. No original work, that we know of, was done 
afterwards. A few scholiasts appear, such as Eutodus of 

^ Nesselmann, pp. 446 — 450, cites 10 can be resolved into four squares,' but 

such identities, most of which are used Nessehnann (p. 460 — 1) inclines to the 

more than once by Diophantus. opinion that Diophantus did not know 

2 In IV. 31, 32, V. 17 Fermat this proposition generally but was rely- 

thought that Diophantus was using a ing on the known properties of certain 

proposition * Every number whatever determinate numbers. 
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Askalon {dr. A.D. 650) who wrote on Archimedes, Asclepius 
of Tralles and his pupil John Philoponm (ctr. A.D. 650) who 
wrote on Nicomachus, and the unknown commentators who 
have added lemmas to the arithmetical books of Euclid ; but 
though there is evidence that the old mathematicians were still 
studied in Athens and Alexandria and elsewhere, no writer of 
genius appears and the history of arithmetic and algebra is 
continued henceforth by the Indians and Arabs. 
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CHAPTER V. 

PRE-HISTORIC AND EGYPTIAN GEOMETRY. 

73. The earliest history of Geometry cannot be treated in ' 
the same way as that of Arithmetic. There is not for the 
former, as there is for the latter, a nomenclature common to 
many nations and languages ; and the analysis of a geometrical 
name in any one language leads only to the discovery of a root- 
syllable which is common to many very diflferent words and to 
which only the vaguest possible meaning may be assigned. 
Nor is any assistance, so far as I know, furnished by travellers 
among savage and primitive races. Arithmetical operations are 
matters of such daily necessity that every general arithmetical 
proposition, of which a man is capable, is pretty certain to be 
applied in his practice and to attract attention : but a man may 
well know a hundred geometrical propositions which he never 
once has occasion to use, and which therefore escape notice. I 
have sought, in vain, through many books which purport to 
describe the habits and psychology of the lower races, for some 
allusion to their geometrical knowledge or for an account of 
some operations which seem to imply geometrical notions. 
One would be glad, for instance, to learn whether savages 
anywhere distinguish a right angle from an acute. Have they 
any mode of ascertaining whether a line is exactly straight or 
exactly circular ? Do they by name distinguish a square from 
any other rectilineal figure? Do they attach any mysterious 
properties to perpendicularity, angular symmetry, etc.? We 
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have, at present, no answer to these and similar questions and 
there is consequently a gap in the history of geometry which 
no writer, since Herodotus, has attempted to fill up. Where 
this gap occurs will be seen from the following remarks*. 

74, Geometry is the science of space and investigates the 
relations existing between parts of space, whether linear, super- 
ficial or solid. Some of these relations are obviously capable 
of arithmetical expression, so soon as units of length, area 
and solid contents are selected. For the first of these, some 
measurement of the human body> has universally served : the 
finger-breadth, palm, span, foot, ell, cubit, fathom have been 
and are, all the world over, the units of length. Distances 
too great to be exactly ascertained have also generally been 
measured by some reference to human capacity, such as 'a 
stone's throw,' 'within shouting distance' {oaa-op re yiycove 
^0TJ(Ta<: as Homer has it). *a day's journey' etc. But the human 
body does not furnish any convenient unit of area or solid 
contents. Large areas and volumes, like long distances, seem in 
primitive times to have been described roughly by reference to 
labour; a field, for instance, is a 'morning's work' (Ger. morgen) 
or a day's work for a yoke of oxen (Lat. jugerum): a bam 
contains so many loads : but we do not know how small areas 
and volumes were described^ Now the oldest exact geometry, 
of which we know anything, is concerned almost entirely with 
the measurement of various areas or solids by reference to a 
square or a cubical standard unit. The selection of these par- 
ticular shapes, out of several which primal fade would serve 



1 The modern writers on the history 
of Greek geometry, whom I have 
chiefly consulted, are the following: 
Bretschneider, Die Geometric und die 
Geometer vor Eukleides (Leipzig, 
1870): Hankel, Zur Gesckichte der 
Mathematik (Leipzig, 1875): Dr G. 
J. Allman, Greek Geometry from Thales 
to Euclid in Hermathena (Dublin) Nos. 
V. and VII. (Vols. iii. and iv. 1877 and 
1881), Cantor, Vorlesungen iiber Ge- 
sckichte der Mathematik {Jnevpzig 1880), 
Prof. M. Chasles, Aper<^ Historique 



8ur Vorigine etc. de G^oitiitrie (Paris, 
1837 and 1875. Both editions 
are identical). Bretschneider and the 
rest convict Montucla (Hist, des 
MatMm. 1758) of so many mistakes 
in his history of Greek mathematics, 
that I have seldom referred to him. 
All these authors will in future be 
cited generally by name only. 

2 Small volumes were perhaps de- 
scribed by weight, as conversely Gr. 
dpaxfiTfj properly a * handful/ came to 
be a standard of weight. 
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just as well, implies a long period of observation and considera- 
tion. How did this observation begin ? It must be assumed, 
of course, that mankind, like birds and bees, were from the first 
familiar with, and able to distinguish, the many symmetrical 
figures which occur in nature and that they knew generally that 
suspended strings all hang alike and that all posts, to be stable, 
must be stuck in the ground in a particular manner*. But the 
question is, how they were induced to examine the properties 
of these figures, to investigate the peculiarities of this par- 
ticular angle. Herodotus says (ii. 109) that Sesostris (Ramses 
11. abt. 1400 B. c). divided the land of Egypt into equal 
rectangular (or square) plots for the purpose of more convenient 
taxation; that the annual floods, caused by the rising of the 
Nile, often swept away portions of a plot, and that surveyors 
were in such cases appointed to assess the necessary reduction 
in the tax. 'Hence in my opinion' (BoKeei Be fioc) he goes on 
* arose geometry, and so came into Greece.' The same account 
is elsewhere* repeated as legendary, without reference to 
Herodotus, and it is not unlikely to be an Egyptian tradition 
which Herodotus appropriated. This history of geometry is 
generally scouted^, but I think it perhaps contains a germ of 
truth. Suppose that lands were originally measured roughly by 
their produce or by the labour which they demanded. Then, 
I imagine, the first attempt at exact numerical calculation of 
areas was merely the measurement of the periphery, a method 
which was useful enough so long as the areas were of approxi- 
mately the same shape. But in process of time areas of one 



^ It may be supposed that attention 
would be called to the right angle be- 
cause it is, as Aristotle calls it, the 
'angle of stability.' But men might 
well recognise a right angle in the 
vertical plane without recognising it in 
the horizontal. Compare the remarks 
of (Enopides, an early Greek geometer, 
quoted below p. 147. 

3 Heron Alex. Rell, ed. Hultsch, p. 
138. Diodorus Sic. i. 69, and 81. 
gtrabo, XVII. c. 3 (Melneke's ed. p. 



1098). The quotations are printed 
in full in Bretschneider, Geometrie etc, 
vor EukleideSj pp. 7 — 9. 

' Prof, de Morgan quotes (Art. 
Geometry in Penny Cyclop.) from "an 
obsolete course of mathematics'* the 
following lines : 
*To teach weak mortals property to 

scan 
Down came geometry and formed a 

plan.' 
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shape were exchanged for areas of another shape, and it was 
then for the first time discovered that figures of equal periphery 
are not necessarily of the same area\ A man who had had a 
square field, for instance, exchanged it for a rhombus of equal 
periphery, but found that he got less produce than before. A 
discovery of this kind would at once call attention to angles 
and suggest the propriety of establishing a unit of area. The 
utility of the square unit might have been established by long 
experience or have been suggested by the aspect of stone or 
brick-buildings subsequent to the Cyclopean era of archi- 
tecture. 

75. But it is needless to dwell longer on a theory which 
must, at present, remain purely conjectural. Whatever opinion 
be ultimately adopted concerning the first steps in geometry, it 
will always remain true that the word 'geometry' (yeoDfierpia) 
means 'land-measurement^' that the Egyptians gave this science 
to the world and that among the Egyptians, from first to last, it 
answered to its name and was confined almost entirely to the 
practical requirements of the surveyor. 

The work of Ahmes, which was so frequently cited in the 
earlier pages of this book, contains, beside sums in arithmetic, 
a great many geometrical examples which des^ve to be cited ^ 

Immediately after the examples of Tunnvr- or difierence- 
calculation cited above (p. 19), Ahmes proceeds to calculate the 
contents of bams and other similar receptacles, of which un- 
fortunately we do not know the shape, so that the necessary 



1 The erroneous assumption that 
figures of equal periphery are of the 
same area appearffinolaasioal authors. 
Thucydides (vi. 1) estimates the area 
of Sicily by the time spent in oircum- 
navigating it. Polybius (iz. 21) men- 
tions that there are some people who 
cannot understand that camps of the 
same periphery may not be the same 
size. Quintilian (i. 10, 39 sqq.) points 
out the fallacy as one that easily 
deceives the vulgar. So also Proclus 
(ed. Friedlein, p. 237). See Cantor, 
pp. 146—7. 



2 So in Egyptian ^unu=*land 
measurer,* 'geometer,* v. Brugsch's 
Hierogl, Demot, Worterbueh, p. 967. 

' It is carious that aU the geo- 
metrical matter occurs in the middle 
of the arithmetical' and that the cal- 
culation of solid contents precedes the 
calculation of areas. From this it 
may perhaps be inferred that the geo- 
metrical propositions known to Ahmes 
were empirically obtained and that 
he was really interested only in the 
arithmetical problems which they sug- 
gested. 
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clue to the interpretation of the examples is wanting*. For the 
examples in plane geometry (Nos. 49 — 55), however, the figures 
given by Ahmes are sufficient, save in a few cases' where 
solutions and figures are given which have no connection what- 
ever with the problems to which they are appended. The 
rectilineal figures of which Ahmes calculates the areas are the 
square, oblong, isosceles triangle and isosceles parallel-trapezium 
(regarded as part of an isosceles triangle cut by a line parallel to 
the base). As to the last two, the areas which he finds are 
incorrect. Thus in Ex. 51 he draws an isosceles triangle of 
which the sides measure 10 ruths y the base 4 ruths. He mul- 
tiplies the side by half the base and finds the area at 20 square 
ruths. The real area is 19*6. Similarly in no. 52 the area of 
an isosceles parallel-trapezium is taken to be 100 square ruths, 
instead of 99'875'. The errors in these cases are small but are 
not on that account the less suggestive. The area of a circle is 
found (in no. 50) by deducting from the diameter ^th of its 
length and squaring the remainder. Here ir is taken = (^)* = 

3*1604 , a very fair approximation, 

76. Lastly, the papyrus contains (nos. 56 to 60)* some 
examples which seem to imply a rudimentary trigonometry. 
In these (except the last) the problem is to find the uchatebt, 



lEisenlohrpp. 93— 117, Nos. 41—48. 
The contents' oi an the bams are ob- 
tained in thiA way. 01 three given 
linear measurements two are multi- 
plied together and the product is 
multiplied by one-and-a-half of the 
third.. But it does not appear whether 
the first product is the area of the top 
or the bottom or the side of the barn 
or of what line the third given number 
is the measure. 

3 E.g. nos. 53, 54. Eisenlohr pp. 
118^133. 

8 Eisenlohr, pp. 126, 127—129. K 
in an isosceles triangle the equal sides 
be a, a, the base b^ the area is 



If in an isosceles parallel trapezium 

ft. 




& /7T« 
2 V^ 4* 



the equal sidies be a, a, the parallel 
sides bif b^ tiie area is 

Ahmes makes the areas 

f and "J^ 

a. a 

respectively, neglecting the difficult 
square roots. 

4 Eisenlohr, pp. 134—149. On the 
use of these mqi calculations, see be- 
low p. 142. In Ahmes, of course, they 
are only exercises in arithmetic. 
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piremus or seqt of a pyramid or obelisk. Uchatebt apparently 
means 'search for the base' and is clearly a line which has 
something to do with the base: piremus apparently means 
'result (or issue) of the saw' and is a line which can be obtained 
only by section of the pyramid: seqt apparently means 'relation' 
or * like-making,' and is a number. For the purposes of these 
problems, the uchatebt is always halved. By means of these 
clues, Eisenlohr and Cantor have very ingeniously explained 
the purport of Ahmes' examples. In the pyramid figured the 
uchatebt may be either 2DE (i.e. 
DL) or 2BE (i.e. BE) : the pi- 
remus may be either AD or AB, 
according as the pyramid is cut 
parallel with the base-line or C 
along the diagonal of the base- 
square \ The problems which ^ 
Ahmes proposes are always of 

the form 'Given any two of the ^ ^ 

uchatebt, piremus and seqt, to find the third/ and the solution 
is always obtained from the fact that the seqt is half the uchatebt 
divided by the piremus. In the figure above given, therefore, 

DE BE 
the seqt is -jj: or -j^ , i.e. cos ADE or cos ABE. The actual 

seqt given by Ahmes is, in one case, 0*72, in three more 075. 
These are the cosines of the angles 43° 56' 44" and 41*^ 24' 34" 
respectively. The angle ABE in most existing pyramids is 
nearly of these measurements. Further, these cosines of ABE 
correspond to angles of 53° 44' 7" and 51° 16' 40" respectively 
at ADE QxiA. these again are nearly the slopes of most existing 
pyramids^ This explanation being premised, the problems 




^ It cannot be that the uchatebt is 
the visible base-line, the piremus the 
sloping edge; for it is a property of 
pyramids upon square bases, such as 
Ahmes seems to be considering, that 
half the square of the base-line can 
never be greater than the square of 
the sloping edge. But in Ahmes' first 
example the uchatebt is 860 ells, the 



piremus 250. Eisenlohr, p. 135. 

3 According to Piazzi Smith the 
slopes of the largest pyramid at Gizeh 
are between 510 49' and 510 51'. If 
the face of a pyramid on a square 
base were equal to the square of the 
height, the slope would be 51® 50'. 
If the base were equal to a circle of 
which the height is the radius, the 
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themselves may here be given. In no. 56 it is required to find 
the seqt (S) of a pyramid, whereof the uchateht (U) is 360 ells, 
the piremus (P) is 250 \ The answer is ^f^. Reducing ells to 
palms, (1 ell = 7 pcdms) 8 is 5^^ palms, that is, there are 5^ 

palms in -^ to every ell in P. In no. 57 U is 140 ells : seqt is 

5J palms. Find P. The answer is 93J ells. In no. 58 the 
dimensions of JJ and P are as in no. 57. Find S, In no. 59 
new dimensions of \J and P are given, but B is again found at 
5^ palms. No. 60 does not relate to a pyramid at all. It 
applies to an obelisk of which the height (qdi) is 30 ells : the 
base-line (senti) 15. The seqt here is determined at 4, which is 
the tangent of the angle included between the side and the 
base-line of a triangular face. The figures appended are very 
ill-drawn to scale and are all furnished with a pedestal : e.g. the 
figure to no. 58 is like 




77. One or two glimpses of Egyptian geometry are ob- 
tained also at a far later time. The most interesting is fur- 
nished by the etymology of a Greek word. The philosopher 
Democritus (dr. B. c. 460 — 370) is quoted by Clement of 
Alexandria* as saying, "In the construction of plane figures 
(lit. composition of lines) with proof no one has yet surpassed 
me, not even the so-called Harpedonaptae of Egypt." It was 
evident, of course, that these Harpedonaptae were famous geo- 
meters, but Prof. Cantor haa first pointed out that their 
name is compounded of two Greek words and means simply 

slope would = 61° 61'. Mr Petrie's Lepsius, is O"- 626. Eisenlohr p. 94. 

measurements (Pyramids and Temples * Strom, i. p. 367 (Potter's ed.) ypafi- 

of Oizeh, 1883, pp. 42, 97, 112) do /Uup ffwdetrloi juera droSel^ioi oOdeis Kii 

not differ substantiaUy from Piazzi fie rafniWa^eVf oi^d* ol AlyvirTltav iraXe^- 

Smith's. fievoi ' ApredovairTai, 
The Egyptian ell, according to 

G. G. M. 9 



130 PRE-HISTORIC AND EGYPTIAN GEOMETRY, 

'rope-fasteners' or * rope-stretchers.* He explains their functions 
in the following way\ There is no doubt that the Egyptians 
were very careful about the exact orientation of their temples 
and other public buildings. But inscriptions seem to shew that 
only the N. and S. line was drawn by actual observation of the 
stars. The E. and W. line^ therefore, was drawn at right- 
angles to the other. Now it appears, from the practice of 
Heron of Alexandria and of the ancient Indian and probably 
also the Chinese geometers, that a common method of securiog 
a right angle between two very long lines was to stretch round 
three: pegs a rope measured into three portions, which were to 
one another as 3 : 4 : 5* The triangle thus formed is, of course, 
right-angled. Further, the operation of 'rope-stretching* is 
mentioned in Egypt, without explanation, at an extremely early 
time (Amenemhat I.) If this be the correct explanation of it, 
then the Egyptians were acquainted, 2000 years RC, with the 
geometrical propositions familiar to us as Euclid I. 47, 48", or 
with one particular case of them. 

78. It will readily be supposed that the Egyptians, who 
had so early invented so many rules of practical geometry, 
could not fail in process of time to make many more discoveries 
of the same kind, and thus be led to geometrical science. But 
it appears that in Egypt land-surveying, along with writing, 
medicine and other useful arts, was in the monopoly of the 
priestly caste'; that the priests were the slaves of tradition, 
and that^ in their obstinate conservatism, they were afraid to 
alter the rules or extend the knowledge of their craft. Of their 
medicine, Diodorus (l. 82) expressly relates that, even in his 
day, the Egyptian doctors used only the recipes contained in the 
ancient sacred books, lest they should be accused of manslaughter 
in case the patient died. Geometry seems to have been 
treated with similar timidity. The temple of Horus at Edfu, 

1 Vorles. I. pp. 66—57 (Egyptian ^ Compare Plutarch, De Is. et Osir, 

Temple inscriptions etc.) pp. 324-^-6 c. 66* 

(Heron): pp. 640 — 642 (the (fvlva- ^ Isocrates, Biwim, c. 9. Aristotle, 

sutras) : pp. 680 — 681 (Chinese * Figur Metaph. i. 1. Diodor. Sic. i. cc. 69, 

des Seiles'). Compare also Hankel, p. 81, 82. With c. 82 comp. Arist. Pol. 

83. III. 15. 
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in Upper Egypt, bears some inscriptions describing the lands 
which formed the endowment of the priestly college attached 
to the temple. These lands were given by King Ptolemy XL 
(Alexander I.) who reigned B.C. 107 — 88, but the geometrical 
description of them, made 200 years since Euclid died, is un- 
worthy of Ahmes himself. It will be remembered {supra, p. 127 

n. 3) that Ahmes uses the incorrect formulae -^ and ^ — ^ 

for the areas of an isosceles triangle and an isosceles parallel- 
trapezium. The Edfu inscriptions retain both these, but they 
apply the second for finding the areas of trapezia of every 
kind, no matter how irregular\ The dulness, or laziness, of 
this proceeding is monumental in more senses than one. It 
is obvious that the Greek mathematicians had by this time no 
more to learn from the native Egyptians, and we may therefore 
leave Egjrptian geometry with a quiet conscience. 

79. It remains only to cite the universal testimony of 
Greek writers, that Greek geometry was, in the first instance, 
derived from Egypt, and that the latter country remained for 
many years afterwards the chief source of mathematical teaching. 
The statement of Herodotus on this subject has already been 
cited. So also in Plato's Phaedrus Socrates is made to say 
that the Egyptian god Theuth first invented arithmetic and 
geometry and astronomy. Aristotle also {Metaph. I. 1) admits 
that geometry was originally invented in Egypt, and Eudemus 
(see post pp. 134, 135) expressly declares that Thales studied 
there. Much later Diodorus (B.C. 70) reports an Egjrptian 
tradition that geometry and astronomy were the inventions 
of Egypt, and says that the Egyptian priests claimed Solon, 
Pythagoras, Plato, Democritus, CEnopides of Chios and Eudoxus 
as their pupils". Strabo gives further details about the 
visits of Plato and Eudoxus. He relates that they came to 
Egypt together, studied there thirteen years, and that the 

1 Hankel, pp. 86, 87. Cantor, pp. scriptions use this also for triangles, 

60, 61. In the case of a trapezium the dimensions here being given e.g. 

with 4 unequal sides (a, h, c, d) the as ♦* nothing by 6, and 17 by 17.*' 
formula is ^.^. The Edfu in- = Diodorus i. co. 69, 96. 

9—2 
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houses where they lived were still shown in Heliopolis\ Later 
writers, of course, have the same tale, and it is needless to 
collect further evidence. Beyond question, Egyptian geometry, 
such as it was, was eagerly studied by the early Greek philo- 
sophers, and was the germ from which in their hands grew that 
magnificent science to which every Englishman is indebted for 
his first lessons in right seeing and thinking*. 

80, A. word or two should be added also in this place con- 
cerning Babylonian mathematics'. The Chaldees, at a time 
almost contemporaneous with Ahmes, but whether independently 
or not cannot now be ascertained, had made advances, similar to 
the Egjrptian, in arithmetic and geometry, and were especially 
busy with astronomical observations. It seems that they had 
divided the circle into 360 degrees, and that they had obtained 
a fairly correct determination of the ratio of the circumference 
of a circle to its diameter. They used, also, in arithmetic, as 
has been stated above, a sexagesimal notation, which the Greeks 
afterwards adopted for astronomical purposes. Herodotus* ex- 
pressly states that the polos and gnomon (two kinds of sundials) 
and the twelve parts of the day were made known to the Greeks 
from Babylon. Much of the trigonometry and spherical geometry 
of the later Greeks may also have been directly derived from 
Babylonian sources. 

Finally, it should be remembered that however scanty 
geometrical theories may have been both in Egypt and Chaldea. 
a very great variety of geometrical figures was used in both 



^ Strabo, xyn. 1. Hfeineke's ed. 
p. 1124. Bretschneider (pp. 33, 34), 
however, thinks that, before Plato's 
time, Greek geometry had so far out- 
stripped the Egyptian that no Greek, 
after about 450 b.c, would have visit- 
ed Egypt for the purpose of learning 
geometry. He supposes therefore that 
Plato and Eudoxus went to Egypt 
to learn astronomy, as in fact the 
passage of Strabo, above quoted, sug- 
gests. 

2 Diodorus i. 98 says also that 
Telecles and Theodorus, the most 



famous of the ancient Greek sculptors, 
studied in Egypt, as did their father 
Bhoecus, who designed the labyrinth 
in Lemnos. (Bretschneider, p. 24.) 

* See Cantor chap. in. pp. 67 — 94. 

* n. 109. Pliny (fl. N. ii. 76) attri- 
butes the introduction of the gnomon 
to Anaximenes, Suidas to Anaximan- 
der («. v.). Diogenes L. (n. 1) and 
Suidas both attribute a wpoffKotreiovt 
probably the polos t to the latter. On 
the gnomon and polos see below p. 
145 n. 
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countries for mural decoration and other ornamental purposes \ 
To a Greek, therefore, who had once acquired a taste for 
geometry, a visit to Egypt or Babylon would reveal a hundred 
geometrical constructions which, on inspection, suggested new 
theorems and invited scientific inquiry. 

1 See Cantor, pp. 58, 69, 89, 90. 



CHAPTER VI. 



GREEK GEOMETRY TO EUCLID, (a) Preliminary. 



81. An elaborate history of Greek geometry before Euclid 
was written by Eudemus\ the pupil of Aristotle, who lived 
about 330 B.C. The book itself is lost but is very frequently 
cited by later historians and scholiasts, and it may be suspected 
also that many notices, not directly ascribed to it, were taken 
from its pages. Proclus, the scholiast to Euclid, who knew the 
work of Eudemus well, gives a short sketch of the early history 
of geometry, which seems unquestionably to be founded on the 
older book. The whole passage, which proceeds from a com- 
petent critic, and which determines approximately many dates 
of which we should otherwise be quite ignorant, may be here 
inserted verbatim by way of prologue. It will be cited here- 
after as " the Eudemian summary." It runs as follows* : 

" Geometry is said by many to have been invented among 
the Egyptians, its origin being due to the measurement of plots 
of land. This was necessary there because of the rising of the 



^ Diog. Laert. v. c. 2, n. 13 (ed. 
Huebner, i. pp. 347, 348), attributes to 
Theophrastus, another pupil of Aris- 
totle, contemporary with Eudemus, a 
history of geometry in 4 books, of 
astronomy in 6, and of arithmetic in 1 
book. Bretschneider (p. 27) is not in- 
clined to the general opinion that 
Diogenes has here confused Theo- 
phrastus with Eudemus. 

2 Procli Diadochi Comni. in primuvi 
End. Elcm. librum, cd. Friodlein 



(Leipzig, 1873) pp. 64 sqq. This work 
will be cited in future simply as * Pro- 
clus.' Of the Eudemian summary, 
the original Greek is printed also by 
Bretschneider (pp. 27 — 31), with a 
(not veiy exact) German translation. 
A pretty close paraphrase is given by 
Prof. jje Morgan in art. Eucleides of 
Smith's Die. of G. and R, Biography ^ 
and another by Dr Allman in Her- 
mathena (Dublin), no. v. for 1877, p. 
100 sqq. 
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Nile, which obliterated the boundaries appertaining to separate 
owners. Nor is it marvellous that the discovery of this and 
the other sciences should have arisen from such an occasion, 
since everything which moves in development will advance from 
the imperfect to the perfect. From mere sense-perception to 
calculation, and from this to reasoning, is a natural transition \ 
Just as among the Phoenicians, through commerce and ex- 
change, an accurate knowledge of numbers was originated, so 
also among the Egyptians geometry was invented for the reason 
above stated. 

Thales first went to Egypt, and thence introduced this study 
into Greece. He discovered much himself, and suggested to h,i3 
successors the sources of much more: some questions he at- 
tacked in their general form, others empirically*. After him 
Mamercus^ the brother of the poet Stesichorus, is mentioned as 
having taken up the prevalent zeal for geometry : and Hippias 
of Eiis relates that: he obtained some fame as a geometer. 
But next Pythagoras changed the study of geometry into the 
form of a liberal education, for he examined its principles to 
the bottom and investigated its theorems in an immaterial and 
intellectual manner. It was he who discovered the subject of 
irrational quantities and the composition of the cosmical 
figures*. After him Anaxagoras of Clazomenae touched upon 



1 The text (ed. Friedlein) is iireiSij 
irav rh iv yevitrei </>€p6fi€Vow diro rod 
dreXovs elsro riKeiov irp6ei<riv, diro ala-d-^- 
ccusovv clsXayifffibtf Kal ivbTovTov irrl 
voGv ij fieTa^cuns yivoiTO av tlK&nai, Both 
sentences are extremely obscure. The 
second, I should think, represents a 
chapter of Eudemus, in which the 
history of geometry was exhibited near- 
ly as I have shown it in preceding 
pages. A pupil of Aristotle might well 
have adopted the evolutionary hypo- 
thesis here suggested. On the other 
hand, Xoyia-fibs does not necessarily 
mean * arithmetical calculation* and 
VOL'S ought not to mean * reasoning.' 
Dr Allman translates the . first by 
•reflection,' the second by •know- 



ledge,' which is even less permissible. 
Proclus, it should be remembered, was 
a neo-Platonist and addicted to hazy 
phraseology. 

2 Prof, de Morgan translates "at- 
tempting some in a general manner 
(Ka6o\iK(aT€f>op), and some in a percep- 
tive or sensible manner (alaOriTiKU' 
Tcpov)" Dr Allman gives "in a more 
intuitional or sensible manner" for 
the last word. 

' So Friedlein, other edd. have Ame- 
ristus or Mamertinus. 

* That is, the five regular solids, the 
tetrahedron, cube, octahedron, eicosa- 
hedron, and dodecahedron, which were 
supposed by the Pythagoreans to be 
the primary forms of the matter of 
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many departments of geometry, as did CEnopides of Chios, who 
was a little younger than Anaxagoras. Plato mentions them 
both in bis 'Rivals/ as having won fame in mathematics*. 
Hippocrates of Chios, next, who discovered the quadrature of 
the lune, and Theodorus of Cyrene became distinguished 
geometers, indeed Hippocrates was the first who is recorded 
to have written * Elements.' Plato, who foUowed him, caused 
mathematics in general, and geometry in particular, to make 
great advances, by reason of his well-known zeal for the study, 
for he filled his writings with mathematical discourses, and on 
every occasion exhibited the remarkable connexion between 
mathematics and philosophy. To this time belong also Leodamas 
the Thasian and Archytas of Tarentum and Theaetetus of 
Athens, by whom mathjematic^ inquiries were greatly extended, 
and improved into a more scientific system. Younger than 
Leodamas werQ Neocleides and his pupU Lison, who added 
much to the work of th<eir predecessors : for Leon wrote an 
* Elements' nxore carefully designed,, both in thje number and the 
utility of its pj:oofs, and he invented also a diorismus (or test 
for determining) wlauen the proposed problem is possible and whea 
impossible.. Eudoxus of Cuidus, a little later than Leon and a 
student of the- Platonic school, first increased the number of 
general theorems,, added to the three proportions three more, 
and raised to a considerable quantity the learning, begun by 
Plato, on the subjject of the (golden) SQction', to which be 
applied the analytical i»ethod. Amyclas of Heraolea, one of 
Plato's companions, and Men^-echmus,, a pupil of Eudoxois and 
a contemporary of Plato, and also. Deiixostratus, the brother of 
Menaechmus, made the whole of geometry yet more perfect. 
Theudius of Magnesia made himself di^titiguished as well in 
other branches of philosophy as also in mathematics ; composed 
a very good book of ' Elements,' and made more general pro- 
positions which were confined to particular cases'. Cyzicenus 

which the universe is made. Timaeus ^ Amatores, c. 1, 132 a. 

(in Plato Tim, 63 c) says that fire con- 2 The cutting of a line in extreme 

bists of tetrahedrons, air of octahe- and mean ratio. 

drons, earth of cubes, water of eioosa- ^ iroXXa ruy optKw KaOoKiKwrepa 

hedrons, and the dodecahedron is the iTroLrfffev, 

shape of the universe. 
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of Athens also about the same time became famous in other 
branches of mathematics, but especially in geometry. All these 
consorted together in the Academy and conducted their investi- 
gations in common. Hermotimus of Colophon pursued further 
the lines opened up by Eudoxus and Theaetetus, and discovered 
many propositions of the 'Elements' and composed some on 
Loci. Philippus of Mende, a pupil of Plato and incited by him 
to mathematics, carried on his inquiries according to Plato's 
suggestions aad proposed to himself such problems as, he 
thought, bore upon the Platonic philosophy." 

" Those who have written the history of geometry," Proclus 
continues, " have thus far carried the development of this 
science. Not much later than these is Euclid, who wrote the 
' Elements,' arranged much of Eudoxus' work, completed much 
of Theaetetus's, and brought to irrefragable proof propositions 
which had been less strictly proved by his predecessors." 

82. To this extract should be added another, which supplies 
a very valuable criticism on the style of the early Greek 
geometers. Eutocius, at the beginning of his commentaiy on 
the Conies of Apollonius (p. 9, Halley's edn.), quotes from 
Geminus, aa excellent mathematician of the first century B.C., 
the following remarks* : 

"The ancients, defining a cone as the revolution of a right- 
angled triangle about one of the sides containing the right 
angle^ naturally supposed also that all cones are right and there 
is only one kind of section in each — in the right-angled cone 
the section which we now call a parabola, in the obtuse-angled 
a hyperbola, and in the acute-angled an ellipse. You will find 
the sections so named among the ancients. Hence just as they 
considered the theorem of the two right angles for each kind of 
triangle, the equilateral first, then the isosceles, and lastly 
the scalene, whereas the later writers stated the theorem in a 
general form as follows, 'In every triangle the three interior 
angles are equal to two right angles',' so also with the conic 

1 The Greek is given also by Bret' " The proposition that the terms of a 

Schneider, pp. 13, 14. proportion may be taken altemando, 

* Compare with this Aristotle, who was formerly proved separately for 

says {Anal. Post. i. 6, p. 74, a. 17) numbers, Unes, volumes, times, though 
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sections, they regarded the so-called ' section of a right-angled 
cone' in the right-angled cone only, supposed to be cut by a plane 
perpendicular to one side of the cone : and similarly the sections of 
the obtuse-angled and acute-angled cones they exhibited only in 
such cones respectively, applying to all cones cutting planes per- 
pendicular to one side of the cone But afterwards ApoUpnius 

of Perga discovered the general theorem that in every cone, 
whether right or scalene, all the sections may be obtained 
according to the diflFerent directions in which the cutting plane 
meets the cone." " This," adds Eutocius, " is what Geminus 
says in the 6th Book of his General View of Mathematics 
(fjLaOrjfiaTfov Ocfopia)" The two extracts here quoted are our 
main clues to the history of geometry before Euclid. The first 
gives us the names of the leading geometers, the order of their 
appearance and a brief statement of their services. The second 
is valuable in enabling us to guess at the style in which a 
particular proposition would probably be treated at a given 
date. The sources from which further details may be obtained 
are generally very late in date and very meagre in information. 
They often ascribe the same proposition to different persons or 
different modes of proving the same proposition to the same 
person, or are silent altogether about modes of proof. The early 
history of Greek geometry must, therefore, be reconstructed 
largely by inference, and it is obvious that to this process the 
Eudemian summary and the authoritative statement of Geminus 
are of the greatest assistance. 



(6) Tholes and the Ionic School. 

83. Thales, the acknowledged founder of Greek mathe- 
matics and philosophy, was born about li.c. 640 at Miletus, 
the chief city of the Ionian coast, and died at the same place 

it might have been proved for aU of Hankel, pp. 114, 116. This is the 

them at once : but because these things passage cited above (p. 105 n.) as 

are not caUed by one name and differ evidence that Aristotle knew the mathe- 

in kind, they were treated separately. matical value of the alphabetical sym- 

But now it is proved generally" etc. bols which he introduced. 
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about B.C. 542 \ He was apparently of , Phoenician descent* but 
probably not, as Diogenes relates, of Phoenician parentage, for 
the names of his parents, Examius and Cleobuline, are good 
enough Greek. Many authorities concur in stating that he 
was, in early life at least, engaged in commerce, for which he 
seems to have had great aptitude'. Aristotle illustrates this by 
a tale that one winter, when the stars promised an abundant 
crop of olives, Thales at once secured by contract all the oil- 
presses, and made, in the following autumn, a large profit by 
lending these necessary implements. It may be that he went to 
Egjrpt for mercantile purposes, and there learnt in his leisure 
the mathematical and other knowledge which he subsequently 
introduced among the Greeks. According to Plutarch, he was 
somewhat advanced in years {irpea-^vTepo^) when he returned 
to Miletus. According to other authorities* he was old, or had 
given up an active share in political life, when he took to those 
philosophical inquiries for which he is now remembered. At 
any rate the striking achievement which made his fame in his 
own day did not occur till his later years. He announced 
beforehand a solar eclipse, which in fact took place at least in 
the year predicted. It happened on May 28th, 585 B.C. during 
a great pitched battle between the Modes and the Lydians*. 



^ The main facts of his Ufe are given 
by Diogenes Laertius (i. 1. nn. 1, 3, 6, 
10, Huebner's ed. pp. 14, 16, 17, 24), 
who cites ApoUodorus, as authority for 
the birth of Thales in the 35th Olym- 
piad, and Socrates, for his death in 
the 58th. 

2 Herod, i. c. 170. 

^ Plutarch, Vita Solonis, o. 2, Aris- 
totle, Pol. I. c. 11, p. 1259 a. Plutarch 
{De Soil. Animal, p. 45 of Beiske's 
edition) says that Thales used mules 
to carry his salt to market; one of 
them, having slipped in fording a 
stream, found its load considerably 
lightened by the melting of the salt 
and afterwards several times fell in 
the water purposely. To cure it of 



this trick, Thales loaded it one time 
with rags and sponges. 

* Plut. De plac, philos, i. c. 3. 
Themistius, Orat. xxvn. p. 317. Diog. 
L. I. c. 1, n. 2. Huebner's ed. p. 
14. 

* Herod, i. c. 74. Clem. Alex. Strom, 
I. c. 14 (ed. Potter, p. 354). The' 
latter quotes Eudemus as his author- 
ity. The fact that Thales predicted 
the eclipse is weU attested, but we do 
not know with what exactitude he 
specified the time of its occurrence. 
He may have learnt, from Egyptian 
or Chaldtean registers, that a solar 
eclipse occurs at intervals of 18 years 
11 days. See Bretschncider, pp. 61, 
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The circumstance gave additional Sclat to the prophecy, and it 
was no doubt owing to this that, in the archonship of Damasias 
(B.C. 585 — 583 B.C.), Thales was added to the list of Wise Men\ 
" Thales apparently," says Plutarch", " was the only one of these 
whose wisdom stepped, in speculation, beyond the limits of 
practical utility: the rest acquired the name of wisdom in 
politics." It appears, nevertheless, that Thales possessed quite 
as much political shrewdness and knowledge of the world and 
had the same gift of epigrammatic counsel as his compeers 
among the famous Seven*. 

84, The well-known theory of Thales on the structure of 
the universe and the astronomical observations, to which he 
seems to have been chiefly devoted, do not fall within the 
scope of this history*. For the present purpose, it is necessary 
only to record that five geometrical theorems are expressly 
attributed to Thales and also two practical applications of 
geometry. The theorems are as follows* : 

(1) The circle is bisected by its diameter. 

(2) The angles at the base of an isosceles triangle are 
equal. (Euc. i. 5, part 1.) 



1 Diog. L. I. 1, n. 1, quoting Deme- 
trius Phalereus. 

2 Vit. Solonis, o. 3. 

> See, for instance, Herod, i. c. 170, 
and Diog. Laert. 

^ On the astronomy of Thales, see 
the authorities coUected by Bretschn. 
pp. 47 — 49. The most copious of these 
is Plutarch, De plac, philoa, ii. cc. 12, 
24, 28, III. cc. 10, 11. The chief ex- 
tracts from Thales* astronomical teach- 
ing are : (1) that the year is 865 days : 
(2) that the intervals between the equi- 
noxes are not equal : (3) that Ursa 
Minor was a better guide for mariners 
than Ursa major: (4) that the moon is 
illuminated by the sun: (5) that the 
earth is spherical. 

« Of these (1) (2) (3) and (5) rest on 
the authority of Produs {Comm, in 
Eucl. I, ed. Friedlcin, pp. 157, 250, 
299, 65), who cites Eudemus for (3) 



and (5). The theorem (4) is attributed 
to Thales by inference from a passage 
of Diogenes Laertius (i. c. 1, n. 3) who 
says that Pamphila [temp, Nero) re- 
lates that Thales was the first person 
" to inscribe a right-angled triangle in a 
circle," and that he sacrificed an ox on 
performing this ** problem. '* The same 
achievement was attributed by others 
to Pythagoras. Dr AUman (v. p. 170) 
has the excellent note: **It may be 
noticed that this remarkable property 
of the circle, with which^ in fact, ab- 
stract geometry was inaugurated, 
struck the imagination of Dante : 
*0 se del mezzo oerchio far si puote 
Triangol si, ch' un retto non avesse'." 
The lines {Paradise, c. xiii. 101—2) 
are part of a description of the know- 
ledge which Solomon did not choose 
from God. 
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(3) If two straight lines cut one another, the opposite 
angles are equal. (Euc. i. 15.) 

(4) The angle in a semicircle is a right angle. (Euc. iii. 
31, part 1.) 

(5) A triangle is determined if its base and base-angles be 
given (practically Euc. I. 26). 

Of these the first and third are probably cases in which 
Thales relied on intuition, or as the Eudemian summary has it, 
attacked the question empirically (ala-drjTiKoiTepov), for, accord- 
ing to Proclus (p. 299), Euclid first thought (3) "worthy of 
proof," and he does not think (1) worthy of it at all, but leaves 
it to be inferred from definitions 17 and 18 to Book I. The 
language of Proclus also (p. 250) seems to hint that Thales 
proved the proposition (2), our old friend, the Pons Asinorum^ 
by taking two equal isosceles triangles and applying them to one 
another as in Euc. I. 4, another case of experiment. But the 
two remaining theorems are obviously incapable of such treat- 
ment, and must have been supported either by deduction or at 
least by very wide induction. The last of them (Euc. I. 26) is 
attributed to Thales by Eudemus (Proclus, p. 65), apparently on 
the ground that Thales invented a mode of discovering the 
distance of a ship at sea, in which the proposition was used. 
In the application of this process, probably the given base was 
a tower of known altitude, and one of the given base-angles was 
the right angle which the tower forms with the shore. The 
other given angle was obtained by the observer who looked at 
the ship from the top of the tower \ It is hardly credible that, 
in order to ascertain the dirstance of the ship, the observer should 
have thought it necessary to reproduce and measure on land, in 
the horizontal plane, the enormous triangle which he constructed 
in imagination in a perpendicular plane over the sea. Such an 
undertaking would have been so inconvenient and wearisome 
as to deprive Thales' discovery of its practical value. It is 
therefore probable that Thales knew another geometrical pro- 
position: viz. 'that the sides of equiangular triangles arc 
proportional.' (Euc. VI. 4.) And here no doubt we have the 

1 Cantor, p. 122. 



\ 
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real import of those Egyptian calculations of seqt, which Ahmes 
introduces as exercises in arithmetic. The seqty or ratio, be- 
tween the distance of the ship and the height of the watch- 
tower is the same as that between the corresponding sides of 
any small but similar triangle. The discovery, therefore, attri- 
buted to Thales is probably of Egyptian origin, for it is diflBcult 
to see what other use the Egyptians could have made of their 
seqty when found. It may nevertheless be true that the pro- 
position, Euc. VI. 4, was not known, as now stated, either to 
the Egyptians or to Thales. It would have been suflScient for 
their purposes to know, inductiyely, that the aeqts of equi- 
angular triangles were the samej The other practical application 
of geometry, attributed to Thales, depends upon the same 
proposition, but is described in two forms, the one very simple, 
the other more diflScult. According to Pliny and Diogenes 
Laertius^ (who quotes Hieronymus of Rhodes, a pupil of 
Aristotle, as his authority), Thales ascertained the height of 
pyramids and similar edifices by measuring their shadows at 
that hour of the day when a man's shadow is of the same length 
as himself. Plutarch', however, puts into the mouth of Niloxenus 
a diflferent account of the process. " Placing your staflf at the 
extremity of the shadow of the pyramid," says he to Thales, 
"you made, by the impact of the sun's rays, two triangles, and 
so showed that the pyramid was to the staff as its shadow to the 
staff's shadow." This is obviously only another calculation of 
seqtj though the proportion, as stated by Plutarch, is probably 
not exactly in its original form. There is no reason, now that 
Ahmes's book is well-known, to deny that Thales was acquainted 
with the simple process here attributed to him. It was, however, 
justifiable in Bretschneider, who knew Ahmes only from a brief 
abstract ^ which contained no mention of the seqt calculations, to 
question Plutarch's accuracy and to suppose that he was attri- 
buting to Thales the improved methods of his own day. 

85, To infer from the knowledge which is expressly 



1 Pliny, H. N. xxxvi. 17. Diog. L. ^ Dr Birch in Lepsius' Zeitschrifty 
I. c. 1, n. 3. referred to supra, p. 16 m. 

2 Sept. Sap, Conv. 2. 
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attributed to Thales what other geometrical knowledge he 
must haviB had is a peculiarly fascinating inquiry. It has been 
already suggested that he knew, in some form, the theorem 
Eucl. VI. 4. To this Dr AUman adds also two other inferences. 
If, he argues, Thales knew that the angle in a semicircle is a 
right angle, he must have known also that 'the interior angles 
of a triangle are equal to two right angles* (Euclid I. 32, pt. 2). 
He infers this, not from the fact that Euclid uses the proposition 
I. 32, in the proof of iii. 31, pt. 1,^ but in another way. 
Thales knew that the angle in a semicircle is a right angle : if he 
had then joined the apex of the triangle containing that right 
angle with the centre of the circle, he would have obtained two 
isosceles triangles, in which, as he also knew, the angles at the 
base are equal. Hence, he could not have failed to see that the 
interior angles of a right-angled triangle were equal to two 
right angles, and since any 'triangle may be divided into two 
right angled triangles, the same proposition is true of 
every triangle. It is justifiable, no doubt, to ascribe so much 
intelligence to Thales, but it is another matter to attribute to 
him a particular piece of knowledge and a particular method of 
proof : on the same plan, Thales might be held to have known 
the first six books of Euclid. It will be remembered that 
Geminus, in the extract quoted above, attributes to "the 
ancients " {oi iraXaioi) the knowledge of the proposition that 
the interior angles of a triangle are equal to two right angles. It 
may be conceded that he alludes here to Thales among others, 
but it is also to be borne in mind that he says that this proposi- 
tion was separately proved for the different classes of triangles. 
Hence Dr Allman suggests, as an alternative, that the theorem 
was arrived at from inspection of Egyptian floors paved with 
tiles of the form of equilateral triangles, or squares, or hexagons'. 



^ There would be two objections at 
least to such an inference, viz. that 
Euclid I. 32 contains two propositions, 
of which only the first, which is not 
the prop, in question, is used in ni. 
31 : and also that Euclid i. 32 is said 
by Proclus (p. 379) to have been 
proved almost as it stands by the Py- 



thagoreans. Cantor, however (p. 120), 
is inclined to attribute to Thales 
Euclid's proof (or something veiy like 
it) of in. 31. 

2 Procluft, p. 305, attributes to the 
Pythagoreans the theorem that only 
three regular polygons, the equilateral 
triangle, the square and the hexagon, 
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If, for instance, Thales observed that six equilateral triangles 
could be placed round a common vertex, he would also notice 
that six equal angles make up four right angles," and therefore 
the angles of each equilateral triangle are equal to two right- 
angles. Hankel (pp. 95, 96) suggests a similar theory, which 
is adopted also by Cantor (pp. 120 — 121), with the addition 
that the scalene triangle was divided into two right-angled 
triangles, each of which was considered as half a rectangle. It 
seems needless to dwell further on this proposition. 

86. Dr AUman, however, makes a second inference of a far 
bolder character. He converts the theorem that the angle in a 
semicircle is a right angle into a theorem that, if on a given 
straight line as base, there be described any number of triangles 
each having a right angle at the vertex, then the locus of their 
vertices is the circumference of a circle described on the given 
base as diameter, and attributes to Thales, therefore, the 
conception of geometrical loci. If Thales proved the first 
theorem empirically, by constructing a great number of right- 
angled triangles on the same base, no doubt the notion of a 
locus may have occurred to him : but what becomes then of 
that deductive, that essentially Greek character which Thales is 
always said to have imparted to Egyptian geometry ?^ There 
'will not be left a single theorem, attributed to Thales, which 
he is not likely to have discovered by inspection or. inductively. 
He may, no doubt, have arrived at any theorem in two ways, at 
first inductively or by inspection, and later also by a formal 
deductive process, but there is no available evidence on this 
^matter. If he used deduction only for this particular theorem, 
he would probably not have conceived a Ioctis, If he used 
induction only, he might have conceived a locus, but there 
would have been no great merit in the conception. 

Of speculation in this style there is no end, and there is 
hardly a single Greek geometer who is not the subject of it. A 

can be placed about a point so as to fill ^ The Eudemian stunmary expressly 

a space, but Dr Allman (p. 169 note) says that Thales ** attacked some 

supposes, no doubt rightly, that the questions in their general form" (KaOo- 

Egyptians habitually used these figures XiK'jorepop). 
for tiles. 
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mathematician, writing for mathematicians, is perhaps entitled, 
and may even be required, to fill up with his own opinions the 
gaps in his evidence. But his theories, however ingenious, are 
necessarily of such a kind that even a non-mathematical reader 
can see that they are, for the most part, imaginary, and a 
mathematician will think he can make better for himself. A 
history, like this, of which the utility will no doubt vary as 
the brevity, had best omit long and inconclusive discussions. 
SuflSce it then to say, of Thales, that he certainly introduced geo- V/ 
metry to the Greeks, that he probably improved upon Egyptian 
geometry by teaching more particularly of lines than of areas, 
and by giving deductive instead of inductive proofs, and 
that at any rate he formed a school which derived from him its 
subjects and methods of inquiry, its belief in the stability of 
natural laws, its tradition of the beauty and utility of the 
intellectual life*. 

87. The Eudemian summary names, immediately after 
Thales, Mamercus^ the brother of the poet Stesichorus, as 
one of the founders of Greek geometry. Nothing more is known 
of this person, and his name itself is exceedingly doubtful. 
Stesichorus lived in Sicily, and died about 560 B.C. Mamercus 
nevertheless may have been a pupil of Thales, for it is difficult 
to imagine how he could have learnt any geometry in Sicily 
at that time. However this may be, Thales undoubtedly 
had some pupils (e.g. Mandryatus of Priene^) whom the 
Eudemian summary does not mention. Another pupil of 
Thales, Anaximander of Miletus, became very famous. He 
was born about 611 B.C., and died about 545 B.C. *. He also, 
like Thales, devoted himself mainly to physical speculations 
and to astronomy. It has been already mentioned that he first 
introduced the gnomon and the polos or sundial into Greece*. 



^ Thales apparently composed some 
astronomical treatise in verse, but the 
authorities on his writings are con- 
flicting. See Bretschneider § 39, pp. 
54, 55. 

* Apuleius, Flarida^ iv. n. 18, ed. 
Hildebr. p. 88, ed. Delphin. p. 817. 
Bretschneider, pp. 53, 56. 

G. G. M. 



^ Diog. Laert. n. c. 1. 

^ The gnomon was an upright staff 
placed in the centre of three conoentric 
circles, so that at the summer solstice 
its shadow at noon just readhed theinner 
circle, at the equinoxes the middle, at 
the winter solstice the outer. After- 
wards in places, of which the meridiivw 
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Simplicius also relates {in Ar. de Coelq, ed. Brandis, p. 497 a), 
on the authority of Eudemus, that Anaximander ascertained 
the relative sizes and distances of the planets: and Diogenes 
states that he first constructed terrestrial and celestial globes\ 
These facts favour a presumption that Anaximander also was 
greatly interested in geometry, and Suidas, in particular, attri- 
butes to him a work entitled virorviroxTi,^ ttj^ yeto/xeTpui^, 
which would seem to mean * a collection of figures illustrative of 
geometry/ Pliny (H. N. Ii. c. 76) as was mentioned above 
(p. 67 n.), attributes the introduction of the gnomon to the 
younger philosopher, Anaximenes^ who lived B.c. 570 — 499, and 
there may be some confusion between him and Anaximander. 
Nothing is known of any geometrical work by Anaximenes, and 
the same might be said of the more famous Anaxagoras of 
Clazomenae*, (r C. 500 — 428) were it not that the Eudemian 
summary expressly mentions him as a geometer; that Plutarch 
(de eodlio, c. 17), relates that when in prison he wrote a treatise 
on quadrature of the circle, and that Vitruvius (vii. praef.), 
ascribes to him a work on perspective. 

88, We may add finally to thejonic-fichool^jnth which he 
seems to have had most affinity, ^r^«^i^<pff of Hhing, ^ 
contemporary perhaps or^^s^axagoras/^r according to the 
Eudemian summary, a little later>xPi him Diodorus, as qu oted 
above (p. 131), -relates that he studied litEgypt. He wascertainly 



devo^ jcbieflyTo as^fonoiay ; v^nd^^IignJ^arTSs^. x. 7), 
says that he invented _a '' gv^ij ^Bax!2Zs d^^ years, that is, a 
period at the end of which, idccording to his Observations, the 
lunar^and^solarjtfiaj^^ Hewashowever 

interesteiuiv-'^eometryiSmd^JProclus* at tributes to him th e 

was known, the circles were onnitted 



and three spots, marked on ine me- 
ridian line, were substituted. The 
polos can hardly have been similar 
to our sundials, but was probably a 
staff placed in the centre of rax con- 
centric circles, such that every two 
hours the shadow of the staff passed 
from one circle to the next. Bret- 
schneider, p. 60. Cantor, p. 92. 
^ His feUow-towDsman, Hecataeus, 



made about the same time the first 
map. 

^ Anaxagoras lived, in his later years, 
with Pericles at Athens. 

' Censorinus c. 18, says that a 
"great year" of this length was attri- 
buted also to Philolaus, the Pythago- 
rean. See the note to ^lian in Gro- 
novius* ed. n. p. 656. 

* Ed. Friedlein, pp. 283 and 333. 
Eudemus is cited in the latter passage. 
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solution pf two pro blems, *To draw a straight line perpendicular 
to a given straight line of unlimited length, from a given point 
without it' (Euclid I. 12.) and *At a given point in a given 
straight line to make a rectilineal angle equal to a given 
rectilineal angle' (Euclid I. 23). On the first of these, Proclus' 
note is curious and worth quoting. He says, " CEnopides first 
invented this problem, thinking it useful for astronomy. He 
calls the perpendicular {KaOero^;) in the antique manner a 
* gnomon,' because the gnomon is at right angles (tt/^o? 6p6d<i) 
to the horizon; and the line drawn is at right angles to the 
given line, differing in plane only {rtf a-x^aet), but not in 
principle (/eara to vTroKeifievov)** 

It is plai n enoqgh from these scanty facts and from their 
scantmess, that thelon^p achool did. noL i n nearly two ^ui^^^f ^fl 
years, do anything^ lik e^^hat_ might have been expected for 
tEe adva ncement, of gepmet^ It introduced the s tudv, k ept ^ 
alive^nd by worki ng at astrono uiv,, opened u p^ a^v ast. field of 
research; to which gfiom^tryX poon bfrCaTT^ _ j^^^PP V'al, Thfi._ 
Mfigxeas..o£ ge^fte^- itself, -tw^^^^gggj wog Hup Ty^ain]y_,t:^ the 
irytha^oreans in Italy. 



(c.) The Pythagoreans, 

89, P3rthagoras, the son of Mnesarchus, was born in Samos, 
probably about 580 B.C. The date of his birth, however, and 
the other facts of his biography are the subject of disputes, 
which, owing to the nature of the evidence, can never be satis- 
factorily settled^ The following suftimaiy statement perhaps 
excludes most of the very doubtful matter. "Pyfiliflgnrns ^^*^ 
^^ irnti t^a pupil nf rhnroi^jrrlr-, n f SyrosS but afte rwards visited 
bales', and was bv hi m inaJ^JiO-^tudjUBjEgypt, particularly 
at Memphis or Diosp^lis (Thebes). In pursuance of this 

1 PherecydeB is taaid (Suidas, s, v, dopted. See Bitter and Preller, Hist. 

Pliny H, N, vn. 66) to have been the Philos. c. n. § 92. 

first writer of prose. He is also said ^ lamblichus (Vita Pyth, c. 2) is the 

to have introduced the doctrine of authority for this statement, which is 

metempsychosis, which Pythagoras a- not intrinsically improbable. 

10—2 
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advice. Pvtha p ;oras went to Eg;vrpt and staye;^ there a long time, 
perhaps 22 years. He may sufcseque'ntly b&.ve visited Babylon \ 
He returned ultimately to_ Skmos an^attempted to found a 
school ^^ftffi ^"^ -iirifVir^nf Qn^.p^c^ TO^j. tbis reasoH ^y |^p/*»«ro/^ 
nf gnmo pnlifiVal rliof nrl^onno V|p fffn ^rated to Croton in 8. 
Italy *.^ ^ T he colonies in Magna Waecia, ol wJiich tSybaris w ag 
^tbe c hief, were at this time mor/ Veal thy and important th an 
the mother country, and a y/ry ^n siderable commerce was 
carried on between tbemyaitid the tpnian coas t; Pythagoras, 

people, and was able soon to ga in a. Iftadfag pn^itjnf^ ftmong his 
fellow townsmen. Among the noblest aii4 ybest of these he 

formed. a V>rnt>iPr1innr1 f.Vift TnftmV>Prg nf wlii/jjk wprft nm'fpH by 

b ommon philosophical bel i efs and pursuits. They were, however, 
bound by oath. not to. divulge the ten^s and discoveries of 
their school, and it is due to this fact that the historian jq£ 
philosophy is now obliged to sp^ak of 'the Pythagoreans' as ^ 
body and is unable to identify the author of any particular 
portion of their creed. I This Masonic society*, so to say, spon 
reaiinte-olh^i' (ilLiiiy%r]i'Iagna Graecia, and as it was capable 
of taking united action on political questions, especially on the 
side of the aristocrats, from whom its members were chiefly 
drawn, it became the object of popular susjpicion and hatred*. 
Ultimately, the Pythagoreans of Croton, their leader with 
them, were attacked by the plebeian party: Pythagoras fled 
first to Xarentum and then to Metapontum, and was there 
murdered in-anqtW. popular ontbreak abou^n&QQ- b.c. 

90. 'It has been already (Stated that, by writers of other 
schools, Pythagorean doctrines^ are generally attributed to "the 
Pythagoreans" and not to Pythagoras himself. On the other 
hand, the Pythagoreans were ^vont to attribute all their tenets 
to their masten'. Avt6<; e^a, ipse diooit, was the formula whicfi 
secured acceptance for any doctrine however remote it may 



1 Strabo, xrv. i. 16. 

2 Diog. Laert. vni. 3. Cicero, De 
Rep, II. 15. 

3 It contained two orders, the tiadvt' 
fxaTiKol and the dKovcrjjLaTiKol, the 're- 



searchers' or * mathematicians* and the 
listeners.* The former apparently 
were communists. lamblich. V. P, 
81 ; Porph. V, P. 37. 

4 Polybius, Hist. ii. 29. ' 
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have been from the teaching of Pythagoras .himsel f Furth er, v^^ 

thp^ \^^^oh\r\^ r\€ f|^ft afih ool SeemS t.n havfi " hppn ^^'^^^'^•^^^qI ^^^ 

founded on no t ext-books, until the "wide dispersion of its 
members made it desirable th9,t some record should be secure d/ f a^ 

f^hilnlans^ n. nnnffimp^rary nf Plato, la' generallv credited wi tl^thft^ ^ 

first publication of a detailed Pvthacrorean philosop hy \ His -^ |< 
work is lost, save, a few very brief fragments (not undoubted), 
preserved by Stobaeus and , similar compilers. In default of 
this, we are compelled to rely on incidental remarks or mere 
allusions of the earlier Greek writers, or else on histories 
obviously uncritical of a very late date. Now these are pre- 
cisely the kind of authorities who would naturally omit to 
mention discoveries of Pythagoras and his school in geometry. 
Aristotle, for instance, had no occasion to discuss geometrical 
details to which he did not, though the Pythagoreans did, 
attach any profound significance. Tj[lJHmh^^^^"«j ^^ the_otlip.r 
hand, geometry was not_in itself interesting, or, if it was, the 
geometry of his day had so far outstripped the Pythagorean 
that the latter would have seemed childish by comparison. 
Hence it is that, though the evidence is abundant that 
Pythagoras really made geometry the Greek science par ex- 
cellence, yet very few particular inventions can be attributed to 
him or his immediate followers. yr 

91. It has been already stated (see -above pp. 67 — 72) how 
it was that Pythagoras came to attach so much importance to 
geometry, and how closely he connected it with arithmetic. It 
will be remembered also that the geometry of Ahmes is ex- 
hibited only as leading to arithmetical problems, and^we may 

suppose t herefore tha-t. Pyt bog^^^-Qg ^roct prnfmjT^rajrT^TflnnT^nhrl hy 

yptian teaching. W^ ^TinTI fiLH^rfp^y-^p^j^^ tft ^^^ ^•^^^• 

the PYthg:g7TrRai'^-~^ OT ^ fitr Y ^^jtge fl^o "F.gypfiQTi^ fq nnnngmpH, 

more tha n that o£.>^T Kales, witE^Tfe^rekbtiong of 'areas and 
volumes, and-if'not largely concerned with those relations of 



lin^s lyJrich do not admit of, or do not readily su^p^est. arith- 



^ Lucian, Pro Lapsu in Salut, c. 6, a&rov). Diog. Laert. vm. 15, says 

uientions that Pythagoras had not ''before Philolaus it was hnpossible 

thought fit to leave any authoritative to learn any Pythagorean dogma." 
writings (/xiyS^i' tSiop KaTaXiveTp tQv 
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metifiaL-fiSBIgssion, This being premised, it remains only to 
set out in order such doctrines, of geometrical interest, and such 
special discoveries in geometry as are attributed to Pytjiagoras 
or the Pythagoreans. . 

^Afifiorrlirig t/^ Arififntlfti " t he Pythagoreans first ^plied them - 
sel ves to mathematics, a science which they imprjy^ed: and pen e- 
trated with i t, t hey fr nfiiff! ti^^^ ^^ft prjpciplp^ of mathematics 
were the principles of all things. " Proclua^savfl expreaslv th at 
the specialised meaning of * mathematiQg(Ma^y7 uara'^ w^s firs t 
used by the Pythagorea ns" The Eucki&ian summary says that 
Pythagoras changed the sjbudy of gi^metry into the form of. a 
liberal education, for he exa^ined/its principles to the bottom, 
and investigated its theorems in4,n immaterial and intellectual 
manner {dvX(o^ Koi voep&si)* /l)iogenes Laertius^ states, on. the 
authority of !Pavorinus, that Pythagoras *'u§ed definitions^ oxi 
account of the mathematical matter of iis subject." This 
perhaps was the first step towards that systematization < of 
geometry which Eudemus ascribes to him. The following 
details are also preserved*: 

(1) The Pythagoreans define a point (<r77/i66oi/) as "unity 
having position." (Proclus, ed. Friedlein, p. 9^.) 

(2) They considered a point as analogous\p the monad, a 
line to the duad, a superficies to the triad, and \^body to the 
tetrad. {lb. p. 97.) 

(3) They showed that the plane about a point is col9y)letely 
filled by six equilateral triangles, four squares or three regular 
hexagon^. {lb. p. 305.) 

(4); They first, according to Eudemus, proved generally 
that tlie interior angles of a triangle are equal to two right- 
angled, {lb. p. 379.)* 



^ Metaph. i. 6, 985. 

' Friedlein's ed. p. 46. 

8 vin. 25. 

' All the following qnotations are in 
Bretschneider, pp. 67 — 91. They are 
more neatly arranged by Dr Allman. 

*^ The Pythagorean proof, according 
to Eudemus, is as foUows. Let ABC 
be a triangle. Through A draw DE 



parallel to BC, Then the alternate 




angles {al ivaWd^) are equal, DAB to 
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(5) They also, according t9 Eudemus, invented the problems 
concerning the application of areas, including the cases of defect 
{i\XeiylrL<}) and excess (v7r€p^o\7j)\^ in Eocl. VI. 28, 29. {lb. 
p. 419, Comm. on Eucl. i, 44\ See ^)ove p. 84 n,) 

(6) Pythagoras sacrificed an ox^xJii solving the problem 
how to construct a figure equal W one and similar to another 
given figure. (Euclid il. 14, VI. 25)'. 

(7) Pythagoras, according to Eudemus, discovered the con- 
struction of the regular solids*. (Proclus, p. 65). 

(8) The triple interwoven triangle, the 
pentagram-star, (to TptTrKovv Tpir/covov, to Sl 
dWijXcop, TO TrevTaypafji/jLov) was used as a 
badge or symbol of recognition by the Pythago- 
reans, and was called by them Health {vyleui). 
(Lucian, Pro Lapsu^ c. 5, Schol. in Ar. Nub. 611)*. 

(9) Pythagoras discovered the theorem of the three squares, 
Euclid I. 47. (Proclus, p. 426) ^ 




ABC, EAC to ACB. Add the angle 
BAG. Then the three angles DAB, 
BAG, GAE, that is, DAB, BAE, that 
is, two right angles are equal to the 
three angles of the triangle. The re- 
dundant explanation in the last sen- 
tence is curious. The text is given hy 
Bretschneider, p. 78. 

^ This passage will, for the sake of 
some other matter contained in it, be 
quoted later oh. The statement is con- 
firmed by Plutarch (Non posse suav, 
vivi sec. Epicur. c. 11), who says, " Py- 
thagoras, according to Apollodorus, 
sacrificed an. ox on completing the 
figure... either for the proposition con- 
cerning the hypotenuse, that its square 
is equal to those of the sides contain- 
ing the right angle, or else the' pro- 
blem about application of an area.'' 
The texts have irepl rod x^P^o^ "^^s irapa- 
poXris, for which Bretschneider (p. 79, 
n.) proposes, evidently rightly, nepl 
rijs Tov x^f^ov vapapoXris. The text is 



sometimes translated "on the area of 
the parabola," which involves a gross 
anachronism. 

* Plutarch, Quaest. Conv. vin. 2, 
c. 4. 

8 According to lamblichus (Vita 
Pyth, c. 18, s. 88) Hippasus was 
drowned for divulging the knowledge 
of "the sphere with the twelve penta- 
gons" (i.e. the inscribed ordinate dode- 
cahedron) "for he took the glory as 
discoverer, whereas everything belong- 
ed to Him [etvai di Trcura iKclvov) for so 
they call Pythagoras." 

* See Chasles, p. 477, sqq. This 
Pythagoraefigura was used through the 
middle ages, and was regarded even by 
Paracelsus as a symbol of health. It is 
the drudenfuss of Goethe's Faust, sc. iii. 

<^ The oldest authority for this is 
Vitruvius, ix. pref. 6, 6, 7. It is 
attested also by Plutarch (supra, n. 1). 
Diog. L. vin. 11. 



./ 



/ 
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(10) Pythagoras used to say that of all solids the sphere 
was the most beautiful ; of all plane figures, the circle. (Diog. 
Laert..viii. 19.) 

(11) The Pythagoreans are S3.id to have, solved the quadra- 
ture of the circle. (lamblichus quoted by Simplicius in Ar, Phys, 
185, a, 16. Ed. Brandis, p. 327, h.) 

(12) The Pythagoreans, a§^4ias been already stated {supra 
p. 70) were largely occupied witk the study of proportion, 
doubtless not in arithmetic onlvbut in geometry*. 

(13) From the Pythagorean use of ^gnomon' as a desig- 
nation of those numbers, which, when added to a square 
number, make a square total, it is evident that the Pythagoreans 
were accustomed to consider and use the gnomon in gecHtietiry 

92, It will be seen at once that all this knowledge cah^^y 
no means be attributed to Pythagoras himself or to his earliest^ 
successors. There must have been, notwithstanding the en- 
thusiasm and ability of the school, a slow progress from em- 
pirical to reasoned solutions, from the diffuse treatment of 
special cases to the concise treatment of one general case. But 
we are hopelessly in the dark as to when and how this progress 
was effected. It is probable, indeed, that much of it was not 
effected inside the Pythagorean school at all, but that later writers 
ascribe to the Pythagoreans theorems which they first proved for 
one special case but which some Academic geometer afterwards 
proved generally. A Pythagorean, for instance, may very well 
have solved Eucl. ii. 14, without going so far as vi. 25. Some 
statements also,in themselves beyond doubt, may lead to veryplau- 
sible but erroneous inferences. For instance, if Pythagoras was 



* Proclus (ed. Friedlein, p. 43) says 
that Eratosthenes regarded proportion 
as 'the bond of mathematics,' and says 
elsewhere that the 5th Book of Euclid 
is common to geometry, arithmetic, 
music and, in a word, to all mathe- 
matics. See Knoche, Untersuch, iiber 
die Schol. des Proklus zu Eucl. Elem, 
Herford, 1865, p. 10. 

2 It should be mentioned before 
leaving this enumeration, that Bret- 



schneider p. 89, § 71, conclusively 
shews that Montucla (i. p. 117) is 
wrong in attributing to the Pythagor- 
eans any investigations in isoperi- 
metry. What Diogenes Laertius (viii. 
c. 1. n. 19) says is stated above (10). 
He does not say that Pythagoras taught 
that the circle is the greatest among 
figures of equal periphery, and the 
sphere among solids of equal super- 
ficics. 
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acquainted (as no doubt he was) with the regular solids, he was 
acquainted also with the regular pentagon. This fact, together 
with the form of the pentagram and together with the directions 
as to dividing figures into triangles which Plato puts into 
the mouth of the Pythagorean Timaeus\ suggests that Pytha- 
goras constructed the regular pentagon in the manner of 
Euclid IV. 11. But Euclid iv. 11 is founded on iv. 10, which 
is founded on ii. 11, and the Eudemian summary, the most 
authoritative of all our historical accounts of ancient geometry, 
says that Plato invented the learning on the subject of cutting 
a line in extreme and mean ratio. It can hardly, therefore, 
serve any useful purpose to criticise minutely a whole body of 
geometrical teaching much of which is not properly authen- 
ticated, and which, if it be correctly ascribed to the Pythagorean 
school, must belong to very different dates*. ^ It is suii f^<;^fjpnt to 
say, generaJly^thal tha.Pythag.Qrga ns seem a t_a jer^arlv thne 
toTia va .beeu-mastera. o£ . most of .the gfiomfityy.. aQniaiufiHTiiL, th e 
JirsjLtwo. books, of Euclid^^ and tJ3LaLJJiQy.JyiS5LSOS2e_^ro^ 
ofjhe 5th ^nd fith books. To thf^m also is l^robably^due the 
introductioiL.Q£.defiiutiQn&^ sompi kind a.nd-tbe use of orderly 
deductive proofs in geometry, further, just as Aristoxenus 
tells us that they raised arithmetic above the needs of mer- 
chants, so f-hPf T^nrlpmiQn gnTTfimajy t glls US that tfafiY TYlfl-Hft 

geometry 'a libe ral education j and other writers remrd as (;>pp. 
of thftir prnvprhia.1 mnyims, ' lA fignrp and a strid e : jtoL^ figure 
ajid six pence g,ained*'\ 

93. There are^ however, two portions of the Pythagorean 
geometry which have provoked interesting comments. One 
is the construction of the five regular solids, the other is the 
Pythagorean theorem, Euclid I. 47. 

Timaeus, in the dialogue of Plato above cited, explains that 
every rectilineal figure is made up of triangles, and that every 

* Tim, c. 20, 107. See next par. school, "first found the cube"! 

' A very curious instance of the » trxaAia koX fiSifia, dXV oi5 trxafia Kal 

distracting nature of the evidence a- rpua^oXov, Proclus, ed Friedlein, p. 

bout the Pythagoreans is furnished by 84. lamblichus, Adiiort, ad PhiloH. 

Diogenes Laertius (viii. 83), who says Symb. xxxvi. c. 21, quoted by Dr 

that Archytas, one of the last of the Allman, v. p. 200. 
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triangle may be divided into two right-angled triangles, either 
isosceles or scalene. "Of such scalene triangles the most 
beautiful is that out of the doubling of which an equilateral 
arises, or in which the square of the greater perpendicular is 
three times that of the less, or in which the less is half the 
hypotenuse. But two or four right-angled isosceles triangles, 
properly put together, form the square : two or six of the most 
beautiful scalene right-angled triangles form the equilateral 
triangle, and out of these two figures arise the solids which 
correspond with the four elements of the real world, the tetra- 
hedron, octahedron, icosahedron and the cube\" Of these solids, 
the tetrahedron, octahedron and cube must have been familiar to 
a traveller who had lived in Egypt ; on the construction of the 
other two, Dr Allman has the following remarks: "In the 
formation of the tetrahedron, three, and in that of the octa- 
hedron, four, equal equilateral triangles had been placed with a 
common vertex and adjacent sides coincident, and it was known 
too that if six such triangles were placed round a common 
vertex with their adjacent sides coincident, they would lie in a 
plane, and that, therefore, no solid could be formed in that 
manner from them. It remained then to try whether five such 
equilateral triangles could be placed at a common vertex in like 
manner: on trial it would be found that they could be so 
placed and that their bases would form a regular pentagon. 
The existence of a regular pentagon would thus be known (sic). 
It was also known from the formation of the cube that three 
squares could be placed in a similar way with a common vertex; 
and that, further, if three equal and regular hexagons were 
placed round a point as common vertex with adjacent sides 
coincident, they would form a plane. It remained then only to 
try whether three equal regular pentagons could be placed with 
a common vertex and in a similar way: this on trial would be 
found possible and would lead to the construction of the regular 
dodecahedron which was the regular solid last arrived at." It 
should be added that there is no reason to suppose that the 
Pythagoreans knew that there are, in fact, no other regular 
solids save these. 

^ The dodecahedron represented the universe itself. 



r. 
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94, ^ The famous proposition, B^jitth 1.^41, has always been 
known as the theorem of Pythagorasy Jt ywill be j^membered 
that the converse of this (EucL L 48) was Known to the 
Egyptians and to other nations, at a very early date, in the case 
in which the sides of the triangle are to one another as 3:4:5, 
and that Pythagoras extended it to cases in which the sides are 
to one another as 2% + 1 : 2n^ + 2n : 27i* + 27i + 1 V The first 
proposition also may have been known to the Egyptians in the 
particular case where the right-angled triangle is isosceles. It 
would of course be at once suggested by a floor payed with 



tiles in the form of isosceles right-angled 
triangles. But the general proof is at- 
tributed to Py thagora^^^;^ ^jp^dtifisay^ 
ejip^l^ (p. 426)' that the form of 
Euclid I. 47 (as well as Euclid vi. 31) 
is due to Euclid himself. Hence Bret- 
schneider (p. 82), after Camerer*, proposes 
as a ^o^ble, restoration of the original 



i^CJ^ ^ 




p ^ 



//proof, the following. If a straight line 

y be divided into a*ny two parts a and 6, then the square on the 



whole line is equal to a' + J^ with the two complementary 
y r rectangles ab. Draw the diagonals c of these rectangles, and 
/ dispose the four triangles so formed about the square in the 



■'i 




^/v 



A 




manner shown in the ^eflwrfl' figure. There is thus left, in the 
middle of the square, a figure c' which is obviously equal to 
a' -h b\ Upon this ^Siir^(p, 98) remarks that "it has no 
specifically. Greek colouring, and reminds us rather of the 

1 See above p. 71. ^ Euclidis Elem, i. p. 444, and refif. there given. 
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Indian styled" This criticism will serve to introduce an 
Indian proof of the same theorem, taken from ^(I^^T^rf^j:^^^ 
pit^p^f ca^culaji^ir^ je# Bhaskara, wSd^Wr^;:^^ A. dM 1 14^: 
Here a square is constructed on the 
hypotenuse and the original triangle 
repeated four times, is disposed round 
it as in Bretschneiders proof. The 
square left in the middle is that of the 
difiFerence between the two perpendicu- 
lars. BhS,skara merely draws the figure 
and adds 'Look!* without thinking it 

necessary to add that if h^ = 4 (-qJ!+ (^a "" 0*» *^^ h^=c^-\-o^. 

A proof of precisely the same kind is given, two hundred years 
earlier, by the Arab Abft 1 Wafa (a.d. 940—998), who trans- 
lated Diophantus*. It would seem also that the Chinese had 
a similar proof. The passage on which this presumption is 
founded occyrs in a book called the tdfie^vJ^f^^Vi * &\gudl in a 
circle/ of which the first part, containing the passage, is 
attributed to 1100 B.C. It may not be so early as this, but 
it certainly existed and was the subject of a commentary in the 
2nd cenlury after Christ.^f&ere, apparently, the same figure 
as Bhaskara s is drawn and is named 'the Rope figure,' as 
though it were intended to ex- 
plain the practice of some Chinese 
Harpedonaptes, Another proof 
given by Bhaskara, in the same 
place, is also worth quoting. A 
perpendicular is drawn from the 
vertex to the hypotenuse, dividing the triangle into two 




* Dr Allman (p. 193) adopts this 
criticism, but accepts Bretschneider's 
proof and attributes it to the Egyptians. 
See, however, the passage from the 
MenOf cited below p. 174. 

2 Colebrooke, Algebra etc, of Brah- 
inegupta and Bhaskara, 1817, p. 220 — 
222, § 146. Haiikcl, p. 209. Cantor 
p. 557. 



3 See Cantor, pp. 637, 639, quoting 
Woepcke in Journal AsiaU 1855, pp. 
346, 350—351 (Feb. and March). 

* Cantor, pp. 679 — 581, quoting E. 
Biot in Journ, Asiat. pp. 593 — 639, for 
June 1841. Cantor's restoration of 
the figure is founded, conjectnrally, on 
Biot's description of it, which is by no 
means clear. 



/ 
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others similar to it. Then in the figure (if h be the original 

c Ji c Ji 

h^^potenuse) 7* = -* and 7- = — , whence it follows that 

h (Aj + h^) = A' = c^ + Cg*. Hankel remarks that this proof was 
revived in the West by Walligi^^' , , 

95, I^t is Q Qt tn hp snpp nsfld^that. wh£ii Ih^JBythagorean 
brother-hood was for political reasons broken np, thft Pythpiff^^^^^ 
philosophy disappeared also, On the con trary, the s chool con- 
tinued to flourish for at /least, t2LP.J5iSaturie3 wore. T arent um 
seems to have been its head-quarters, but it seems also to hav 
sent out occasional missioTiflrY f>^pp.dit^r>T^9 ?>t^ Qr^^^^ Its 
habit of secrecy prevents the possibility of naming, its earliest 
^ ieadSSi The most celebrated of its earliest .^diggjglgs was 
([) Epicharmus, the founder in Sicily of .Gjeek nnnriP^y (^Vr* T^r;, 4f^0) 
d onsiderably l ater Philolau s wrote his book, and thus theCZ/ 
Pythagorean doctrines became. gtccessible^Co^the^Eulllic. Two 





nf.bpr Hiar.iplf^s, Ar/^Kippna anr^ T.ygia^ n.rp aUn repgxtfid-.tfi!-JiaYie(5 ^ 

written t^xt-booka-^xif their philosophy, and by the^^time of 
Plato the Pythagorean teaching .saems to Iiave been well 
known. Simmias of Thebes, the companion of Socrates, says \£/ 
m Plato's Fhaedo (61 d) that he had himself heard Philolaus in 
Thebes.^ Mos t of the Sophists also, who introduced ge ometry 
^!Ji2-Athpnff| ffft me from Sicily and it is said of some o f them 
and may b e presumed^^f _others that, they acquired their 
k nowledge of the scie nce from Pythagorean sources. So a lso, 
no. doubt, did Plato himself, who bought a copy of Philolaus, 
and who, in Sicily, studied with Archytas and Timaeus of 
Locri". This Arc^jjfts was a mathematician of great cele brity./^} 
The Eudemian summary m entions him without attributing to 
him any particular discovery, but a good deal is known of him 
from other sources'. Jpfp ^^° 1^ Vo | /^ir.g po1itin>n i^,nd rh^'^^ of 
t he Pythagor ea n school in Tarentu m. According to Diogenes 

^ De Sect. Ang. c. vi. in Wallis Op, note in Tpdhunter's Euclid, 
Math, (1693), Vol. n. Hankel, p. 209. « Cic. De Rep, 1, 10, 16. 

Cantor, p. 667. A collection of proofs ^ See the authorities collected in 

of Euclid I. 47 was made by J. J. Bitter and Preller, Hist, Philoa, c. 11. 

Hofmann. Der Pythagorische Lehr- sec. 100, n. d. Cantor, p. 203. 
satz, Mainz (2nd ed.) 1821, See the 
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LaertiuS (VIII. 83) he -fircf^ppli'ft/l gpnmpfry i^ mAPlianir*^ f»W» 

handled the latter subject meth od ically, and used mechanical, 
contrivan ces in the construction of^eometrical figur es. A very 
mgemous solution of the problem 'to double a cube' is attribu- 
ted to him^ and will be cited below (gp. 181, 182). He also is said 
t o have defined the three chief ^l^']f\ o^ prnpr>rf ir>n Horace in a 
well-known ode (r. 28) describes him as maris ac terrae nu- 
meroque carentis arenae mentor, from which it might be inferred 
that he attempted some of the problems which Archimedes 
treats in his Arenarius. Gellius (x. 12) ascribes to Archytas 
also the invention of a mechanical dove*. 

F rom this it will be seen that the l^ t^y Pyibflgnrpflna were . 

worthily maiTl^^j pingr t.lift f.ra/litmnq whiiji fTinjr lia^ wnn ivpH 

from their master. But in the meantime! 
made At hftr^A by far ^^^ T»>QQl^Jiip. &t and most brilliant city of 
Greece. To h-er resorted, f rnm r^^^ j ' i '^ ^ ^°"^ 

som ething t o teach and were_not too^r^d tci l^ a living by 
teaohing it. A.mong su ^l^ there^ w-prft n o Pythagoreans, and thiis 




fl^ 



it is that the history nf gfiOTnp .try m^pt. leave Italy aTnrl f.ViA Pyf.li 
orean «pjinn1 f^r AfTionq Qn/^ ihi^ RophlRtfP a^"^ ^^^' Academy. 

Two schools of Greek philosophy, founded early in the 
6th century B.C. remain yet to bo mentioned. In Sicily 
Xenophanes of Colophon had formed a school which after- 
wards made its head-quarters at Elea in Italy. Here Parme- 
nides, his pupil Zeno and Melissus of Samps instituted their 
famous inquiries into the inconceivable. They denied the in- 
finite divisibility of time and space and illustrated their position 
by such paradoxes as that concerning Achilles and the tortoise', 



1 Eutocius, Comm, in Archim, de 
Sph, et CyL and Diog. L. loc. ciL 
The method of Archytas contains the 
first example of a curve of double cur- 
vature. 

* Poggendorfif, Gesch, der Physik, p. 
12, compares this with the automatic 
eagle made by Begiomontanus in 1489 
to greet the Emperor Maximilian I. on 
his entry into Nuremberg. Young, in 
his lectures (xx. p. 182) ascribes to 



Archytas the invention of the pulley 
and screw, but I have seen no authority 
for this statement. 

3 It will be remembered that Zeno 
maintained that Achilles could never 
overtake a tortoise, if the tortoise had 
any start. For, supposing the tortoise 
to take 100 yards start and Achilles to 
run 10 times as fast as the tortoise, 
when the former has covered the 100 
yards, the tortoise has run 10 yards, 
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the heap of corn etc. The doubt and diflSculty into -which their 
arguments led the early mathematicians were, no doubt, the 
cause of the banishment of infinity from Greek mathematical 
terms and conceptions S Both Parmenides and Zeno came to 
Athens at a Panathenaic festival about 450 B.C. and^ were 
heard by the youthful Socrates. 

Somewhat later Leucippus of Miletus, a disciple of Zeno, 
founded the Atomistic school, of which, before Epicurus, 
Democritus, who lived at Abdera in Thrace, became the most 
famous professor. Democritus at least was a very ardent and 
successful geometer. His boast that he was the equal of the 
Egyptian harpedoiiaptae has been already cited from Clemens 
Alexandrinus. Diogenes Laertius^ says that he was a pupil of 
Anaxagoras as well as of Leucippus, that he was an admirer of 
the Pythagoreans and intimate with Philolaus, and that he 
wrote mathematical works on geometry, on numbers, on per- 
spective {dKTivo^paj>L'qYy another in two books on incommen- 
surable lines and (?) solids (irepX aXoycov ypafijLuwp koI vacrrmp yS'), 
and another 'on the diflference of the gnomon or the contact of 
the circle and sphere' {irepl hLa^opr)^ yvoifiovo^ rj irepl '^avo'io^ 
kvkKov Koi a-^alprjsi). It is impossible to say what these titles 
mean. It appears also from Plutarch*, that Democritus was 
interested in the cone and raised a question, of the Eleatic kind, 
as to the infinitesimal gradations in its slope. The life of 
Democritus is generally said to fall between 460 and 370 b.c. 

Now though the history of geometry, after about 450 B.C., 
can be traced with any definiteness only at Athens, yet it is 
plain that the progress of the science was due to contributions 
from many other places. Throughout Hellas, in Ionia, in 
Sicily, Italy, at Athens, at Abdera far away in Thrace, there 
were men who were working earnestly at the formation of rules 
for exact thinking or at the exemplification of such rules in 

and when Achilles has covered this, ' Comp. Vitruvius Arch, vii. praef, 

the tortoise is a yard ahead and so on. * De Comm, Not, adv. Stoic. 39, § 3. 

Coleridge's answer to this paradox is dis- Allman in Hermathena. vii. p. 208, 

cussed hy Mr S. Hodgson in Mind, xix. The question was whether, if a cone 

(July, 1880). he cut by a plane parallel and infinitely 

^ See esp. Hankel, p. 115 sqq. near to its base, the conic section so 

2 Diog. L. IX. 7, 47. exposed was equal to the base or not. 
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geometry. It is sufficient only to remark the birthplaces of the 
philosophers and teachers of this time to see how close an 
intellectual communion was maintained between the most 
widely separated cities. 



(d.) The Sophists. 

97. It was in the Second Persian War, and at the battle 
of Salamis in particular (b.c. 480), that Athens discovered her 
vocation to be a maritime power, and that Hellas perceived that 
a strong fleet was the best protection against any future in- 
vasion. For this reason, a joint fleet was during many years 
kept up by Athens and the islands and cities of the Archipelago, 
but as Persia showed no sign of moving and the islands found 
the fleet a serious burden on their resources, a league was 
formed on the terms that the islands should pay tribute to 
Athens and Athens should find the ships. It soon followed 
that the tribute was rigorously exacted but the fleet was not 
maintained. Immense sums were poured yearly into the 
Athenian treasury and were spent by Pericles in the adornment 
of Athens. In the meantime also Athens was become a great 
commercial city with a large carrying trade, and petty wars in 
various parts of the Levant filled her streets and markets with 
captive slaves. Thus she became the richest and most beautiful 
city in the world. Her citizens were, for the most part, well- 
to-do and enjoyed an unexampled amount of leisure. The 
constitution of Athens, moreover, compelled every man to be 
more or less a politician, and opened a splendid career to any 
citizen who could but once make a successful speech in the 
ecclesia. Litigation was rife and actions were conducted always 
by the parties in person. Hence there arose, among the 
wealthy and ambitious youth, a strong desire to cultivate 
rhetoric and any other branches of knowledge which could 
conduce to correct reasoning or successful disputation. The 
demand was met by the necessary supply. Corax and Tisias 
in Sicily, had laid the foundations of the rhetorical art and 
from Sicily and elsewhere there came to Athens a multitude of 
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teachers, calling themselves and called by others, "Sophists." 
Their business was to teach, for pay, rhetoric principally, but 
some of them added also geometry, astronomy, philosophy as 
necessary ingredients of a liberal education. The most famous 
of them were Protagoras of Abdera, Hippias of Elis, Polus of 
Agrigentum, Gorgias of Leontini, Prodicus of Oeos, Licymnius 
of Sicily, Alcidamas of Elaea in Aeolis, Theodorus of Byzantium, 
Thrasymachus of Ohalcedon, Hippocrates of Chios. Physicists 
of the old school, Anaxagoras, Diogenes of Apollonia in Crete, 
Diagoras of Melos, came also but were persecuted by charges of 
impiety and driven away. Of the whole army of Sophists, two 
only seem to have been Athenians born, namely Antiphon and 
Meton, the astronomer* who introduced the Metonic cycle which 
the Church still uses. The dates of these teachers cannot be 
more precisely determined than this, that they were all teaching 
in Athens between 440 and 400 B.C. A few of them, as 
has been said, were geometers, but the merits of these (as of 
the rest) have been greatly obscured by Plato's well-known 
hostility to their class. Hence perhaps it is that Proclus, an 
ardent Platonist, in his Eudemian summary, names only 
Hippocrates as a good geometer. 

98, By the Pythagoreans, it will be remembered, the 
geometry of the circle was practically neglected. This part of 
the science was revived in the Athenian schools, which occupied 
themselves chiefly with three famous problems (1) Quadrature 
of the circle (2) Trisection of an angle (3) Duplication of the 
Cube. It was mainly through a thousand attempts to solve 
these problems that new propositions and new processes were 
discovered and geometry made daily progress. It is not sur- 
prising that the first two of the three should have invited 
attention. Quadrature of the circle was a problem almost as 
old as geometry itself, and the Pythagoreans, who were so busy 
with symmetrical divisions of all kinds, would have been led 

1 I add him here because Aris- cycle is said to have been adopted 

tophanes [Birds, 992—1020) seems to from B.C. 432. The year, according 

treat him as a sophist. He is there to it, is stated by Ptolemy to have 

introduced carrying a machine for been 365J days + ^^th of a day. This 

squaring the circle. The Metonic is more than half an hour too long. 



G. G. M. 
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naturally enough to trisection. But the duplication-problem is 
not so easily accounted for. Eratosthenes, in a letter* de- 
scribing the solutions of this problem, addressed to Ptolemy ill, 
(Euergetes), says that an old tragic poet had represented King 
Minos as wishing to erect a tomb for his son Glaucus: but 
being dissatisfied with the dimensions (100 feet each way) 
proposed by his architect, the King exclaims: "The enclosure is 
too small for a royal tomb : double it, but fail not in the cubical 
form'/' A little further on, Eratosthenes says that the 
Delians, who were suflfering under a pestilence, were ordered by 
the oracle to double a certain cubical altar and, being in 
a difficulty, consulted Plato on the matter. Both these 
statements, perhaps, contain a minute portion of truth. 
The problem was certainly called 'the Delian,' and it may have 
originated in an architectural difficulty. But for this evidence, 
one would have been inclined to say, with Bretschneider, that 
the problem was suggested in the investigation of incommen- 
surables. It was at least well known in Athens before Plato's 
time'. 

99. Hippias of Elis is mentioned intheEudemian summary 
as authority for the geometrical performances of the brother of 
Stesichorus, but is not named as the author of any original 
work himself. A certain Hippias, however, who can hardly be 



1 Quoted by Eutocius in Archimed. 
De Sph, et CyL Torelli's ed. p. 144. 
Bretschneider, p. 97, suggests that the 
duplication-problem is due merely to 
this: the Pythagoreans had found that 
the diagonal of a square is the side of 
a square twice as large as that of 
which it is the diagonal, and they 
wished to find a similar law for the 
cube. 

2 Yalckenaer (Diatribe de fragm, 
Eurip, p. 203), suggests that the lines 
are from the Polyidus of Euripides 
and ran 

fUKpbv y iXe^ai pa<Tt\tKov (ttikov rd<pov* 
diTXoffLos itrrWf rod Kvpov Si fi^ <r<pa\yi, 
' On the Greek circle- squarers the 
chief authority is Simplicius in Ar. 



Phys. printed, from the Aldine edition 
(1626), with many corrections, by Bret- 
schneider, pp. 100 sqq. On the dupli* 
cation-problem, Eiftocius in Archimed. 
De Sph. et CyL Bk ii. is most copious, 
but very little is said by any ancient 
writer about trisection. The modem 
commentators (Bretschneider, pp. 94 
—134. Hankel, pp. 116—127, 150— 
166. Allman in Hermathena vii. pp. 
180—228. Cantor, Vorles, pp. 172— 
176, 180—182, 194—201, etc.) present 
an embarras de richesses, I shall in 
the main follow Cantor, whose arrange- 
ment, though it does not offer the 
same opportunities for brilliant and 
comprehensive criticism as Allman's 
or Hankers, is better suited to my plan. 
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anybody else than Hippias of Eli8\ is mentioned elsewhere by 
Proclus and the mathematical learning of this sophist is directly 
attested by Plato himself". It is true that he is mentioned by 
Plato with a certain sarcasm. Protagoras, for instance, in his 
long and eloquent plea for his own teaching, is made to say 
"The others injure the young : for they drag them back against 
their will into arts which they would fain avoid, teaching them 
arithmetic and astronomy and geometry and music (and here 
he glanced at Hippias), but he who comes to me shall learn only 
that for which he comes." Hippias evidently was the polymath 
of his time and had high notions of a liberal curriculum. 
Proclus mentions him twice'. In the first passage, he says that 
Nicomedes had solved the trisection problem by means of the 
conchoid curve, which he himself invented : that others had 
used for the same purpose the mixed curve called the quadratrix 
of Hippias and Nicomedes and that others divided an angle 
in any given proportion by using the spirals of Archimedes. 
In the second passage, he says that mathematicians have 
described the properties of various curves, Apollonius of the 
conic sections, Nicomedes of the conchoids, Hippias of the 
quadratrix (rerpaycovi^ova'a) and Perseus of the spirals. 
Pappus*, however, says that the quadrature of the circle was 
eflfected by Dinostratus, Nicomedes and other later geometers 
by means of a line which, from this use, was called the quad- 
ratrix. Here Hippias is ignored. Now Dinostratus belongs to 
the end of the 4th century B.C. and Nicomedes seems to be a 
century later. Cantor, therefore, proposes^ to reconcile the 
statements of Proclus and Pappus by supposing that Hippias, 
i.e. Hippias of Elis, invented a curve which was found useful 
for both the quadrature- and the trisection-problems, and that 
this curve was, by Dinostratus or Nicomedes or later, called 

1 Allman (vii. p. 220) and Hankel 3 Ed. Friedlein, pp. 272, 356. 

(p. 151) deny this. Bretschneider * iv. c. xxx. ed Holtsch, p. 251. 

(p. 94) and Cantor (p. 165) afi&rm it. So also Simplioius loc* ciL quoting 

The latter shows, by many instances, lamblichiis, names Nicomedes only in 

that Proclus was always careful to dis- connexion with the quadratix, Bret- 

tiuguish writers of the same name. Schneider, p. 108. 

'^ Hippias Maj, 285, c d. Hippias * p. 167. 
Minor^ 367, 368. Protagoras, 318 e. 

11—2 
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the quadratnx, TerpayoDvi^oua-a. Originally, it may have been 
intended only for the trisection. 

The construction of the quadratrix is thus described by 
Pappus {loc, cit). "In the square q 
a/SyS, from a as centre with a/3 as 
radius, describe a quarter of a circle 
l3eS. The straight line afi moves 
evenly about its end a so that the 
other end 13 moves in a given time 
along the whole arc ^eS. The line 
I3y moves evenly in the same time, 
remaining always parallel to itself from the position I3y to the 
position aB, The locus of intersection of this straight line 
with the moving radius a^ in the curve ^fi;, which is the 
quadratrix," The property of this curve consists in this, that 
any straight line afe drawn to the circumference of the circle, 
makes the ratio of the quadrant to the arc eS equal to the ratio 
of the straight lines jSa : ^9, And since the straight line /Sa 
can be divided into any number of parts, in any given ratio to 
one another, so also can the quadrant or the arc eS, and the 
trisection or any other section of an angle is performed. The 
quadrature of the circle is given by this curve, since the straight 
line which is equal to the quadrant jSeS is a third proportional 
to at), TfS^. 

100. TheodoruB of Gyrene, whom the Eudemian summary 
names with praise, is known to us only as the mathematical 
teacher of Plato". lamblichus says he was a Pythagorean and 
Plato introduces, in the TlieaetetuSy his discovery in eflfect that the 
square roots of numbers between 3 and 17 (except 4, 9, 16) 
are irrational. He does not seem to have visited Athens. 

101. Hippocrates of Chios, who is mentioned with 
Theodorus in the summary, was one of the greatest geometers 
of antiquity. Like Thales, he began life as a merchant but lost 
his property either by piracy or through the chicanery of the 



1 Pappus, IV. 26. Bretschneider, p. « Diog. Laert. ii. 104. lamblichus 

96. Hankel, p. 161. Cantor, p. 168, Vita Pyth. 267. Plato, Theaet. 147 d. 
213, {stth Dinostratns). 
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Byzantine custom house \ He came to Athens to prosecute the 
offenders, employed his leisure in attending lectures' and ulti- 
mately himself became a teacher of geometry. Aristotle says he 
had a talent for the science but was in other respects slow and 
stupid (^Xof Kal a<l>pa)p). The Greeks, however, would natur- 
ally call any man a fool who was cheated of his property and 
Aristotle seems to have no other evidence for his criticism of 
Hippocrates. He may, of course, have been right. There are 
still extant mathematicians who are singularly deficient in 
ability for any studies but their own. 

The most celebrated achievement of Hippocrates was 
that 'squaring of the lune' which the Eudemian summary 
attributes to him. He was, however, ardently engaged on both 
the quadrature and the duplication-problems and added enor- 
mously, in the course of his researches, to the geometry of the 
circle. He wrote also the first textbook of /Elements,' a 
suflScient service in itself to the cause of the science. , 

The first step* in Hippocrates' attempts at quadrature was 
the squaring of a particular lune as follows. On a given straight 
line AB, he described a semi-circle, and inscribed in this an 
isosceles triangle AFB. On the 
equal sides of this triangle he de- 
scribed two other semicircles. Now 
in the right-angled triangle AFB, 
AB" = AP + FB", and (since circles ^ 
or semicircles are to one another as the squares of their 
diameters)* the semicircle AFB is equal to both the smaller 




1 Aristotle, Eth, Eudem, vii. 14. 
Joh. Philoponns in Ar, Phys. ed. 
Brandis, p. 327. 

2 lamblichns {De Philos. Pyth. lib. 
in., ViUoison, Anecdota Gr, n. p. 216) 
says that Hippocrates and Theodorus 
divulged the Pythagorean geometry. 
Fabricius, Bibl Gr. i. p. 505 (Ham- 
burg. 1718), referring to this passage of 
lamblichus, says wrongly that Hippo- 
crates and Theodorus were expelled 
from the Pythagorean school for making 
money by teaching geometry. See All- 



man, Herm^ vii. pp. 188, 189. 

3 Simplicius in Bretschneider, pp. 
102—103. Vieta (Operay p. 386), quotes 
these two proofs of Hippocrates from 
Simplicius, and Montuda follows Vieta 
(Bretschn. pp. 122, 123). 

* This proposition (BucKd xii. 2) 
is expressly attributed to Hippocrates 
by Eudemus " in the second book of his 
History of Geometry," as quoted by 
Simplicius shortly afterwards (Bret- 
schn. p. 110 top). The proposition as 
stated by Hippocrates seems to have 
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In a semicircle he inscribed 




semicircles on AF, FB or is double of either of them. But the 
semicircle AFB is also double of the quadrant AFA, which, 
therefore, is equal to the semicircle on AF. Take away from 
both the common part and it is seen that the triangle AFA 
is equal to the lune (firfpia-Ko^) which lies outside the semicircle 
AFB. 

The next step* was as follows, 
half of a regular hexagon, and on 
the three sides of this as diameters 
he described the semicircles FHE, 
E0Z, ZKA. Then, since the 
sides FE, EZ, ZA are equal to 
the radius FA of the large semi- 
circle and the semicircle on a radius is a quarter of that on a 
diameter of the same circle, it follows that each of the three 
smaller semicircles is a quarter of the large one. It follows that 
the three smaller semicircles together with that on the radius 
FA is equal to the larger semicircle. Deduct the common 
parts. Then the external lunes, together with the semi-circle 
on FA, are equal to the trapezium FEZA. But the lune 
has been shown, in the first step, to. be equal to a rectilineal 
figure. Deduct therefore from FEZA the three rectilineal 
figures equal to the three external lunes, and the remainder is 
a rectilineal figure equal to the semicircle on FA, and twice 
this rectilineal figure is equal to the circle on FA and thus the 
circle is squared. 

The fallacy' here lies, as Simplicius rightly points out, in 



been (see Bretschneider, p. 120, n, 1), 
that ** similar circles are to one an- 
other as the squares of their diameters/* 
from which it would appear that he 
was not quite sure that all circles are 
similar to one another, 

^ Simplic in Bretschn, pp, 103, 104. 

? \f/€vSoypa4>rifici, hx Simplicius, i, e, a 
faise delineation, a fallacy founded on 
a faulty diagram. The errors of Hip, 
pocrates, Antiphon and Bryson, in 
their attempts to square the circle are 
referred to and contrasted with one an- 



other by Aristotle, Soph, Elench, pp, 171 
5. 172 : Phys, 185, a. and also (as well 
as by Simplicius) by the commentar 
tors Themistius and Joh. Philoponus 
(SchoL in Ar^ ed. Brandis, p. 827 b, 
33, 211 6. 19, 30, 41, 212 a, 16), 
Bretschneider (p, 122) thinks that Hipr 
pocrates was too good a geometer 
to make the mistake here attributed to 
him and supposes that, in his second 
step, he merely said **If the lune on 
the side of a hexagon can be squared, 
so can the circle." 
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assuming that the lunes in the second step are the same as 
those in the first step, which they are not. The first step 
squares the lune formed on the side of an inscribed square in a 
circle : the second step deals with lunes formed on the sides of 
an inscribed hexagon. Hippocrates seems to have felt this 
difficulty, for he proceeded to examine other lunes which might 
lead to a quadrature of the circle. Simplicius quotes from 
Eudemus, with some additions of his own, these further 
attempts. It appears that Hippocrates made some important 
additions to his proposition that circles are to one another as 
the squares of their diameters. He proved* that similar seg- 
ments of a circle are to one another as the squares of their 
chords (/Satret?) ; that similar segments contain equal angles, 
and that in a segment less than a semicircle the angle is 
obtuse, in a segment greater than a semicircle the angle is 
acute". Using these propositions he squared a lune of which 
the exterior arc is greater than a semicircle* and again a lune 
of which the exterior arc is less than a semicircle*. Lastly, he 
squared a lune and a circle together in the following manner*. 
Describe two circles about a common centre K, and let the 
square on the diameter of the exterior circle be six times the 
square on that of the interior. Inscribe in the inner circle 
a hexagon ABFAEZ and draw the radii KA, KB, KF and 



1 Bretsohneider, p. 110. Allman, 
Herm, vii. p. 197. Hippocrates de- 
fined similar segments as those which 
contained the same quotum of their 
respective circles, e.g. a semicircle is 
similar to a semicircle, a quadrant to 
a quadrant. 

^ He uses also the props. Euclid ii. 
12 and 13, but it does not appear that 
he invented these. 

* Bretschneider, pp. Ill, 112, fig. 8. 
Allman, vii. pp. 198, 199. This lune is 
obtained by the following construction. 
Hippocrates draws a trapezium having 
three equal sides and the fourth such 
that the square on it is three times the 
square on any other side. About this 
trapezium he described a circle, and 



on its greater side he described a seg- 
ment of a circle similar to those of 
which the three equal sides are the 
chords. The exterior arc of the lune so 
obtained is greater than a semicircle. 
* Bretschneider, pp. 114 — 119, fig. 

9. Allman, vn. pp. 199—201 (with 
additions and corrections to Bret- 
schneider). The proof and even the 
construction are too long and compli- 
cated to be given here. The propo- 
sition is remarkable as involving the 
consideration of a pentagon with a re- 
entrant angle. This is described how- 
ever as '* a rectilineal figure composed 
of three triangles.'* 

5 Bretschneider, pp. 119 — 121, fig. 

10. Allman, vir. pp. 201, 202. 
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produce them to meet the circumference of the outer circle in 
H, S. I and join H©, ©I, HI. 
Then it is evident that H0, ei 
are sides of a hexagon inscribed 
in the outer circle. On HI de- 
scribe a segment similar to that 
cut off by H0. Then since the 
square on HI is three times the 
square on H0, the side of the 
hexagon', and the square on 
H@ is six times the square 
on AB, it is evident that the 

segment on HI must be equal to the sum of the segments of 
the outer circle on H0, 81, together with those cut off in the 
inner circle by all the sides of the hexagon. If we add to both 
equals the part of the triangle H0I lying over the segment HI, 
then the triangle H0I is equal to the lune H0I together with 
the segments of the inner circle cut off by the sides of the 
hexagon : and if we add to both equals the hexagon itself, the 
triangle together with the hexagon is equal to the lune H6I 
together with the interior circle. 

These demonstrations, though they do not lead to quadrature 
of the circle, must have greatly stimulated the study of that 
problem, since they indisputably prove that some curvilinear 
figures are capable of quadrature*. They are given here almost 
verbally as they are reported by Simplicius who found them 
in Eudemus who must have had them from Hippocrates' own 



' The proof ot this is inserted by 
Simplicius. Join IM, Then the square 
of the diamcteT HM is equal to the 
squaies of HI, /if, and is also equal to 
foai times the sqoare of 131 oi an; 
other side of the hexagon. 

' These performaDces of Hippocrates 
are vecj neatly described by Hankel, 
(p. 137) after Bretaelmeider. He sajs 
that Hippocrates squared "lunes which 
are contained by two area standing on . 
the same chord, the central angles of 
the arcB being to one another as 1 : 3 



or 1 : 3 or 3 : 3. To these aarprising 
discoveries he attached great hopes 
and shewed that if in the eame way 
certain other lunea could be aqoared, 
the qnadratnre of the circle would also 
be solved." He adds in a note from 
Clausen (Crelle's Joum. ixi. p. 376): 
" It is interesting that the lunea squared 
by Hippocrates are in fact the only 
ones whose area can be constraeted in 
th,e elementaiy manner, with the aid 
only of ruler and compasses." 
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work. They are interesting, apart from theii- intrinsic ability, 
as being the oldest specimens of reasoned geometrical proofs in 
existence. They appear to be in part taken verbally from 
Hippocrates, for the matter is rather confused and full of 
repetitions and the diction is in places archaic, witness such ex- 
pressions as "the line on which AB is marked," "the point on 
which K stands" (17 e^* ov AB, to e^' ov K). From this it seems 
that letters, for the purpose of describing a geometrical figure, 
were of recent introduction*. It is to be observed also that 
Hippocrates does not, like Euclid, omit I from the geometrical 
alphabet. Another fact of great interest, if Simplicius is really 
citing Hippocrates, is this, that we have here the first use of 
the word hiivafii^ in the sense of 'square,' from which the 
Latin translation potentia and the English * power' have passed 
into algebraical nomenclature*. 

102. Beside the quadrature of the circle, Hippocrates was 
busy also with the duplication-problem. He observed that in 
the proportion a : x :: x :y :\y \2a, since o?=ay and y* = 2aa? 
and x^ = ay, then a?* = 2a'a? and a?' = 2a'. Consequently, the 
problem of doubling a cube may be reduced to finding two 
mean proportionals between one straight line and another twice 
as long. The problem thus ceases to be one of solid and 
becomes one of plane geometry*. The same ill-luck however 
attended Hippocrates with this problem as with the other. He 
merely, as Eratosthenes in his letter above-quoted remarks, 
exchanged one difficulty for another. Nevertheless the dupli- 
cation-problem was afterwards treated always in the form in 
which Hippocrates stated it and thus stereometry, as Plato 
complains*, went entirely out of fashion. 

103. In connexion with this recasting of the duplication- 
problem, Proclus i)jOC, ci^.) ascribes to Hippocrates the invention 
of dTrarfcy^ri, or geometrical rediiction, which he defines as a 

1 Cantor, p. 177, surmising that cf. Aristotle, An. Priora, p. 69 a. 
letters were used with diagrams in the ^ See supra, p. 78 n. 
Pythagoreansohools, points out that the ^ Proclus, ed. Friedlein, p. 212. E- 

\ letters {rylea (Health) seem to have ratosthenes in Eutocius uti sup, (ed. 

^ been placed on the vertices of the Torelli, p. 144). 

pentagram. For the Greek expressions * See, for instance, Rep. vii. 528 d. 
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transition from one problem or theorem to another, which being 
solved or proved, the thing proposed necessarily follows\ The 
reductio ad absurdum^ is a particular and the commonest kind 
of dTrayayyr/, in which the substituted contrary theorem is 
disproved by analysis. The introduction of the analytical 
method of proof is attributed to Plato but it must have been 
constantly resorted to before*. The proposition Euclid xil. 2, 
which is attributed to Hippocrates by Euderaus may therefore 
have been proved as it stands by Hippocrates. This style of 
proof was regularly used by the Greek geometers in their 
"method of exhaiLstion" i.e. the method of exhausting, by 
means of inscribed and circumscribed polygons, the area of a 
curviUnear figure. 

104. The process of exhaustion was introduced, for the pur- 
poses of the quadrature-problem, about the time of Hippocrates, 
by Antiphon and Bryson. Antiphon^ a sophist who is said to 
have often had disputes with Socrates*, inscribed in a circle a 
square: on the sides of this he constructed in the segments 
isosceles triangles, on the sides of these other isosceles triangles 
and so on, exhausting the circle : or, according to Themistius, 
he began with an equilateral triangle, on the sides of which he 
constructed isosceles triangles and so on. Bryson of Heraclea, 
a Pythagorean of the same time, attacked the quadrature of 
the circle by inscribing a polygon and circumscribing another'. 
He then assumed that the circle was an arithmetical mean 
between the inscribed and the circumscribed polygons. Of 
these two methods, the latter was more consonant with the 



^ In Aristotle, AnaL Prior, n. p. 69 a, 
c. 25 (27) CLTrayurfq is a syllogistic proof 
which involves a probable assumption. 
The example chosen is as follows ; 
A is capable of qtuidrature : E & recti- 
lineal figure : Z a circle. All E is A, but 
that Z IB E is one step short of cer- 
tainty, since we know only that a circle 
with a lune is equal to a rectilineal 
figure. 

^ dirayuyy'^ els a.bvvarov, 

' There ard signs of it in Hippo- 



crates. See Bretschneider, § 89, p. 
114, n, Hankel, p. 149. 

^ Diog. Laert. ii. 46. Bretschneider, 
p. 101 (quoting Simplicius uti supra), 
and p. 125 (quoting Themistius in 
Ar. Physiea, ed. Brandis, p. 327). 

^ Bretschneider. p. 126 (quoting Joh. 
Philoponus in Ar, Anal, Post, ed. 
Brandis, p. 211), and p. 127 (quoting 
Alex. Aphrod. ia Ar, Soph, Elench, ed. 
Brandis, 306 b). 
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ancient, the former with modem notions. Upon Antiphon, 
SimpliciuB remarks, and quotes Eudemus to the same eflfect, 
that the inscribed polygon will never coincide with the circum- 
ference of the circle, else a geometrical principle would be set 
aside which lays down that magnitudes are divisible ad in- 
finitum^. Antiphon, indeed, would seem to be the sole ex- 
ception to the rule that the ancients never considered a circle 
as a polygon with an infinite number of sides. "This principle" 
says Chasles", not adverting to Antiphon "has never appeared 
in their writings : it would not have suited the rigour of their 
demonstrations. It was the moderns* who introduced it into 
geometry and simplified thereby the ancient demonstrations. 
This happy idea was the passage from the method of exhaustion 
to the infinitesimal method." 

105. It being admitted that Antiphon and Bryson in- 
troduced the practice of exhaustion and that Hippocrates shows 
signs of using analysis in geometry, the question arises whether 
he did in fact prove Euclid xil. 2. as it stands. If he did, then 
he invented that rigorous mode of proof, called "the method of 
exhaustion," which is generally attributed to Eudoxus. This 
method may be considered as contained in two propositions*, 
as follows. 

(1) If A and B be two magnitudes of the same kind, of 
which A is the greater, and there be taken from A more than 
its half (or any other fraction) and from the remainder more 
than its half (or any other fraction) and so on, the ultimate 
remainder will be less than B. (This is the prop. Eucl. x. 1. 
now prefixed as a Lemma to the 12th Book.) 

(2) Let there be two magnitudes P and Q, both of the 
same kind and let a succession of magnitudes X^, X,, X, etc. 



^ Bretschneider, p. 102. This is the ' Kepler (in his Nova Stereometria 

proposition which Zeno denied and Doliorum) and Descartes. Cf. Hallam, 

which Aristotle is always supporting. Hist, of Lit. Pt in. c. 8, sees. 9, 14. 
See especially his treatise irepl arbfuav ^ See De Morgan's article ' Geometry 

ypa/ifiayf shewing that there are no in- of the Greeks* in the Penny Cyclop, 

divisible lines, and compare Hankel, Cantor, pp. 233, 234. Hankel, pp. 

pp. 117-120. 122—124. 

' ApergUy p. 16. 
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be each nearer and nearer to P, so that any one X^, shall diflfer 
from P less than half as much as its predecessor diflfered. Let 
Fj, Fj, Fg etc. be a succession of magnitudes similarly related 
to Qf and let the ratios X^ : F^, X^ : F^, etc. be all the same 
with each other and the same as -4 : 5. Then P : Q :: A : B, 
(Suppose Xj, Xj, etc. all less than P and F^, Y^ etc. less than Q.) 
Now if -4 : jB is not P : Q, then -4 is to £ as P is to some other 
quantity S, greater or less than Q. Take 8 less than Q. Then 
by the hypothesis and prop. I. we can find one of the series 
Fj, Fg (say YJ which is nearer to Q than 8 is, and is therefore 
greater than 8. Then, since X^: Y^:: A : B :: P : 8, it follows 
that X„ : P :: F» : /SI But X„ is less than P, therefore F„ is 
less than i& But F„ is also greater than 8, which is absurd. 
In like manner, it may be proved that, if £• be taken greater 
than Q, then the proportion u4 : jB :: P : /S' is an absurdity. 
Therefore A:B::P:Q. {Vide Euclid xii. 2.) 

106. The discussion of the question whether Hippocrates 
or Eudoxus was the author of this method proceeds on 
the following lines. The opening lemma was the mathe- 
maticians' evasion of the difficulty which Zeno had found in 
infinite division. They avoided the expression ''infinitely small 
magnitudes" by substituting for it "magnitudes as small as we 
please." Now Archimedes^ says that this lemma (in a diflFerent 
form) was used by "former geometers" for the theorem EucL 
XIJ. 2. Eudemus attributes this theorem to Hippocrates and 
there is in fact no other way of proving it save by the method 
of exhaustion, which Euclid adopts. Dr AUman* replies that 
Archimedes mentions this theorem not with particular emphasis 
but along with three others, two of which were beyond question 
proved by Eudoxus*, who is said also to be the author of the 
theory of proportion contained in Euclid V. He does not, 
however, suggest any proof of the theorem which Hippocratei^ 
might possibly have arrived at without using the lemmu. 
Here Cantor* is more satisfactory, for he points out that the 
Egyptians had long ago adopted a fixed arithmetical ratio 

1 Pref, to Quadr, Parab, (Torelli's 3 Archim. Pref. to Sph, et Cyl. 

ed. p. 18). Hankel, p. 120 sqq. Torelli's ed. p. 64. 

2 TTormafliPnfi. vtt. Tin 292 — 223. < n 178. 



p. loj. naiUKei, p. xau sqq. aureui » ei 

Hermathena vii. pp. 222—223. * p. 178 
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between a circle and the square of its diameter and Hippocrates 
may have known this through the Pythagoreans. It is probable, 
moreover, as will be seen presently, that Plato first raised ana- 
lysis to the dignity of a legitimate geometrical method. The 
evidence, therefore, inclines to the opinion that the method of 
exhaustion is to be ascribed not to Hippocrates, but to Eudoxus, 
who lived nearly a century later, but we know, in truth, so little 
about the Greek geometry of the period that no man is entitled 
to hold this opinion very confidently. 

(e.) The Academy, 

107. Plato was born of wealthy and distinguished paren- 
tage, at Athens in 429 b.c. the year of the great plagu6. He 
was a pupil of Socrates, who was executed 399 B.C., but he did 
not derive from this teacher his enthusiasm for mathematics, 
since Socrates was of opinion that it was no use learning more 
geometry or astronomy than would suffice for daily wants, such 
as to measure a field or tell the time of day\ But Plato, after 
the death of Socrates, went away from Athens and consorted in 
many places with Pythagoreans who no doubt indoctrinated him 
with a passion for their favourite science. He went certainly 
to Egypt, also to Oyrene where he studied with Theodorus, and 
lastly to Magna Graecia and Sicily (in B.C. 389) where he became 
a close friend of Archytas and Timaeus of Locri. He returned 
to Athens and formed about himself a school of students who 
heard his discourses in the grove of the Academia, a suburban 
gymnasium. He died, at the age of 81, in 348 B.C. 

The physical philosophy of Plato, being partly founded on 
the Pythagorean, is partly, like the latter, an attempt to find in 
arithmetic and geometry the key to the universe. He held 
that God was a great geometer' and therefore made a know- 
ledge of geometry an indispensable preliminary to the study of 
philosophy. It is said that he inscribed over his porch "Let 

1 Xenophon, ^emorab. iv. 7. Diog. does not occur in any extant work of 

Laert. ii. 33. Plato's, but he does say (Rep, 527 b) 

" According to Plutarch, Quaest. that geometry, rightly treated, is the 

Conv, vin. 2, IIws IIXaTo;!^ iXeye rbv knowledge of the eternal. 
$€ov ael yeufierpeiv ; The expression 
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none that is ignorant of geometry enter my doors "^ and Xeno- 
crates also, who after Speusippus succeeded to the professorial 
chair, so to say, of the Academy, is reported to have turned 
away an applicant for admission who knew no geometry, saying 
"Depart, for thou hast not the grip of philosophy."' But 
it was not really with a view to physical speculation that Plato 
thus glorified geometry. He was interested, no doubt, in the 
inanimate world but he was interested far more in man. The 
nature and laws of thought and the rules of conduct were his 
especial subject, and he valued geometry mainly as a means of 
education in right seeing and thinking and in the conception of 
imaginary processes. Hence it was that, as the Eudemian 
summary says, "he filled his writings with mathematical dis- 
courses, and exhibited on every occasion the remarkable con- 
nexion between mathematics and philosophy." This statement 
may be illustrated by two interesting passages in the Meno, a 
dialogue on Virtue which Socrates is supposed to hold with 
Meno, a pupil of the sophist Gorgias. In the first of these 
passages*, Socrates has just suggested that the knowledge 
which we seem to have by intuition, is really recollected from 
a former state of existence, that in fact "our birth is but a 
sleep and a forgetting." In illus- 
tration of this* theory, he calls up 
one of Meno's slaves and draws 
before him, by several steps, the 
accompanying figure, a square of 
4 feet. The boy apprehends the 
steps perfectly well and correctly 
answers Socrates* questions*, until 
at length Socrates, having induced 
him to say that the square obliquely 
placed is double of the square of 2 feet with which the diagram 




* fjLrjSels dyewfiirprproi eltrlna fjMV rijv 
oTiyi^v, Tzetzes. ChiL vm. 972. 

^ikoaoiplas, Diog. Laert. ly. 10. 
3 Meno, 82 b— 85 b. 

* The conversation begins as follows. 



Socr, 'Tell me, boy, do you recognise 
this for a square?' Boy, * Yea,' Socr. 
*Is not it a square that has all these 
four lines equals?' Boy, *0f course.* 
Socr» 'And these cross-lines equal too.' 
Boy, 'Yes,' etc. etc. 
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was commenced, elicits the incorrect answer that the side of the 
oblique square is twice 2 feet. Upon this Socrates retraces his 
steps and, by judicious questions, leads the boy on to say that the 
side of the oblique square is more than 2 and less than 4 and 
yet is not 3 feet. Here it is obvious that Plato is interested 
not in the Pythagorean theorem or incommensurable lines, but 
in the chain of reasoning. Similarly, a little later in the 
dialogue* Meno asks Socrates whether virtue may be imparted 
by teaching. To this Socrates replies "Let me argue this upon 
hypothesis. A geometer, if he were asked *Can this area (i.e. 
the square of 2 feet) be inscribed in this circle"?* might say *I 
don't know, but I think I can suggest a useful hypothesis. If 
this area is such that, when applied to the given diameter, it is 
deficient {iWeiTrei) by an area equal to itself, then one con- 
sequence follows, but if this be impossible, then another'/ So 
in the case of virtue^ we must assume virtue to be or not to be 
{ex hypothesi) one of some class of goods etc." Here also it is 
the logical procedure and not the problem which is intended to 
be observed. The reader therefore is prepared to find, as the 
fact is, that Plato was rather a maker of mathematicians than 
himself distinguished for original discoveries and that his con- 
tributions to geometry are rather improvements in its method 
than additions to its matter. It was he who turned the 
instinctive logic of the earlier geometers into a method to be 
used consciously and without misgiving*. With him, apparently, 
begin those careful definitions of geometrical terms, that distinct 



^ Mem, 86 D— 87 a. 

^ Socrates may, early in the dialogue 
(73 e), have drawn a circle on the 
ground. 

^ The text of this passage (which is 
absurdly translated by Jowett) is ex- 
tremely obscure, but it seems certainly 
to refer to the previous figure. A 
square of 2 ft. is there shown to be 
equal to an isosceles right-angled tri- 
angle of which the base is 4 ft. If the 
diameter of the given circle is 4 ft. 
a triangle equal to the given square of 
2 feet can certainly be inscribed in it. 



A square of 2 ft. applied to a line of 
4 ft. is deficient by a square of 2 ft. 
(See supra p. 84 n,) This explanation 
seems to be Benecke^s ( Ueber die Oeam, 
Hypoth. in Plato's Menon, 1867). Han- 
kel (p. 134 n.) says that the text is 
unnecessarily difficult for describing 
so simple a fact, but I am inclined to 
think that Plato was fond of 'showing 
off' his mathematics. The famous 
* Nuptial number' in Rep, 546 B.C. is 
an instance in point. 

* See a brilliant chapter of Hankel, 
pp. 127—150. 
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statement of postulates and axioms, which Euclid has adopted. 
The Pythagorean so-called definitions, such as "A point is 
unity in position," are not explanations of terras but statements 
of a philosophical theory. But the Academics, as became the 
pupils of Socrates, desired explicit determmation of the mean- 
ings of words. Thus Aristotle^ says that Plato objected to 
calling a point a 'geometrical fiction' {S6yfia)y and defined it 
as 'the beginning of a straight line' or 'an indivisible line.' 
Aristotle gives also as definitions customary in his time the 
following: 'the point, the line, the surface are respectively the 
boundaries of the line, the surface and the solid :' 'a line is 
length without breadth:' 'a straight line is one of which the 
middle point covers both ends' (the eye being placed at either 
end of the line): the surface arises from 'the broad and the 
narrow:' 'a solid is that which has three dimensions'.' So 
also Aristotle refers to 'mathematical axioms' and often quotes 
one of them, viz. 'If equals be taken from equals the remain- 
ders are equalV Although probably not all of these definitions 
and axioms are due to Plato himself, yet one great invention in 
geometrical methods is expressly attributed to him. Both 
Proclus (ed. Friedlein p. 211) and Diogenes Laertius (iii. 24) 
state that Plato invented the method of proof by analysis^. It 
is not, indeed, to be supposed from this that analysis was new 
to Greek geometers for Hippocrates uses it, as was above-stated, 
and most of the early geometers probably were led, by the 
contemplation of constructions, to the invention of theorems, 
and were thus using analysis without knowing it. But Plato 
may very well have introduced analysis as a legitimate method 



1 Metaphys. i. 9. 992, a. 20. 

' The passages here quoted are in 
order Aristotle, Top. vi. 141 b. 19, 
143 b. 12, 148 6. 29, Metaphys. i. 9, 
9'J2 a. 12: Top. vi. 5, 142 6. 24, obs. 
Aristotle calls a point criyfiii, the later 
word being ffrifielotf : and a surface iirL- 
weSoVf later iiri^afeiay the former word 
being later appropriated to 'plane.' 

3 Metaphys. iv. 3, 1005 a. 20, xi. 4, 
lOGl 6. 17: An. Post. i. 11, 77 a. 31 



(with the addition rj tQv roiovnav dtXXa 
*or any such axioms'). Hankel, p. 
136 nn. 

^ Both state also that he ''gave it 
to Leodamas of Thasos, which pro- 
bably means that Plato orally described 
the method to Leodamas and the latter 
wrote or lectured upon it, describing it 
as Plato's but giving his own geo- 
metrical illustrations. 
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in geometry to be consciously employed, may have given rules 
for its conduct and pointed out under what conditions it was 
satisfactory or not so. 

108. The oldest definition of Analysis as opposed to 
Synthesis is that appended to Euclid xiii. 5. It was possibly 
framed by Eudoxus \ It states that " Analysis is the obtaining 
of the thing sought by assuming it and so reasoning up to an 
admitted truth : synthesis is the obtaining of the thing sought 
by reasoning up to the inference and proof of it." In other 
words, the synthetic proof proceeds by shewing that certain 
admitted truths involve the proposed new truth : the analjiiic 
proof proceeds by shewing that the proposed new truth involves 
certain admitted truths. An analytic proof begins by an 
assumption, upon which a synthetic reasoning is founded. The 
Greeks distinguished theoretic from problematic analysis. A 
theoretic analysis is of the following kind. To prove that A is 
By assume first that A is B. If so, then, since B is C and C is 
D and D is jE, therefore A is E, If this be a known falsity', A 
is not B. But if this be a known truth and all the inter- 
mediate propositions be convertible, then the reverse process, 
A is E, E is D, D is C, G ia B, therefore A is B, constitutes a 
. synthetic proof of the original theorem. Problematic analysis 
is applied in cases where it is proposed to construct a figure 
which shall satisfy a given condition. Hence the process con- 
sists in constructing a figure which is assumed to satisfy the 
given condition. The problem is then converted into some 
theorem which is involved in the condition and which is proved 
synthetically, and the steps of this synthetic proof taken 



1 Bretschneider, p. 168. Pappus 
{Math, Coll, yn. ed. Holtsch, p. 635) has 
Euclid's definition. Chasles (p. 5), 
takes a definition from Yieta, Isagoge 
in Artem Analytieen, ad init, '*I1 est en 
math^matiques nne m^thode poor la 
recherche de la y^t6 que Platen passe 
pour avoir inyent6e,queTh6on a nomm6e 
analyse et qu'il d6finit ainsi : Begarder 
la chose oherch6e comme si elle 6tait 
donn6e et marcher de oons^uenoes en 

G. G. M. 



consequences jusqu'd. ce quePon recon- 
naisse comme vraie la chose cherch6e. 
Au contraire la synthase se d^finit: 
Partir d*une chose donn^e pour arriver 
de consequences en consequences k 
trouver une chose cherchee." See also 
a note in Todhunter's Euclid, App. 
§§ 36 sqq. 

3 Thus the reductio ad absurdum is a 
kind of theoretic analysis. This is the 
only analysis which Euclid admits. 

12 
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backwards are a synthetic solution of the problem. Suppose 
there is only one condition : e.g. To describe a triangle having 
each of the angles at the hase dovhle of the third angle. Draw 
an isosceles triangle ABC and assume that 
the base angles are each double of the ver- 
tical angle. An addition must be made to the 
figure. Bisect the angle A GB by the straight 
line CD. There thus arises a theorem that 
AB is cut, at i), in extreme and mean ratio, 
and that BC = AD, from which a synthesis 
(Eucl. IV. 10) is obtained. (It will be seen 
that the whole aim of problematic analysis is -^ 
to find a synthetic solution of the problem, and therefore the 
ancient geometers never omitted to add the synthetic solution 
so found.) If there are more conditions than one, the procedure 
is just the same. A figure is drawn which is assumed to 
satisfy all the conditions, but the subsequent analysis is directed 
to shewing what each condition, in turn, involves. 

A very good authentic example of this more complicated 
analysis is given by Hankel (p. 143) from Pappus\ The pro- 
blem is : "Given the position of a circle ABC and of two 
points B, E, outside it, it is required to draw from B, E the 
straight lines BB, EB cutting the circle in B and produced to 
Af C, so that AC shall be parallel to BE.^^ The analysis is 
as follows. "Let the figure be drawn 
and also the tangent FA. Then, 
since AC is parallel to BE, the angle 
at C is equal to the angle CBE. It 
is also equal to the angle FAE (Euclid 
III. 32). Therefore the angle FAE 
is equal to the angle CBE, and the 
points ABBF lie on the circum- 
ference of a circle, and the rectangle AE, EB is equal to 
the rectangle FE, EB. But the rectangle AE, EB is given", 
because it is equal to the square of the tangent; therefore 

^ CoU, Math. VII. prop. 105. theorems stated in an abridged fbnn, 

« MotUvov, datum, in Euclid's sense. e.g. Prop. 92 (96 in Bimson's ed.) ia 

Euclid's Data are a collection of "If a straight line be drawn from a 
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the rectangle FEy ED is given, and since ED is given, so also 
is FEy both in length and in position. And since FA is a 
tangent to the given circle and F is given, so also A is given. 
And since A is given, so also is AE and the point J5." Then 
follows the synthesis. "Join ED and produce it to Fy so that the 
rectangle JEZ>, EF is equal to the square of the tangent. From 
F draw the tangent FA and join AE^' etc. The reader will 
see that here the analysis is directed to two facts involved in 
the conditions, the condition that AE cuts the circle in B, 
involves the fact that the rectangle AE . EBy wherever A may 
be, is equal to a certain square which can be found. The con- 
dition that AG must be parallel to EDy involves the further 
fact that the rectangle AE . EB is equal to the rectangle under 
ED and EF, where F is that point in which ED produced 
meets the tangent at A, The addition of a synthetic solution 
is made ex majori cautela, lest a condition should not have been 
examined in the analysis or lest a proposition reached in the 
analysis should not be convertible (e.g. all A may be B, but not 
all B need be A), Further, the problem may be under some 
conditions impossible, and this fact is likely to be overlooked in 
the analysis. Hence, to the synthetic solution, the Greeks 
appended, if necessary, a diorismus {determinatio) or statement 
of the conditions in which the given problem is or is not 
soluble. The Eudemian summary ascribes the invention of the 
diorismus to Leon the Platonist, but it is observable that the 
passage above quoted from the Meno (p. 175) contains a partial 
diorismus which is undoubtedly Plato's. It is probable therefore 
that the whole systematization of analysis is due to Plato. 
"The conjunction of philosophical and mathematical pro- 
ductivity" says Hankel, "such as we find, beside Plato, only 
in Pythagoras, Descartes and Leibnitz, has always borne the 
finest firuits for mathematics. To the first we owe scientific 
mathematics in general. Plato discovered the analytic method, 

given point without a circle given in sense of the word "given *' is deter- 

position, the rectangle contained by mined by Def. i. ** Spaces, lines, and 

the segments betwixt the point and the angles are said to be given in magni- 

circumference of the circle is given." tude when equals to them can be 

This is an abridgement of iii. 36. One found." 

12—2 



180 



GREEK GEOMETRY TO EUCLID. 



through which mathematics were raised above the standpoint 
of the Elements; Descartes created analytical geometry; our own 
celebrated countryman (Leibnitz) the infinitesimal calculus — 
and these are the four greatest steps in the development of 
mathematics." It must be admitted, however, tliat the intro- 
duction of analysis is just the sort of service which might be 
ascribed, by a vague exaggeration, to a philosopher who certainly 
had a great influence on mathematics but left no mathematical 
work. 

109. The one respectable solution which is attributed to 
Plato seems to have been obtained through analysis in the first 
instance. It will be remembered that Hippocrates had recast 
the duplication-problem into one of plane geometry, to. find 
two mean proportionals to two straight lines. Let a, b be the 
given straight lines, x and y the mean proportionals, so that 
a : X :: X : y :: y : b. Take CA = a : CX^ x : CY= y : CB = b 




and place these lines in a right-angled cross about the common 
extremity C, Then the triangles AGX, XCY and YCB are 
similar, and the angles AXYy XYB are both right-angles 
(Euclid VI. 8 and Cor), Hence a synthetic solution would 
be obtained if a straight line XY could be so placed between 
two arms of the cross that the perpendiculars to it at the points 
X and Y would pass through A and B respectively. For this 
purpose Plato* is said to have invented a little apparatus con- 
sisting of a rectangular frame, one side of which would slide up 

1 Entocins in Torelli, p. 135. Han- 141--143. Cantor, p. 195. 
kel, pp. 154, 155. Bretschndder, pp. 
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and down so as to diminish or enlarge the rectangle at pleasure. 
On the other hand, Plutarch relates^ that Plato hlamed Archytas 
and Eudoxus and Menaechmus for using such instruments for 
the purpose of solving the duplication-problem, and said that 
the good of geometry was spoilt and destroyed thereby, for it 
was reduced again to the world of sense and prevented fi*om 
soaring among the unseen and incorporeal figures. Elsewhere* 
Plutarch repeats the same story, and adds that, owing to this 
remonstrance of Plato, mechanics were wholly dissociated from 
geometry and reduced to a mere department of strategy. These 
statements of Plutarch are much more likely to be true than 
the other, which rests on the authority of Eutocius, and it may 
be said therefore that to Plato we owe the strict limitation 
of geometrical instruments to the ruler and compasses. It 
will be remembered also that Plato deplored the decay of 
stereometry, and we shall find this department of geometry 
reopened with great zeal by Plato's immediate pupils. In 
short, however we discount the evidence, it is plain that Plato 
was almost as important as Pythagoras himself to the advance 
of Greek geometry. 

110. It is desirable for two or three reasons to insert here 
the solution of the duplication-problem which is attributed to 
the Pythagorean Archytas. It could hardly be given before, 
because it solves the problem in that form in which Hippocrates 
recast it. Further, it is the kind of solution which Plato blames 
and it involves some stereometrical considerations, which Plato 
is thought to have revived. It will serve also to remind us 
that, side by side with the Athenian mathematical school, there 
was still the older Pythagorean at Tarentum, to which Plato 
was probably under very great obligations. The solution of 
Archytas is reported by Eutocius' from Eudemus. It is as 



^ Quaest, Conv, vm. 9, 2, c. 1. Bret- 
Bchneider, p. 143. 

» Vita MarceUiy c. 14, § 5. 

> In Torelli, p. 143. The form given 
in the text is Cantor's (p. 196), but is 
only very slightly abridged from the 
original. The latter gives the synthe- 
sis only. Bretsohneider, p. 152, sug- 



gests an analysis by which Archytas 
may have been led to his solution. The 
figure on the next page is awkward 
and defective, for MI and EA' should 
be joined, but it serves its purpose 
sufficiently well and is a Httle better 
than Cantor's. 
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follows. Let AA, AB be the two straight lines, between which 
two mean proportionals are required, and of these let AA be 
the greater. Describe a semicircle on AA as diameter, and let 
AB be a chord of this semicircle. Describe on AA, in the per- 
pendicular plane, another semicircle which can be moved round 




from A towards B, the extremity of the diameter A remaining 
fixed. This revolving semicircle will describe a curve on a 
half-cylinder supposed to stand on ABA. Draw the tangent at 
A and produce AB to meet it in IT. The triangle AAII turning 
about AA as axis, produces a cone, which penetrates the half- 
cylinder and cuts the curve thereon in the point K. This point 
K being on the half-cylinder, the line KI dravm from it perpen- 
dicular to the plane of the semicircle ABA meets the circum- 
ference of that semicircle in I. While ATI is describing this 
cone, the point B moves through a circle, BMZ, which is per- 
pendicular to the circle AB AZ of which ABA is half. Since AKA' 
is perpendicular to the same plane, the line MQ (which is the 
line of section of BMZ and AKA') is also perpendicular to it, 
and is likewise perpendicular to the line BZ, which is the line of 
section of the plane BMZ with the plane ABAZ. Then since 
BMZ is a semicircle and BZ its diameter, M0' = B0 . 0Z. But 
B0 . 0Z = A© . 01 (BZ and AI being two chords cutting one 
another in 0). Therefore M0* = A0 . 01. Therefore the angle 
AMI is a right angle and is equal to AKA' (which is an angle in 
a semicircle), and therefore MI is parallel to KA'. Therefore the 
triangles A'AK, lAM, KAI are similar to one another, and 
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AM : AI :: AI : AK :: AK : A'A. Take AM = AB = a, and A'A 

= AA = J, and we then get two middle proportionals between a 
and b. It will be seen that this solution uses Euclid ill. 18 and 
35, and xi. 19, and discloses also very clear notions on the origin 
of cylinders and cones, the section of a surface by a surface and 
the curves thence arising. It must be remembered however that 
Archytas probably used a mechanical apparatus in the solution 
{&upray pp. 158, 181). 

111, It was said above that Plato made many mathema- 
ticians, and the observation is fully borne out by the discoveries 
which are attributed to his immediate pupils. Of Leodamas 
of Thasos, for whom Plato invented the method of analysis, 
nothing more is known, save what the Eudemian summary says 
of him, viz. that he and Archytas and Theaetetus greatly 
extended mathematical inquiries, and improved them into a 
more scientific system. This Theaetetus is the same who gives 
a name to one of Plato's dialogues and who was chiefly occupied 
with the study of incommensurables. Suidas (s. v.) attributes 
to him a treatise on the five regular solids, but to what effect 
this treatise was is not known. Of Neocleides and his pupil 
Leon also, we know no more than the Eudemian summary tells 
us, in which the only important fact is that Leon wrote an 
improved ' Elements ' and treated particularly of diorismus. 

112. But Eudozus, who is mentioned next, was one of 
the most brilliant mathematicians of antiquity. He was bom 
about B. c. 408 in Cnidus, was a pupil of Archytas, and sub- 
sequently, for a few months, of Plato. He then went to Egypt 
(with Plato, according to Strabo), thence to Cyzicus, where 
he founded a school, and came from Cyzicus with his pupils 
to Athens, where he met Plato again not on very friendly 
terms. He returned finally to Cnidus and died there at the 
age of 53 (b. a 355).^ He is described by Diogenes Laertius 
as astronomer, physician and legislator, as well as geometer. 
In the first capacity he is said by Aristotle* to have made 
a kind of orrery, and various discoveries are attributed to 

^ Diogenes Laert. viii. 86 — 90. Bret- ^ Metaphys. vn. c. 8. See Schia- 

sohneider, pp. 163—164. Cantor, pp. parelli (trans. Horn) in Suppl. to 
206, 206. Zeitschr. Math. Phys, vol. xxn. 
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him. He wrote also a work on practical astronomy, ^aivofieva, 
on which the extant poem of Aratus is founded*. The 
Eudemian summary states that he added three kinds of 
proportion to those introduced by Pythagoras, and increased 
by the analytical method the learning, begun by Plato, on the 
subject of the section. This must mean the so-called ' Golden 
Section,* the cutting of a line in extreme and mean ratio*, 
and the Eudemian summary is very well explained by supposing 
that Eudoxus was in fact the author of the first five propositions 
of Euclid XIII., which deals with the regular solids (see below 
p. 197w). A scholiast on Euclid, thought to be Proclus', says 
further that Eudoxus invented practically the whole of 
Euclid's Fifth Book. Beside this work in proportion, 
Archimedes expressly says (in the passages above cited upon 
which the method of exhaustion is attributed to Hippocrates) 
that Eudoxus proved by means of the Lemma, Euclid x. (xii), 
1, the propositions that every pyramid is a third of a prism on 
the same base and with the same altitude (Euclid xii. 7. Cor. L), 
and that every cone is the third part of a cylinder on the same 
base and with the same altitude (Eucl. xil. 10). It is on the 
strength of this perfectly clear evidence that Eudoxus is 
supposed to have invented the method of exhaustion. Lastly, 
Eudoxus is reported* to have invented a curve which he 
called imroTriST), or 'horse-fetter,' and which resembled those 
hobbles which Xenophon describes as used in the riding-school. 
They were of the form 




Proclus calls this curve a * spiral,' and has some interesting 
remarks on its origin^ The word aireipa means a so-called 



^ AratuB is criticised by Hipparchus, 
who preserves some of the original 
statements of Eudoxus. These are 
criticised, as usual, with the utmost 
contempt by Delambre. Astron, An- 
cienne. Vol. i. p. 107. 

^ The possible meanings are dis- 
cussed by Bretschneider, pp. 167 — 168. 
Cantor, p. 208. 



3 Enoche, Untersuch, iiber Schol. des 
ProcluSi pp. 10 — 13. 

* Simplicius, in Ar, De Coelo, ed. 
Brandis, p. 600, 10. 

'^ Cantor pp. 209, 210, quoting Schia- 
parelli, uti sup, section v. Proclus, ed 
Friedlein, pp. 112, 119, 127, 128. He- 
ron Alezandrinus, ed. Hultsch, p. 27, 
def. 98. 
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'tore/ a ring-shaped solid of revolution which is produced 
by the revolution of a circle about a straight line which lies 
in the same plane with but does not cut the circle \ If this 
solid be cut by a plane, there arises a "spiral" line, which 
may assume three forms, according as the cutting plane is 
more or less near the axis. If it is further from the axis than 
iL J* centre of the circle, we get an oval' : if nearer, we get a 
curve " narrower in the middle and broader at the ends ; but if 
the plane is still nearer to the axis, so that it 
touches the tore at an inner point, which is in 
fact the double-point of the curve, we get the 
/ttttott^S^ ." Eudoxus somehow used this curve 
in his description of planetary motions, but 
nothing more is known of his treatment of it. /^"^x ^^''^ 
Eutocius, however, in the passage so often quoted ^^^y^\^ 
on the duplication-problem, says that Eudoxus used certain 
curves {KafiTrvKal ypafifiai) for his solution of this problem, but 
he disdains to give this solution, because it had nothing to do 
with these curves after all and contained an absurd mistake in 
proportion. Eratosthenes, however, whose letter on the subject 
Eutocius has himself previously quoted, mentions Eudoxus in 
the same breath with Archytas, and calls him, in an epigram 
appended to the letter, ** godlike." The probability, therefore, 
is that Eutocius was himself mistaken. 

113, Amyclas of Heraclea, a Platonist, is unknown save 
from the Eudemian summary, but Menaechmus, ** a pupil of 
Eudoxus and a contemporary of Plato," is well known to fame. 
It was he who invented the geometry of the conic sections', 
which, after him, were sometimes called "the Menaechmian 
triads." Democritus, indeed, had cut a cone by a plane parallel to 
the base {supra, p. 159n.) but it was Menaechmus who took three 
kinds of right cones, the "right-angled," "acute-angled" and 
"obtuse-angled" (as Qeminus describes them in the passage 

^ An anchor ring is the common ex- > See the often-quoted letter of Era- 
ample of this solid. tosthenes in Eutocius, ed. Torelli, p. 

' Produs (p. 112) describes this as 146, and PrOclus, ed. Friedlein, p. Ill, 

a '' TapafjLfiicfis, broad in the middle (citing Oeminus as well as Erato- 

and narrow at the ends." sthenes). 
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quoted above, p. 137) and cutting these by planes at right-angles 
to one of their sides, exposed the parabola, ellipse and 
hyperbola\ which he called the section of the right-angled, 
acute-angled and obtuse-angled cone respectively. He seems, 
however, not to have regarded these curves always in the cone 
itself, but to have used some mechanical apparatus for drawing 
them*. How far he proceeded in the geometry of conies can be 
guessed only from two very neat solutions of the duplication 
problem, which are attributed to him by Eutocius^ Menaech- 




mus observed that if a : x :: x : y :: y : b,thenay=sa^,y^=ibx. 
If through the point C there be described two parabolas, one 



^ These names were inyented not by 
Menaechmus bat by Apollonias of 
Perga, a century later. That Menaech- 
mus used the names ** section of right- 
angled cone'' etc. is attested by Pappus, 
vn. (ed. Hultsoh), p. 672. 

3 Compare Eratosthenes again in 
Eutocius, ed, Torelli, p. 144, and the 
reproach of Plato against Menaechmus. 
Eutocius (a little earlier) says that his 
own master, Isodorus of Miletus, had 
invented a compass (dio^^i/s) for draw- 
ing parabolas. Bretschneider (p. 170), 
says that a modem geometer would 
suppose that the notion of loci pre- 
ceded the conic sections, but that in 
fact the ancients always regarded 
conies in the cone itself: the foci of 
the ellipse and hyperbola are only just 
mentioned by Apollonius and charac- 



terised by two of their simplest pro- 
perties: the foetu of the parab<^ is 
not mention^ at all. But Mr Taylor 
{Ancient and Modem Conies, pp. xxxi 
— xxzni. and zLin.) suggests that the 
conic sections xhay have been discover- 
ed as plane loci in investigations of the 
duplication problem. In support of 
this he urges that Menaechmus used a 
machine for drawing conies, that in 
his solutions of the duplication pro- 
blem he uses only the parabola and 
hyperbola, and that the ellipse, the 
most obvious of the sections, is treated 
last by Apollonius. He admits, how- 
ever, that the conception of a conic as 
a plane locus was immediately lost. 

* Archimed. ed. Torelli, p. 141. Bret- 
schneider, pp. 159—161. Cantor, pp. 
198, 199. Haukel, p. 155. Eutocius 
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with parameter a and axis AG, the other with parameter b and 
axis BG, they will cut one another in a point P of which the 
co-ordinates GX, CYaie the desired mean proportionals, x and y. 
Secondly, since xy=^ab, the same point P may be found as 
the point of section between one of these parabolas and a 
hyperbola, of which GX smd CY are asymptotes, subject to the 
condition that the rectangle contained by the straight lines 
drawn from any point on the hyperbola parallel to one 
asymptote and meeting the other, shall be equal to ab. The 
learning of Menaechmus, indicated by these solutions, is very 
considerable, and it is not surprising to find that before 
the century was out Aristaeus "the elder"* (about B.C. 320) 
wrote an "Elements of Conic Sections'' in five books, which, 
according to Pappus, Euclid highly approved \ Menaechmus is 
said to have been the teacher of Alexander the Great, who 
asked him whether he could not make his instructions some- 
what shorter. To this Menaechmus replied in the famous 
words, " There is no royal road to geometry^" The brother of 
Menaechmus, Dinostratus, was also a great geometer. It was 
he who as stated above (p. 163) used the quadratrix of Hippias 
for the solution both of the trisection and the duplication 
problems. Nothing more than this, however, is known of him. 



gives both analysis and synthesis. The 
form in the text is Hankel's, and con- 
tains of course (as indeed does that 
of Entocius) technical terms which 
Menaechmus knew nothing of. It 
gives the solutions also in a different 
order f^rom Eutocius. 

^ Pappus vn. Praef. {ed. Hultsch), 
pp. 672, 676. This Aristaeus wrote 
also on the regular solids. Cantor, p. 
212. Curves of all kinds were at this 
time called tSttoi die^oSiKoi or ** running 
loci." The straight line and circle 
were called "plane loci" (tAtto* itri- 
iredoc) the conic sections *' solid loci" 
{ffrepeol) and all other curves- beside 
these were called "linear loci" (ypafi- 
fUKol) or, fiom the manner of their 
construction, "mechanical loci" (jiri- 



XovcKo/). Hankel, p. 152. Cantor, p. 
214, quoting Pappus uti sup, pp. 662, 
672. Pappus seems to say that Aris- 
taeus wrote two books, one on Conies, 
the other on Solid Loci. Cantor {loc, 
dt.) suggests that the second was a 
series of solutions in which the conic 
sections were used. Viviani restored it 
conjecturally (pub, 1701). Chasles, p. 
7n. Cantor (p. 197) says that the word 
r6iros first occurs, in its geometrical 
sense, in Eutocius' report of Archytas 
on duplication, but this is erroneous. 
The word rdiros there means only 
"place." 

2 Bretschneider, pp. 162—163. Sto- 
baeus Florileg, ed. Meineke, iv. p. 
205. The same story, however, is told 
of Euclid and King Ptolemy. 
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save what the Eudemian summary relates, viz. that be and 
Menaechmus and Amyclas " made the whole of geometry yet 
more perfect." After these names the same catalogue gives 
others, for which also it is the sole authority. Theudius of 
Magnesia wrote yet another and further improved ' Elements * : 
he and Cyzicenus of Athens were Platonists, like Amyclas. 
Hermotimus of Colophon added yet more to the Elements and 
wrote on Lod, Philippus of Mende, another Platonist, tried to 
find in geometry illustrations of the Academic philosophy. 
This name finally brings the history of geometry down to the 
time of Eudemus^ himself, and with it the Eudemian summary 
closes. The next great name in Greek geometry is Euclid 
but with him the scene is shifted and mathematics desert 
Athens for Alexandria. 

114, The Athenian school, however, should not be left, 
without a word on that great philosopher who, for nearly 2000 
years, was in all subjects "the master of those who know.'* 
Aristotle (b.c. 384 — 322) was not, any more than Plato, a 
professed mathematician, but, like Plato, he was learned in the 
mathematics of his day and was above all things interested in 
correct reasoning on every subject. The man who systematized 
deductive logic must be admitted to have performed a great 
service to geometry. But Aristotle's benefits are not confined 
to this. He is the author or the improver of many of the most 
difficult geometrical definitions {vide supra, p. VidSnn). One of 
these, which has not yet been quoted, may be here given. He 
defined continuity as follows. " A thing is continuous {a-vvex^^) 
when of any two successive parts the limits, at which they 
touch, are one and the same, and are, as the word implies, held 
together*." Hence, he said in answer to Zeno, motion is not, like 
counting, a discrete operation, a series of jerks : the moved 
thing does not stop at the stages which the calculator chooses to 
make. The interest which Aristotle took in these inquiries 
accounts for the fact that the sole extant Greek work in which, 

^ Endemus was a native of Rhodes, petent historiain of geometry, 

but a pupil of Aristotle. Produs says * Phys. m. c. 3. 227, a. 10. Insec. 

he wrote irepl ywlas, 'on the angle,* so Lin. 969, a. 30. 
it may be inferred that he was a com- 
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before Archimedes, geometry is applied to mechanics is at- 
tributed to him. The passage in the Physics which contains 
a hint of the principle of virtual velocity has been cited above 
(p. lOon)*. The Mechanica, which is perhaps not Aristotle's, 
though certainly of his time, is a series of 35 questions, mostly 
on the performances of various levers'. The explanation here 
given of the lever is founded on the observation that, in a 
revolving circle, the circumference moves faster than the parts 
near the centre: the power, therefore, at the end of a lever 
overcomes the weight by its superior velocity. This explan- 
ation leads to the correct inference (Qu. 3) that if two weights 
keep a lever in equilibrium, they are to one another in the 
inverse proportion of the arms of the lever. Nearly all the 
questions are answered by reference to one or other of these facts. 
The book contains many errors but is worth noticing as evidence 
that, about this time, questions were asked which ultimately 
lead to a correct theory of mechanics. 

115. There remains still to be mentioned another writer, 
who lived about 330 B.c. and whose works, still unpublished, 
are the oldest of extant Greek mathematical treatises. This is 
Autolycus of Pitane in ^olis, an astronomer of whom nothing 
is known save that he wrote two elementary works on the 
apparent motion of the sun and stars^ The first (in 12 



^ Too much stress should not be laid 
on tHis passage, for Aristotle goes on 
immediately to say that if A moves B 
a distance F in time A, it does not 

follow that ^ will move B a distance 

r A 

■^ in the same time, for ^ may not be 

able to move B at all. A hmidred men 
may drag a ship a hundjred yards, but 
it does not follow that one man can 
drag it one yard. 

^ The questions are of great variety, 
both in subject and in merit: e.g. 
* Why are carriages with large wheels 
easier to move than those with small ? * 
(Q. 11). 'Why are pebbles on the sea- 
shore round?' (Q. 16) 'Why is it 



easier to extract teeth with the forceps 
than with the fingers?' (Q. 21). 'Why 
in rising from a seat do we lean the 
body forward at an acute angle with the 
thigh?' (Q. 30). ♦Whydoes a missile, 
once thrown, ever stop?' (Q.33). *Why 
do objects in a whirlpool move towards 
the centre?' (Q. 36). 

' An abcount of both is given by 
Delambre. KisU Astron, i. c. u. pp. 
19 — 48. They exist in 3 mbs. at Ox- 
ford, but are published only in a Latin 
translation by Auria (Borne, 1587. 
1588). Delamb):e used Dasypodius' 
Sphaericae Doctrinae Propositiones 
(Strasburg, 1572), which contains only 
the enunciations of Autolycus. 
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propositions) is called " on the moving sphere '' {irepl Kivov/iiivrf<: 
<r(f)alpas:). The sphere is supposed to revolve uniformly and to 
be divided by a great circle (not called the '* horizon " but drawn 
obliquely to the axis) so that half of the sphere is always invisible. 
The propositions which are of an excessively simple character, 
relate to the appearance, disappearance and reappearance, of 
various points on the sphere. The same subject is dealt with 
more particularly in the other work, " On Risings and Settings " 
{irepl eircroKwv koI Bvaeayv), which is in two books, the first of 
13, the second of 18 props. Here Autolycus premises that 
the rising or setting of any star is invisible unless the sun be at 
least 15® (measured on the ecliptic) below the horizon*. The 
propositions, which are very obscurely worded, consist mostly of 
deductions from this fact as to the time both of the night and 
of the year at which or during which a particular star will be 
visible. The results are of the most general character, to the 
eifect that after a given phenomenon certain others will happen 
at certain times or in a certain order". 

116, A brief summary may here be added of the progress 
of Greek geometry up to 300 B.C., the date at which the 
Alexandrian school may be taken to arise, and which begins the^ 
most brilliant century in the history of Greek mathematics. 

It will be remembered that Thales about 580 B.C. introduced 
the Egyptian geometry into Ionia : Pythagoras about 530 B. c. 
introduced it into Magna Graecia. In these places, the extreme 
Eastern and Western limits of Hellas, mathematical schools 
survived for nearly 200 years, but the Ionian was by far the 
less meritorious of the two. This school seems to have been 
concerned chiefly with the geometry of angles, the Pythagorean 
chiefly with the geometry of areas and the theory of proportion. 
To the former we owe much of Euclid's 1st Book, to the latter, 
no doubt, the 2nd, and the foundations of the 4th, 5th, and 6th, 



^ Autolycus divides the ecliptic not supposed to be observed from Thebes in 

into degrees but into 12 parts {dwZcKa- 360 b.c. He also, in his usual scom- 

nyiipiaL) of 30** each. ful manner, reduces the whole book 

' Delambre proves many of the pro- to a few trigonometrical formulae, 
positions for Arcturus and Aldebaran 
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Books. Before these schools were extinct, the Sophists about 
450 B.C. introduced geometry to Athens; and here, under the 
stimulus of three insoluble problems, arises the geometry of the 
circle and other curves (with Hippias and Hippocrates); still 
later the geometry of conies in particular, and of lociy stereometry, 
mechanics and astronomy. But it is not to be supposed that 
during this time any department of geometry was the peculiar 
study of any place. Intercommunication was so frequent and 
rapid that the Pythagoreans of Italy and Sicily and the 
Atomists of Abdera, no doubt, were acquainted soon with the 
last geometrical discovery of Athens, and vice versa. The syste- 
matization of geometrical methods and the orderly arrangement 
of elementary text-books, since Hippocrates wrote the first, had 
specially occupied the attention of the Platonic school. Thus it 
was that the substance of nearly all the geometry of Euclid's 
elements was known before Euclid's time, the forms of geo- 
metrical proof were settled, and the arrangement of at least large 
fragments of geometry was practically determined. To collect 
these fragments and connect them where necessary, and to 
embellish the proofe, was the chief work which was left for 6 
oTocx^coDTijf;, the writer of the Elements par excellence. 



CHAPTER VII. 
Euclid, Archimedes and Apollonius. 

117. It has been already pointed out that the conditions of 
life in Athens were unfavourable to the growth of any "natural" 
science. Her practical men were absorbed in politics, her 
philosophers in metaphysical speculation. Neither of these 
classes objected to deductive science, for deduction is the chief 
instrument of rhetoric and is also the most interesting part 
of logic: but the patient and unrewarded industry, which leads 
to inductive science, was not to the Athenian taste. The 
practical men thought it profane, the philosophers vulgar. The 
schools of inductive science remained therefore far away from 
the turmoil of Athens: the observatories of the astronomers 
were at Cysricus on the Hellespont or at Cnidus on the south 
coast of Asia Minor: the school of medicine was maintained by 
one illustrious family in the island of Cos. If it be objected 
that Aristotle lived in Athens, the answer is that Aristotle was 
the son of a physician, was not bom or bred in Athens, never 
became an Athenian citizen, disliked Athens and left it, and 
was not able to command in Athens an audience for anything 
but metaphysics. The Peripatetic school was as unscientific as 
the Platonic. There was not yet a "university," to which all 
the world might come and learn all the knowledge that was in 
existence. Alexandria was the first city to deserve that name. 
Athens might have won it, but when Athenian politics were no 
more and the field was free for other pursuits, Alexandria had 
forestalled her. 
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118, The political supremacy of Athens was first "broken by 
the Peloponnesian War (b.c. 431 — 404). During the next 50 
years she was slowly recovering, but in the meantime a more 
powerful enemy was growing in the North and the Macedonian 
phalanx was in training for the subjugation of Greece. It came 
down at last (352 B.C.) under the command of Philip, the father 
of Alexander the Great. In the struggle that followed, Athens 
once more took the lead ; but she was beaten at Chaeronea 
(338 B.C.) and never held up her head again. Alexander 
succeeded his father in 336 B.c. and, after securing his power 
over Greece, started on his unparalleled career of conquest. In 
thirteen years he scoured the earth from Macedonia to the 
Indus, from the Caspian to the cataracts of the Nile, and left 
behind him, wherever he went, a monument of his visit in the 
shape of a new city, founded on some aptly chosen position, to 
be at once a fortress and a centre of commerce\ In this way 
Alexandria was founded in B.C. 332, when Alexander turned 
from Palestine into Egypt. The site was chosen, the ground-plan 
drawn and the mode of colonization directed,by Alexander himself, 
but the building of the city, which was entrusted to Dinocrates, 
the architect of the temple of Diana at Ephesus, was not com- 
pleted till many years afterwards. The stnicture, when finished, 
was worthy of the site and Alexandria seemed to Ammianus 
Marcellinus still, in the 4th century after Christ, "vertex 
omnium civitatum," the noblest of all cities. It was divided 
into three districts, Greek, Jewish and Egyptian, for Alexander 
was above all things cosmopolitan and deliberately attempted, 
on many occasions, to break down the barriers of race and 



^ Besides Alexandria in Egypt, he 
founded at least 17 other Alexandrias 
(not to mention other cities) in dif- 
ferent parts of central Asia. Herat, 
Candahar and probably also Merv, 
attest the excellence of his judgment. 
The abundance of Greek coins which 
are still current in the bazaars of 
Afghanistan and the signs of the in- 
fluence of Greek sculpture and archi- 
tecture which everywhere abound in 

G. G. M. 



those regions, show how successfully 
they were opened up to Greek com- 
merce and civilization. Alexander's 
example in this respect was followed by 
his successors. Ten cities of Antiochia, 
six of Seleucia^ six of Apamea, and six 
of Laodicea were built in a short time 
by the kings of Syria : and similarly 
in Egypt the Ptolemies studded the 
coasts with cities of PtolemaiSf Arsinoe^ 
Berenice, 

13 



194 



EUCLID, ARCHIMEDES AND APOLLONIUS. 



creed\ It became at once the meeting-place of all the most 
important trade-routes; Greek, Egyptian, Arabian and Indian 
produce passed through it and brought with them a motley host 
of new settlers. The travels of Alexander had excited through- 
out the civilized races a new and burning curiosity to see and 
know more of one another and of the world, and the place 
where of all others this curiosity could best be satisfied, was 
Alexandria. 

To the sovereignty of this magnificent city Ptolemy, the son 
of Lagus, succeeded on the partition of Alexander's empire 
after his death in 322 B.C. Ptolemy was a man who had 
caught much of Alexander's own enthusiasm, and it was he who 
created the university of Alexandria. The university buildings 
stood near the palace and were provided with lecture-rooms, 
laboratories, museums, a zoological garden, promenades and other 
accommodations, all clustered near the great Library. This 
contained in the time of Ptolemy Philadelphus (about B.C. 260) 
400,000 rolls, representing about 90,000 distinct works, and 
there was another library in the Egyptian quarter, containing 
about 40,000 works. The collections were afterwards greatly 
increased and were always under the care of some distinguished 
scholar. So equipped for the pursuit of learning, Alexandria 
had yet another advantage, in that she enjoyed under the 
Ptolemies for nearly 200 years a profound peace both internal 
and external. A short period of conflict followed and then 
again the 'majestas Romanae pacis' settled upon her and she 
was free to pursue her old callings, of commerce on the one 
side, of learning on the other. It is no wonder that to this haven 
every student resorted and that to Alexandria we owe whatever 
is best in the science of antiquity. Criticism, mathematics, 
astronomy, geography, medicine, natural history, jurisprudence 



1 E.g. at Susa, in b.c. 325, he him- 
self married Statira, daughter of Darius, 
and compelled 100 of his generals and 
10,000 of his soldiers to marry Persian 
wives. At Babylon, in b.c. 323, he 

corporated 20,000 Persians in his 
army and mixed them with Mace- 



donians in the same phalanx. To the 
cities which he founded he imported 
colonists of all nations, and after his 
death there was found, in his written 
orders to Craterus, a plan for the 
wholesale transportation of inhabitants 
from Asia to Europe and vice versa. 
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were for nearly a thousand years taught in her schools. Other 
schools arose elsewhere (notably at Pergamum) on the model of 
these, but none were so complete or so long-lived. Almost all 
the mathematicians who remain to be mentioned in this history 
were professors or had been students in the University of 
Alexandria. 

119, A distinguished Athenian, Demetrius Phalereus, was 
invited to take charge of the Alexandrian Library and it 
is probable that Euclid was invited, with him, to open the 
mathematical school. That Euclid lived and taught in Alexan- 
dria is certain ^ but in fact nothing more is known of him save 
what Proclus has added to the Eudemian summary, viz. that he 
lived in the time of Ptolemy I. and was junior to Plato, senior 
to Archimedes and Eratosthenes. The first Ptolemy reigned 
B.C. 306 — 283, and these dates must be taken to determine the 
period of Euclid's greatest activity. Proclus" says he was a 
Platonist but adds immediately the obviously untrue state- 
ment that the whole aim of the Elements was to show the 
construction of the five regular solids, "the Platonic figures.'* It 
is true that the xiiith Book concludes with the construction of 
these solids, but it is not true that the whole of the preceding 
books are designed purely for this purpose. It may, neverthe- 
less, be that Euclid was a Platonist, for most of the geometers 
who could have taught him, were of that school. All the 
other historical notices of Euclid are either trivial or un- 
trustworthy or false. Pappus' says that he was gentle and 
amiable to all those who could in the least degree advance 
mathematical science, but the context shows that Pappus here 
refers not to Euclid's personal conduct but to his criticism 
of his predecessors. A little story related by Stobaeus* is 
perhaps authentic and is at least ben trovato. " A youth who 
had begun to read geometry with Euclid, when he had learnt 
the first proposition, inquired 'What do I get by learning these 

1 Pappus, vn. 35, p. 678 (Hultsch's is not genuine. It is given a propos 

ed.). of some disparaging remarks on Euclid 

^ Ed. Friedlein, p. 68. by Apollonius of Perga. See the pre- 

3 Ed. Hultsch, VII. 34, pp. 676—678. face to his Conies, quoted infra, p. 24a. 

Hultsch, however, thinks the passage ^ Floril. iv. p. 250. 

13—2 
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things?* So Euclid called his slave and said 'Give him three- 
pence, since he must make gain out of what he learns/" These 
are almost the only personal details which Greek writers have 
preserved, for in truth 'Euclid' soon became with them, as it is 
with us, synonymous with 'Elementary Geometry*/ Syrian and 
Arabian writers however know a great deal more. They tell us 
that Euclid's father was Naucrates, his grandfather Zenarchus : 
that he was a Greek who was bom in Tyre and lived in 
Damascus: that he was much later than ApoUonius, whose 
Elements he edited: that the name Euclides is derived from two 
Greek words, ucli a ' key,' and dis ' geometry,' so that Euclides 
means 'key to geometry'/ Much of this information is pure 
invention', the rest is founded on the preface to the xivth Book 
of the Elements, which was written not by Euclid but by 
Hypsicles. In the middle ages some new statements appear, for 
Euclid was then always confused with Euclides of Megara*, 
a pupil of Socrates who founded a small philosophical school 
which Plato greatly disliked. Dismissing these errors, we can 
retain only the meagre biography that Euclid was a Greek who 
lived and taught at Alexandria about 300 B.C. 

120. The fame of Euclid, both in antiquity and in modern 
times, has always rested mainly on his Elements (a-roixela). 
From this work he acquired among Greeks the special title of 



^ So Aelian, Hist Anim. vi. 57, Bays 
that spiders can draw a circle and 
**need not Euclid" (EiJ/cXefSou dhyrai 
oirdip). So an Arabian, Ibn Abbad, 
quoted by Hadji Kalfa, maintained 
that Euclid was the name of a book, 

2 Casiri, Biblioth, Arab, i. 339, 
Abulpharagius, Hist, Dynast, p. 41, 

• 

Hadji Kalfa, Lexic, Bibliogr. i. p. 380 
sqq. etc. The Arabian authorities on 
Euclid's life and writings are most care- 
fully collected, discussed and rejected 
by Heiberg, Litterar, geschichtliche 
Studien ilber Euklid. Leipzig, 1882, 
pp. 1 — 21. This work will hereafter 
be referred to as 'Heiberg.* Compare 
also Cantor, p. 224, Hankel, p. 383. 



9 The Arabs tried to claim Orien- 
tal origin or education for all the 
great Greek mathematicians. So Nasir 
Eddin, who was bom at Tus in Eho- 
rassan, says that Euclid was born there 
also. 

^ E.g. Campano's translation is de- 
scribed in the colophon Opus Elemen- 
tonim Euclidis Megarensis (Venice, 
1482). Many more examples of this 
error are collected by Heiberg, pp. 23, 
24. Diog. Laertius (ii. 106) says that 
Euclides Megarensis was sometimes 
said to have been a Sicilian from Gela. 
Hence arose the very frequent state- 
ment, that Euclid the geometer was a 
Sicilian. 
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6 (rroix^uorri^;, 'the author of the Elements V for he so completely 
superseded his predecessors Hippocrates, Leon and Theudius, that 
not a trace of their works survives, and so completely satisfied 
posterity that, until recent times, no attempt seems ever to 
have been made to supersede the Elements as Euclid left them. 
His success, moreover, was evidently immediate, for Archimedes 
and Apollonius and "all the rest," as Proclus says", " treat the 
Elements as perfectly well known and start from them." 

It is needless, in England, to describe this book with 
any detail', or to criticise it. Every schoolboy possesses the 
greater part of it and every one, who is likely to read these 
pages, is able to recognise both its merits and some at least 
of its defects*. The space which is saved by omitting matter 
which is so well known, may be better utilised by remarks 
which do not find a place in English editions of Euclid. 

It should be said then, what the preceding chapter has 



^ See for instance, the beginning of 
Heron's B^nitionSi Hultsoh's ed. p. 7, 
8. 1, and the last section of Marinas* 
Pref, to Euclid'8 Data, printed in 
Gregory's ed. of Euclid, pp. 453 — 459. 
More reff. in Heiberg, pp. 29, 30. 

a Ed. Friedlein, p. 71, 16. 

' It may be useful, perhaps, to add 
a short statement of the contents of 
the zmth Book, which is now seldom 
seen. It is composed of 18 propositions. 
The first five (attributed to Eudoxus) 
relate to lines cut in extreme and mean 
ratio. Suppose the whole line a, the 
segments &, c, of which b is the greater. 

Then, prop. iJb + ^\ =5 Qj and 

conversely, (prop. 2) if this equation 
is assumed, b is the greater segment. 

Prop. 3, ^c + 1^ = 5 ^1^ . Prop. 4, 

o«+c«=363. Prop. 5, If 6 be added to 
a, the line (a+&) is divided in extreme 
and mean ratio: b {a + b)=a*. Prop. 
6, If a rational line be cut in extreme 
and mean ratio, each segment is the 



irrational line called &iroTOfii/i (supra, 
p. 81). These props, are then applied 
in an investigation chiefly of the re- 
lations between the sides of a pentagon, 
hexagon and decagon inscribed in the 
same circle with one another and with 
the diameter (props. 7 — 11). Prop. 12, 
The square of the side of an equi- 
lateral triangle inscribed in a circle is 
three times the square of the radius. 
Then follow five problems, to inscribe 
in the same sphere (13) a pyramid, (14) 
an octahedron, (15) a cube, (16) an 
eicosahedron, (17) a dodecahedron and 
to show the relations of their sides to 
the diameter. In prop. 18 the sides of 
these inscribed figures are compared 
together. The reader will here see for 
what purpose Book x. is inserted in 
the Elements. Book xiv. was added 
by Hypsicles, xv. probably by Damas- 
cius of Damascus about a.d. 510. 

^ A very neat and comprehensive 
criticism is given by Prof, de Morgan 
in the article Eucleides in Smith's 
Diet, of Gk, and Rom. Biogr. 



198 EUCLID, ARCHIMEDES AND APOLLONIUS. 

abundantly proved, that Euclid is certainly not the author of 
all the propositions which are contained in the Elements. In 
the whole collection there is only one proof (i. 47) which is 
directly ascribed to him. Many more, no doubt, are his or 
partly his\ but his merit, as Proclus (p. 69 of Friedlein's ed.) 
expressly says, lies chiefly in the selection and arrangement of 
the propositions. The word * selection' (iKkoyq) implies that 
some matter is omitted and Proclus again (pp. 72 — 74) ex- 
pressly says that much which was not in itself generally useful, 
or followed very easily from inserted propositions, was discarded: 
e. g. (p. 72, 13) the prop, that the perpendiculars drawn from 
the angular points of a triangle to the opposite sides meet in a 
point: (p. 74, 18) the construction of an isosceles or scalene 
triangle, or propositions on unclassed irrational lines. Hence 
not only Archimedes and ApoUonius, but Euclid himself, refer 
to and use, as well-known truths, propositions which are not 
included in the Elements at all. Thus, to take only an in- 
stance or two, in the Sectio Canonis, prop. 2, Euclid says 
" I have learnt that if any series of numbers be in continued 
proportion, and the first is a measure of the last, it is also 
a measure of all the rest," which is not stated in the Elements. 
In the de DividonihuSy prop. 23', he cites the fact that if 
a :b> c : d, then a—b :b> c — d : d. In the Data, prop. 67, 
(76 of Simson's ed.) Euclid uses a proposition that, if in an 
isosceles triangle a straight line be drawn from the vertex 
to the base, then the square of one of the equal sides is equal to 
the square of the straight line so drawn + the rectangle under 
tjie segments of the ba8e^ (Simson adds a lemma to prove this.) 
Evidence of this kind, which shows that Euclid used his dis- 
cretion in rejecting available matter, which was unquestionably 
useful for some purposes, shows also that he had a definite 

1 Proclus, at the end of the Eu- a ;b< cid^ which Archimedes also 

demian summary, says that Euclid uses. Sph, et Cyl. n. 9, ed. Torelli, p. 

brought to irrefragable proof propo- 186. 12. 

sitions which had been less strictly ' For many other examples see 

proved by his predecessors (tA fmKa^ Heiberg, pp. 16, 31, 32, 63, n. and rcfif. 

Kibripov d€iKv6fi€pa toU i/iirpoffOev). there given. 



2 



So in prop. 22 if ad <'bc, then 
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design in the composition of the Elements. We may therefore, 
perhaps, attribute to his deliberate choice all the characteristics 
of the book With Euclid the word a-TOix'^la * no longer means 
"easiest" or "preliminary" propositions in geometry, but means 
the whole of geometry, exclusive of certain subjects (the 
geometry of conies and other higher curves), treated by one 
method (that of synthesis) only. To him also perhaps may be 
attributed that orderly method of proof by the regular stages of 
general enunciation {Trpora<rL^)j particular statement {efcdeai^), 
construction (jcaTaaKevrj), proof {diroBei^tf;), conclusion (avfiTri- 
paa-fia) and the addition of the final Q. E. D. (oTrep eSec Sel^aLJ 
or Q. K F. {iirep eSec iroirja-at) ^. At any rate, Autolycus, just 
before Euclid, knows only Trporaa-i^ and aTro&tft?, Archimedes, 
just after, often dispenses with irpora^rt^ or cKOeac^^. The 
design of the whole book, viz. to proceed from a few definitions 
and axioms, by sure steps which are always of precisely the same 
kind, to the furthest limits of the subject, is certainly Euclid's, 
and the pattern of each particular proof is of a piece with 
the pattern of the whole book*. 

121. Secondly, some remarks will not be out of place 
on the text of Euclid as we have it. Theon of Alexandria, the 



1 Etymologically, trroix^tov means any 
one of a series (<rro?xos)i one thing of a 
number of similar things placed in a row. 
Hence it comes to mean the elements 
of which composite things are com- 
pounded, e.g. the single sounds which 
go to make a word or the parts of 
speech (Arist. FoeU 20, 1 & 2), or 
the four elements of which the uni- 
verse was supposed to be made. With 
Euclid the etymological meaning seems 
to be uppermost. He calls his book 
rd (TToix^ta. because it is a connected 
whole and each proposition leads to 
another. 

» Proclus, pp. 203, 210. 

' Bretschneider (p. 21), Cantor (pp. 
236, 237) and Heiberg (pp. 35, 36) 
deny that Euclid invented this form 
of proof, on the ground that Proclus 
does not expressly attribute it to him, 



and that large portions of Euclid (e.g. 
Book V.) are attributed to Eudoxus 
and other predecessors. 

* A few of Euclid's Greek terms may 
be here added from the definitions 
{ppoi), (rrifietov =■ a point : ei/dem ypafifirj 
= straight line : iiri*pdv€ia = superficies : 
iiri-n'edos = plane : yuvla = angle : evdv' 
7pa/A/Aos = rectilineal: 6p06s=iigh.t: kclO- 
€Tos = perpendicular : dfipXvs = obtuse : 
6^i/s = acute: <rx^/xa= figure: irepKpipeia 
= circumference. There is no word 
for radiuSf which is called 17 ix rod 
Kivrpov (ypa/n/MT]) . T€Tpdy<avov = square : 
h-epofirjKTJs = oblong : iK^oKKeffdou = to 
be produced: iyypd4>€(rd(u=to be in- 
scribed : v€piypa<f>ea0(u = to be circum- 
scribed : SfjLoia (rxwO'Td = similar figures: 
di'Tt7r6iro»'^6Ta= reciprocals: axpov koL 
fiiffov \6yov TCTfirjadat^U) be cut in 
extreme and mean ratio. 
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father of Hypatia, says, in his commentary on the Almagest 
(ed. Halma, I. p. 201), "that the sectors of equal circles are to 
one another as the angles which they span (e^' &v ^e^^Ka- 
aiv) has been proved by me {rj^ilv) in my edition of the Elements 
at the end of Book VI." (vi. 33, pt. 2). From this it is evident 
that Theon edited the Elements, and in fact all the MSS. which 
first came to light are entitled * after Theon's edition ' or ' after 
Theon s lectures' {dirb avvovatwv rwv ©eoii/o?)*. For this reason, 
on the one hand most commentators of the 16th century 
supposed that Euclid had left only the enunciations but Theon 
added the proofs^ and, at a still later time, when this notion 
was exploded, other commentators, especially Robert Simson**, 
attributed to Theon all the defects which they could not fail to 
perceive in the Elements as they knew them. But at the 
beginning of this century, among various other MSS. which 
Napoleon sent to Paris from the Vatican library and which were 
restored after the peace in 1815, there was found one (Vat. 190) 
of the 10th century, in which the second part of Euclid VI. 33 
was written not with the text but in the margin. Many other 
variations from the received text were also perceived in it 
(e. g. the useless definition of compound ratio, VI. def. 5, 
was omitted*), and from these facts F. Peyrard, who printed 
it (Paris, 1814 — 1818), concluded that he had here a copy 
of Euclid anterior to Theon's recension. Nevertheless the 
variations between this MS. and the others, which give Theon's 



1 E.g. for the first title Cod. Flor. 
Laur. xxviu. 3 of the 10th or 11th 
century, for the second Laur. xxviii. 1 
of the 13th century. More in Heiberg, 
p. 174. 

2 Heiberg, p. 175, gives a great many 
instances : e. g. Xy lander (Holtzmann) 
in his German translation (Basil, 1562) 
warns the reader that the demonstra- 
tions were added *nit von jme dem 
Euclid selbs' but by other learned men, 
Theon, Hypsicles, Campano etc. For 
the contrary opinion see the quotations 
from Sir Henry Savllc in the Preface 
to Gregory's Euclid (1703). 



3 See the conclusion of his notes. 
"From the preceding notes, it* is suf- 
ficiently evident how much the Ele- 
ments of Euclid, who was a most 
accurate geometer, have been vitiated 
and mutilated by ignorant editors," etc. 

^ Simson had, on his own authority, 
rejected it. See his note to vi. 23. It 
does not occur, nor does vi. 33, pt. 2, 
in Campano's translation (Venice, 1482) 
from the Arabic, but though Campano's 
Arabic original was not the Theonio 
text, it is not a close enough version of 
Euclid to be useful for critical pur- 
poses. Heiberg, p. 178. 
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text, are not at all important and show that Theon, in the 
main, confined himself to trifling verbal alterations. 

It appears, however, from the citations contained in Proclus' 
commentary on Eucl. I. that Proclus, though he did not use the 
Theonic text, did not use the Vatican either or, if he did, was 
sometimes dissatisfied with it: and it appears also, from 
q\iotations in other authors, that the text of Euclid had for 
many centuries been subject to criticism\ This criticism, it is 
true, was, for the most part, of a verbal kind, but some real dis- 
cussion seems to have taken place over the definitions (opoi), 
postulates {alTrj/Mara), and axioms (kolvoI epvoiac, * common 
notions'*) to Book i. Thus in our MSS. the definition now 
printed as III. def 6 (segment of a circle) is appended to the def. I. 
18, but Proclus did not have it in that placed This is not an 
important matter, and, in fact. Heron, who lived about 100 B. C, 
quotes in his 'Definitions' all the definitions of Euclid, save the 
arithmetical, in practically the same form, though not in 
the same order, as that in which we now have them*. But the 
postulates and axioms were the subject of more serious contro- 
versy. Our editions have three postulates and twelve axioms, 
of which the last three are 10. Two straight lines cannot 
enclose a space: 11, All right angles are equal: 12, If a 
straight line meet two straight lines, so as to make the two 
interior angles on the same side of it together less than two 
right angles, these straight lines will meet if produced on that 
side. Of these three, the first (Ax. 10) appears in many 
ancient MSS. as Ax. 12, but in the Vatican as Postulate 6**. 
Proclus (p. 184, 8), however, who omits it altogether, says that 
Geminus (cir. 60 B.C.) would reject it from the Aadoms, as 
a proposition requiring proof, and himself (p. 239) gives a 



^ Alexander Aphrod. in ArisL Anal. 
Prior. (Venice, 1530) 87. a, quotes as 
Euclid X. 4, the proposition which is 
now Euclid x. 5 : and Eutocius in Apol- 
lonii Conic, p. 44, quotes as Eucl. ni. 15 
the prop, which is now Eucl. iii. 16. 
Both those cases may be mere slips. 

' Euclid does not ase the name 
'axioms/ iJiidiiMraf which Proclus has 



(ag. p. 193). 

5 See Proclus, p. 158. The definition 
is quoted in Heron (ed. Hultsch), Beff. 
no. 33, but, curiously enough, Heron's 
no. 31 is Eucl. 1. 18 and his no. 34 is 
Eucl. III. 8, so that no inference can 
be founded on this arrangement. 

* Heiberg, pp. 186—192. 

^ Heiberg, p. 182, nn. 
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proof in his commentary on i. 4*. The last two {Axx. 11, 12) 
are given by Proclus as Postulates 4, 5, and so also in the 
Vatican MS. and the older MSS. of the Theonic recension. 
But as to Post 4 {Ax, 11), Proclus says (p. 188, 2) that 
Geminus wished to take it from the postulates and add it 
to the axioms, and as to Post 5 {Ax, 12), he says (p. 191, 21) 
that it ought to be struck out of the postulates and proved as a 
theorem, like its converse, and for this opinion he again cites 
Geminus as an authority*. With regard to Axioms 1 — 9, 
Proclus says (p. 196, 15) that Heron wanted to admit only the 
first three, and in fact Martianus Capella in the 4th century 
{Nupt VI. 723) quotes only these three as 'communes animi 
conceptiones.* Proclus himself quotes only five (viz. 1, 2, 3, 9, 8, 
in this order), says (p. 197, 6) that Pappus added Axx, 4, 5, 
though not in their present form, and himself expressly rejects 
Axx, 6 and 7 (p. 196, 25), which stand in the Vatican and are 
therefore older than Theon. The evidence, therefore, on the 
whole, shows that Euclid originally wrote five postulates, of 
which the fourth and fifth were those which are now printed as 
Axx, 11 and 12, and perhaps four axioms, of which the first 
three were the present Axx, 1 — 3, and the fourth was the 
present Ax. 10. The number of the postulates is clearly 
attested by Geminus, Proclus and the oldest MSS.: but of the 
axioms we can only say, with certainty, that Nos. 4 and 5 are 
due to Pappus and 11 and 12 are transferred from the postulates. 
But though some reasonable doubt remains as to the 
axioms, there is none at all as to the proofs of the propositions. 
These are very seldom mentioned by ancient writers with 
an exact reference to the number of the proposition nor are 
whole proofs ever quoted, but there is no trace of any contro- 
versy as to any Euclidean proof : the extracts of Proclus show 
that he had Book I. almost word for word as it stands now, and 
the Vatican MS. agrees, in all but trifling details, with the 

^ Neyertheless, p. 193, 22 he rejects vXi^s). 

it from the axioms as nnnecessary, on ' Ptolemy (in Proclus, pp. 362 — 368) 

the ground that it merely describes * a attempted to prove it as theorem. See 

characteristic of the subject-matter of post. 
geometry* (tlJtrf iari t^s yewfieTpiKrji 
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copies of Theon's recension. From this it is evident that the 
defects of Euclid are of his own making and not, as Simson 
would have it, the fault of bungling editors. 

122, Lastly, it will perhaps be interesting to show what 
have been the fortunes of Euclid's Elements and how they have 
come into the possession of English schoolboys and been made 
the staple of our mathematical education^. In Alexandria this 
book occupied the same place as with us, and Theon's edition of 
it was made, nearly 700 years after Euclid, for the benefit of 
the students who attended the editor's lectures. It does not, 
however, seem to have been at all known in Italy, for Boethius, 
who (about A. D. 500) wrote a Latin geometry, contents himself 
with giving merely the enunciations of Book i. and of some 
propositions in Books ill. and iv. of Euclid and adding at the 
end, as a stimulus to the mind, the whole proofs of the first 
three propositions of Book i. He then proceeds (in Book ii.) to 
the calculation of areas etc. of given dimensions, the practical 
geometry for which alone the Romans had any desire. Euclid 
was the Greek text-book and was confined to Greek schools, or 
to those which were founded on the model of Alexandria, such 
as the Syrian schools of Antioch and Emesa and Damascus, and 
in particular, the school of Nestorian Christians at Edessa. 
These latter, after the terrible sack and ruin of Alexandria 
in 640, became the chief repositories in the East of all Greek 
learning. To them belonged the chief physicians of that 
time, who were invited to Bagdad to attend upon the 
Abbasid Caliphs'*. The Arabs did not fail to remark that 
these Jewish and Christian doctors relied upon the writings 



^ Most of the facts given in this 
section are taken from various chapters 
of Hankel, pp. 231 — 237 (on Arabic 
translations): pp. 307 — 317 (Gerbert 
and his predecessors): pp. 334 — 348 
(translations from the Arabic, etc.): 
pp. 354 — 359 (Mathematics in foreign 
Universities). I have added some tri- 
fling details from Cantor, whose Vor- 
lesungen Vol. i. only go as far as the 
year 1200. Hankel's account of the 
Arabs is taken chiefly from Wenrich, 



Be Auctorum Graec. Versionibus Arab, 
Syr. et Pers. Leipzig, 1842. Cantor 
has a more recent authority, Eremer, 
Kulturgesch, des Orients unter den 
Chalifen (Vienna, 1877). EngUsh Ute- 
rature is ridiculously deficient in such 
monographs. 

^ It is said that the Arabs, when 
they gave up the nomad life and settled 
in Bagdad, became subject to various 
disorders, which their native physicians 
were unable to cure. 
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of Hippocrates, Aristotle and Galen, and the medical books 
of these three Greeks were therefore translated into Arabic from 
the Syriac in the time of Harun al Raschid (786 — 809). An 
intense interest in Greek science of every kind was thus aroused, 
and in a few years translations of all the principal mathematical 
books of Alexandria were secured. The Caliph Al Mamun^ 
(813 — 833) was especially zealous in this cause. He obtained 
from the Byzantine empire, through his ambassadors, copies of 
the Greek MSS. and established in Bagdad a college of Syrian 
Christians who were nominally his physicians but were chiefly 
engaged in translating the Greek books into Arabic. A little 
earlier than this, in the time of Al Mansur (754 — 775), the 
Arabian commerce with ludia had brought to the knowledge of 
Bagdad the Siddhanta or 'System' of Brahmagupta^ This also 
was translated and thus the Arabs acquired the Indian numeri- 
cal symbols. The interest of Al Mamun in foreign science 
was more than rivalled by his successors. The most famous of 
the translators was one Honein ibn Ishak, a Syrian physician, 
who was acquainted with both Greek and Arabic. He was 
appointed, by the Caliph Mutawakkil (847 — 861), president of 
the college of translators some of 'whom were busy in rendering 
Greek books into Syriac, the rest in rendering the Syriac 
into Arabic. Honein and his son, Ishak ibn Honein, revised 
the final Arabic translations, but as they were both ill-versed in 
mathematics, Tabit ibn Korra (836 — 901), another Syrian, 
edited their texts with the knowledge of a competent mathe- 
matician. It was in this way that the works of Euclid, Archi- 
medes, ApoUonius, Theodosius, Ptolemy and other Greeks re- 
ceived a new lease of life among a strange peopled Ptolemy 
seems to have been the first of these to be translated. A 
portion of the Elements of Euclid was translated in the time of 

^ See Gibbon's Chapter lh. an advanced knowledge of his subject. 

2 Cantor, pp. 697, 698. Hankel (p. 263) suggests that the Dio- 

' Diophantus was not translated till phantine analysis had become tradi- 

the end of the 10th century (by Abul tional in the Syrian schools. Cantor 

Wefa). Arabian algebra however be- (pp. 619, 620) leaves it an open ques- 

gins in 820 with the Al gebr w^ al Muka- tion whence Mohammed obtained his 

bala of Mohammed ibn Musa Alchwar- Algebra. 
izmi, who cites no authorities but has 
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Harun al Raschid : Al Mamun ordered another and a complete 
translation, Honein or his son Ishak prepared a third, Tabit ibn 
Korra published the final redaction. 

But Euclid did not come into Europe from Bagdad. Some 
fifty years before the Abbasid Caliphs settled in that city, the 
Arabs had penetrated into Spain and taken possession of the 
ancient city of Cordova. Here, in 747, the Emir Abdarrahman 
founded a separate kingdom and the Arabs of Spain were 
thenceforth wholly dissociated from their kinsmen in the East. 
Both nations had the same intellectual tastes: each was as 
enthusiastic as the other for medicine, mathematics and astro- 
nomy, but each pursued its studies in its own way and with 
some considerable jealousy of the other. Nevertheless, by some 
means which has not been explained*, the Arabs of Spain 
acquired the same books which were used in Bagdad and had 
also their Indian numerals, their Ptolemy, Euclid and Aristotle. 
In the meantime, among the Christians of the West, learning 
was at its lowest ebb. Their mathematical interest was con- 
fined almost entirely to arithmetic and, as to geometry, "we 
find in the whole literature of that time hardly the slightest 
sign that any one had gone further in this department of the 
Quadrivium than the definitions of a triangle, square, circle or of 
a pyramid or cone, as Martianus Capella and Isidor (Hispalensis, 
bishop of Seville in 636) left them*." The study was revived 
by the great Gerbert, a native of Auvergne, bom in the first 
half of the 10th century. He, after a visit to Barcelona, where 
perhaps he acquired somehow an inkling of the Arabic sciences^ 
became the teacher of the Cathedral school at Rheims and 
acquired the greatest renown by his mathematical ability. He 
was, after many other promotions, elected Pope in 1003, under 
the name of Sylvester II. Gerbert, while abbot of Bobbio on 
the Trebbia (about 980), came across the Codex Arcerius con- 

1 Possibly Jewish pedlars of books and the common statement that he 
had something to do with it. went to Cordova is for many reasons 

2 Hankel, pp. 307, 311, 312. Com- incredible. Nevertheless, it was he 
pare Hallam, Middle Ages, iii. chap. who introduced the Arabic numerals 
ix. pt. 2, p. 420 (12th ed.). (as apices) into the Western schools. 

3 Gerbert certainly knew no Arabic, Hankel, pp. 327, 328, supra, pp. 37—39. 
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taining the works of the old Roman surveyors (jgromcLbicif. He 
studied them with avidity and founded on them his own 
Geometry. A little later, he found at Mantua a copy of the 
Geometry of Boethius. In this way the study of practical 
geometry was renewed and some small portions of Eudlid 
became the common property of the Christian schools. But it 
was not for 100 years yet that men began to seek the Arabic 
text-books. The Moorish Universities of Cordova and Seville 
and Granada were dangerous resorts for Christians and, though 
it was known that all manner of learning was to be had there, 
no student ventured to steal it. An Englishman was the first, 
or one of the first two, to undertake the enterprise. In 1120, 
Adelhard of Bath obtained in Spain a copy of Euclid's Elements 
and translated them into Latin. Translations from the Arabic 
of other Greek works, especially those of Aristotle, soon followed*. 
About 1186 Gherardo of Cremona made another translation 
of the Elements and, again in 1260, Giovanni Campano repro- 
duced Adelhard's translation under his own name' and ob- 
tained with it a wide celebrity. The fruit of these translations 
soon followed. In 1220, Leonardo of Pisa, a mathematician of 
great power and originality, published his Practica Geometriaey 
which though it deals with the calculation of areas and numeri- 
cal ratios of spaces, is founded on Euclid and Archimedes and 
Ptolemy*, and contains some trigonometry and conies, A little 
later Roger Bacon (1214 — 1294) was urging the claims of 
experimental science as taught by Aristotle^ But the greatest 
result of the inflow of Arabian learning was the organisation of 
study in Universities. At Parish indeed, the study of geometry 



1 See Cantor, pp. 467, 734, 738-743. 

* The Jews, who^^were tolerated by 
both Arabs and Christians, assisted 
largely in this movement. See Jour- 
dain, Rech, sur les Trad, LaU d^AriS' 
tote, 

8 Prof, de Morgan £rst suspected 
this. For a full bibliography of Euclid 
see his art. Eucleides in Smith's Die, 
of Gr, and Rom, Biogr, 

4 Hankel, pp. 344—346. 

^ Unofficial lectures of some kind 



seem to have been given in Paris all 
through the 11th century and ieven 
earlier. But it was Abelard (1079 — 
1142) who made the University of 
Paris famous. Similarly, all the other 
Universities seem to have been at an 
early time centres of instruction. But 
it is in the 13th and 14th centuries 
that they first receive charters of in- 
corporation. Paris received its charter 
in 1200. See Hallam mpra cit, pp. 
420—427. 



EUCLID, ARCHIMEDES AND APOLLONIUS. 207 

was neglected and Aristotle's logic was the favourite subject. 
But at the reformation of the University in 1336 a rule was in- 
troduced that no student should take a degree without attend- 
ing lectures in mathematics and from the preface to a commen- 
tary on the first six Books of Euclid, dated 1536, it appears that 
a candidate for the degree of M.A. was then required to take 
an oath that he had attended lectures on the said books. In 
Leipzig (founded 1389), the daughter of Prague, a similar rule 
was made, but it is doubted whether the rule was enforced, 
since in the lists of lectures for the years 1437, 1438, none 
on Euclid are mentioned^. But in Prague itself (founded 1350) 
mathematics were more regarded. Candidates for the Baccalau- 
reat were required to take up the treatise of the Globe by 
Johannes de Sacrobosco (i.e. of Holy wood in Yorkshire) and, for 
the Master s degree, the first six Books of Euclid and many 
subjects of applied mathematics were required. At Oxford, in 
the middle of the 15th century, the first two books of Euclid 
were read' and no doubt the Cambridge curriculum was similar. 
It will be seen, however, that though the study of geometry was 
maintained (indeed it was part of the ancient Quadrivium) it was 
maintained only in a half-hearted manner and did not produce 
a tithe of the results which might have been expected from the 
brilliant commencement of Leonardo of Pisa. It was, in fact, 
driven out of the field by Aristotelian logic and the stupid 
subtleties on which that logic was employed by the schoolmen. 
Another Renaissance was still wanted. This came after 
Constantinople was taken by the Turks in 1453 and a crowd of 
Greeks fled into Italy bringing with them precious manuscripts 
of Greek literature. About this time also printing was invented 
and books became comparatively cheap and common. Cam- 
pano's (stolen) translation of Euclid was printed in 1482 by 

^ Cologne, founded 1389, was equally Quadripartitum, an astrological work 

behindhand and so were the Italian attributed to Ptolemy. Hankel, p. 357. 

Universities of Bologna, Padua and * Churton's Life of Smyth, p. 161, 

Pisa, where astrology was the favourite quoted by Hallam lAt. of Eur. Pt. i. 

subject. As late as 1598, the professor ch. 2, 8. 34, n. I have been unable to 

of mathematics in Pisa was required to find any statement of the Cambridge 

lecture, not on the Almagest, but on the course. 



208 



EUCLID, ARCHIMEDES AND APOLLONIUS. 



Ernest Ratdolt at Venice, and many times afterwards. The 
Greek text was printed in 1533 by Simon Grynseus at Basle. 
Even still it cannot be pretended that Euclid or any other 
mathematician occupied anything like the same amount of 
attention as the writers of belles lettres. Nevertheless a con- 
siderable number of commentaries were produced in the 16th 
century and in 1570 an English translation from the Latin 
was published (by Henry Billingsley). About the same time 
Sir Henry Savile began to give unpaid lectures on the Greek 
geometers at Oxford. In 1619, the Savilian professorships were 
founded in that University, but it was not till 1663 that 
a professorship of mathematics (the Lowndean) was given to 
Cambridge\ The 70 years or so, from 1660 to 1730, when 
Wallis and Halley were professors at Oxford, Barrow and 
Newton at Cambridge, were the period during which the study 
of Greek geometry was at its height in England. After 
Newton's time the whole field of mathematics and natural philo- 
sophy was so rapidly enlarged that the Greeks, all except Euclid, 
fell into neglect. But as modem learning advanced, so also 
it became necessary that boys leaving school for the Universities 
should take with them some preliminary knowledge of mathe- 
matics and should stay at school longer to acquire this^ For 
this purpose Euclid's Elements was especially suited, but it may 
be safely guessed that its place among our schoolbooks dates 
only from the middle of the last century at the earliest. To 



^ Sir Thomas Gresham founded a 
professorship of geometry in London 
in 1596. Briggs, a Cambridge man, 
was the first professor but afterwards 
became the first Savilian professor of 
geometry at Oxford. At the latter 
place, he began lecturing on Eucl. i. 
prop. 9, at which Savile had himself 
left off. The mathematicians of this 
time were more interested in algebra 
than geometry. Lord Herbert of Cher- 
bury (1581 — 1648), in his Autobiogra- 
phy, says thiat he sees little use in 
geometry for gentlemcjj, though it may 
perhaps help them to understand for- 
tification. 



^ This statement and the next are 
made without much authority. I have 
looked through all manner of biogra- 
phies and " memorials '* without finding 
any useful information on the curricu- 
lum of a public school before 1750. The 
evidence is abundant that, during the 
last century, the average age of fresh- 
men was gradually increasing. It may 
be gathered (e.g. from Wordsworth's 
Scholae Academ. ch. vii. and app. iii.) 
that, during the same time, Euclid was 
gradually passing from the Universities 
to the schools. There is obviously 
some connexion between the two facts. 
When boys stayed longer at school. 
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this time belong also all the famous editions of Euclid in 
England, from Gregory's Greek text (pub. 1703) to Simson's 
translation and commentary (pub. 1756) upon which all sub- 
sequent editions have been more or less founded. Attempts 
have recently been made to depose Euclid from his place in 
the English educational system, but they are not Ukely to be 
successful. No modem text-book can acquire an equal prestige 
and the advantage to teachers, in knowing that all their pupils 
possess and have studied the same rudimentary treatise, is not 
lightly to be foregone. 

123. The extant works of Euclid comprise, beside the 
Elements, books of Data (AeSo/^ei/a), ^aivofieva ('appearances of 
the heavens*), ^OirTC/cd, YLaroirrpiKd (* Keflections*), KaTarofirj 
Kdvovo^ ('Division of the Scale'), a probably spurious Elaayayy^ 
^Apfiovc/crj (' Introduction to Harmony'), and a work Le Dimsioni" 
bus, known only in the Arabic and in a Latin translation from 
another Arabic edition. 

The Data, the authenticity of which is attested by Pappus*, 
consists of 95 propositions (Pappus knew only 90), preceded 
now by an explanatory introduction written by Marinus of 
Neapolis, a pupil of Proclus, at the end of the 5th century. 
The book, which is printed in Simson's Euclid with many 
alterations, begins with some definitions declaring the meaning 
of the word BeSofievov in various cases': e.g. 1. Spaces, lines 
and angles, are said to be given in magnitude when equals 
to them can be found: 4 Points, lines and spaces are said 
to be given in position, which have always the same situation 
[and which are either actually exhibited or can be found, 
Simson] : 6. A circle is said to be given in position and in 
magnitude when the centre is given in position, the radius 
in magnitude. The propositions which follow deal with magni- 



they would necessarily begin to learn 
higher subjects. But why did they stay 
longer at school? The answer sug- 
gested in the text is inadequate but is no 
doubt correct. Classical studies at the 
Universities are not, and never were, 
much different from those of schools. 
1 vn. ed. Hultsch, pp. 638—640. 

G. G. M. 



^ Marinus says that Euclid ought to 
have started with a general definition 
of '* given*' and, after discussing many 
such himself, concludes with the opinion 
that the best definition is **knowable 
and obtainable" (ypu>pifiov koU vdpi/Aov). 
Gregory, pp. 457, 468. 
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tudes, lines, rectilineal figures and circles, in this order. The 
following specimens will sufficiently show their character. Prop. 
VIII. (Simson, 9) : Magnitudes which have a given ratio to the 
same magnitude have also a given ratio to one another. Prop. 
XXXIL (35) : If a straight line be drawn between two parallel 
straight lines given in position, and make given angles with them, 
the straight line is given in magnitude. Prop, xxxix. (42): 
If each of the sides of a triangle be given in magnitude, 
the triangle is given in species. Prop. Lii. (56): If a recti- 
lineal figure, given in species, be described on a straight line 
given in magnitude, the figure is given in magnitude. Prop. 
LXXXix. (92) : If a straight line, given in magnitude, be drawn 
within a circle given in magnitude, it shall cut off a segment 
containing a given angle. The word ' given,* it will be seen, is 
employed in two significations. It means first 'actually given' 
and secondly, 'given by implication,' and the propositions are 
all to this effect, that a certain partial description of a certain 
magnitude, or of a certain geometrical figure, involves a more 
complete description, just as the description of a triangle as 
equilateral involves its description as equiangular. The book, 
in fact, is a series of easy riders on the Elements. The proof 
of the prop. LXXXix. stated above, will serve well enough as a 
specimen. By def. 1 the angle is * given,' if equals to it can be 
found. Now let the straight line J.(7,given in magnitude, be drawn 
within the circle ABG given in magnitude. It shall cut off a 
segment containing a given angle. Draw 
AE, passing through the centre, and join 
EC. Then because each of the straight 
lines AC, AE is given, their ratio is 
given: and the angle AGE is a right 
angle, therefore the triangle AGE is 
given in species and consequently the 
angle AEC is given (i.e. can always be 
reproduced). But the Data had a special use in Greek 
geometry. They are described by Pappus and Marinus^ as 
forming part of the roiro^ dvaXvoixevo^. This was the name of 
a special department of geometry, "matter prepared for those 

^ Marinus in Gregory's Euclid^ p. 458. 
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who, after going through the Elements, wish to acquire the 
power of .solving problems proposed to them and useful for this 
purpose only*," a course of practice in analysis. The way in which 
the Data were found serviceable in analysis will be seen at once 
by reference to the specimen of analysis given above (p. 178) 
from Pappus. Analysis begins with a construction which is 
assumed to satisfy the proposed conditions. These conditions 
being thus converted into given elements of the figure, involve 
others which are given by implication in the Euclidean sense, 
and these again involve more, until by steps, every one of which 
is legitimate, we reach a construction from which a synthesis 
is obtainable. The Data are hints upon the most usual steps 
in analysis. 

The Phaenomena is a book of 18 propositions with a preface. 
The authenticity of this also is attested by Pappus', who gives 
some lemmaSy or explanatory propositions to it. The preface is 
a stateihent of the considerations which show that the universe 
is a sphere, followed by some definitions of technical terms. 
Among these opl^wv, as a substantive, and /jbearjfijSpivo^ tcvKkot;, 
meridian circle, occur for the first time. The book consists of 
geometrical proofs of propositions which are established by 
observation, to the eflfect chiefly that stars situate in given 
positions rise or set together or one after another in a certain 
order. It is beyond question founded on the Moving Sphere of 



^ Pappus, VII. ed. Hultsch, p. 634. 
In the same place it is said that the 
tSvos dvaXvdfievoi was written entirely 
by Euclid, Apollonius and Aristaeus 
the elder. The word rdvoi here does 
not mean lociiSy but has its Aristotelian 
meaning of 'store-house.* So, at the be- 
ginning of Book VI. of Pappus rdiros da- 
Tpovo/jLovfieifos means * the astronomical 
treasury,' consisting of books which 
he afterwards discusses. T67ros dvaXuo- 
/A€voi means " the treasury of analysis/' 
just as in Aristotle's rhetoric rovoi, or 
Koivol Toiroi are collections of " common- 
places," remarks and criticisms to which 
the rhetorician may always resort. The 



translation of tSvos dvaXvoficvos as 
* locus resolutusy Hieu rSsolu^ or ^auf- 
geWster Ort* is therefore misleading 
and has led, I believe, to some mis- 
conception. See the translation in 
Chasles, Les Porismes etc. p. 16. 

s VL (Hultsch), pp. 694—632. The 
text which Pappus used was not quite 
the same as that of Gregory's edition, 
which has a great many evident inter- 
polations. These are discussed by 
Heiberg (pp. 47 — 52), who has found at 
Vienna a better MS. On the Phae- 
nomena see also Delambre, Astr. Anc. 
I. ch. 3, pp. 48—60. 

14—2 
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Autolycus, which is several times referred to, though not by 
name\ But it is evident also that Euclid is here quoting some 
work on Spherical Geometry, by an unknown author. In 
the preface, for instance, he cites casually the fact that if on 
a sphere two circles bisect one another, they are both great 
circles, and in the proofs he very frequently assumes in his reader 
a knowledge of other such theorems^ A comparison of these 
with the later Sphaerica of Theodosius shows that both Euclid 
and his successor had recourse to the same original work, which 
perhaps was written by Eudoxus. 

The Optics, as commonly printed', consists of 61 propositions 
preceded by a preface and a list of assumptions (Beaets:). The book 
has often been suspected because these assumptions are absurdly 
wrong and some of the proofs are, in the present text, slovenly 
or defective*. There seems, however, no fair reason for denying 
its authenticity, which is attested by Theon in many passages of 
his commentary on the Almagest. Pappus, though he does 
not name the book, cites some propositions from it just before 
he passes to Euclid's Phaenomena^. The preface, which is 
obviously not by Euclid, is part of a report of a discourse 
on Optics. It begins, for instance, with the words "After 
proving the theorems concerning sight, he proceeded to advance 
some suggestions, arguing that light is carried in straight lines" 
etc. A scholiast has added at the beginning of a Paris MS.® 



^ E.g. Prop. 1 of Autolycus is cited 
in Euclid's 6th, Prop. 2 in Euclid's 
4th and 6th, Prop. 10 in Euclid's 2nd. 
See Gregory's ed. pp. 564, 667—669. 
Heiberg, pp. 41, 42. 

2 A full collection in Heiberg, pp. 
43 — 46. The instances are difficult to 
cite because Euclid does not actuaUy 
state the theorems,but says,for instance, 
in the course of a proof, "since in a 
sphere the circles ABC^ DBF touch 
one another and the great circle GHK 
passes through the poles of one circle 
and the point of contact of both, there- 
fore GHK passes through the poles of 
DEF and is perpendicular to it." 
(Prop. II. p. 664.) 



3 In Gregory's edition with notes by 
Savile. Gregory suspects the book, 
Feyrard rejects it altogether. Heiberg 
(pp. 93 — 129) prints an improved text 
in 62 props, from a Vienna MS., which 
he thinks is genuine. 

^ Such suspicion is protested against 
by Kepler (Epp, ad I. Eepler CLn.)quoted 
by Heiberg, p. 90, from E. Wilde, Optik 
der Griecherif p. 9 n. On the Optics, 
see also Delambre, loc, cit, 

^ Pappus VI. p. 668. The proposi- 
tions cited are Nos. 35, 36, 37 of Gre- 
gory's ed. See Gregory's preface and 
Heiberg, pp. 130, 131. 

6 Heiberg, p. 139. 
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the words "the preface is taken from the commentary of Theon/' 
and this may well be true, for the preface is quoted by Neme- 
sius* who lived as early as the year 400. It is merely a 
number of notes on the Euclidean hypothesis that light pro- 
ceeds from the eye and not from the object seen. The contrary 
is shown to be absurd by such arguments as these, that, if light 
proceeded from the object, then we should not, as we often 
do, fail to observe a needle on the floor, and a circle seen edge- 
ways would not appear to be a straight line; The assumptions 
{Oitrei^y positiones, 12 in number) are such as 1. Rays emitted 
from the eye are carried in straight lines, distant by an interval 
from one another: 2. The figure contained by such rays is 
a cone, having its vertex in the eye, its base on the object 
seen*: 5. Things seen under a greater angle seem greater: 
8. Things seen by the higher rays seem higher, etc. The 
propositions, which are proved from these assumptions with 
the aid of the Elements and Data, are of the following kind. 
I. No object is seen in toto at one time : VI. Parallel intervals 
seen from a distance seem of unequal width : xviii — xxi. To 
measure a given altitude, depth or longitude (proved by similar 
triangles in the manner attributed above, p. 141, to Thales) : XL. 
The wheels of chariots appear now circular, now elliptical (irape- 
airaa-fiivoc) etc. Prop. xxii. is ' If a circle be described in the 
same plane as the eye, it will seem to be a straight line.' 
The proof is as follows'. Suppose the eye 
at A: the circle BZF in the same plane. 
The rays AB, AZ, AF proceed from the 
eye. Since (by prop. I.) no object is seen 
in toto at once, the circumference BZ will 
not be seen, but only its extreme points B 
and Z, wherefore the circumference BZ will 
appear to be a straight line. And similarly 




^ Hepl <f>v<r€(ai dvdpunroVf ed. Matthaei 
VII. p. 179. 

2 So also Arist. ProbL xv. 6. 

^ Another proof attributed to Pappus 
in Gregory's ed. p. 617, but given as 
Euclid's in Heiberg's text Ky\ p. 102, 



depends on the assumption that the 
line MB, being seen under a greater 
angle than MA, appears longer etc. 
Aristotle Problem, xv. 6 gives a similar 
explanation. 
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the circumference ZF. Therefore the whole circumference BF 
will appear a straight line. 

The Gatoptrica is a book of 31 propositions on reflections in 
plane, convex and concave mirrors. It begins with assumptions 
of the same character as those in the Optics, to wliich are 
added four admitted phaenomena *, the last of which is that a 
ring placed in a vase so as to be invisible from a certain 
position, may be made visible from the same position by filling 
the vase with watef. The propositions start with proving that 
the angle of incidence is equal to the angle of reflection and go 
on to give reasons for such familiar facts as that in a convex 
mirror objects seem smaller and, in a concave, are seen upside 
down. But though Euclid certainly wrote a Gatoptrica, which he 
mentions in the Optics (Prop. XX. of Heiberg's text, p. 101, 1. 
25), it is in the highest degree improbable that he wrote this 
one. The book is not cited by any ancient author. Heron's 
Gatoptrica is cited for propositions which occur in Euclid and 
the explanation of the phenomenon, above mentioned, is ex- 
pressly attributed to Archimedes, who suggested that the water 
acted as a mirror*. Probably Euclid's original work was super- 
seded entirely by Archimedes and the extant Gatoptrica is the 
work of a later compiler ®. 

The Sectio Ganonis is a work on musical intervals, which is 
probably Euclid's, who, according to Proclus (p. 69) and other 
commentators wrote an Elements of Music, but the Introductio 
Harmonica is mainly a collection of musical terms, not agreeing 
with the Sectio Ganonis, and is generally rejected*. It remains 
only to mention the book irepl Ziaipeaeoiv, which is ascribed to 
Euclid by Proclus (pp. 69, 144). We have this in a Latin 
translation {Be Divisionihus) made by John Dee, about 1563, 
from an incomplete Arabic copy attributed to Mohammed 
Bagdadinus. Woepcke subsequently found another and pro- 

1 The first three are false. So also ^ Olympiodorus in ArisU Meteorol. 

are a great many propositions. The ii. p. 94 (ed. Ideler). Euclid gives no 

most cmrious slip is that Prop. 5 proves explanation at all and does not allude 

the contrary of Prop. 6. For a long further to the phenomenon, 

list of errors and inconsistencies see ^ Heiberg, pp. 148 — 152. 

Gregory's Prefatio. * Heiberg, pp. 52—55. 
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bably complete Arabic text*, containing some propositions 
on the division of the circle, which, Proclus says, Euclid's book 
contained but which are missing from Dee's translation. The 
work is a collection of problems on the division of plane figures 
into parts which have to one another a given ratio : e. g. Dee's 
7th prop, is 'By a line drawn from an angle of a given tra- 
pezium, to divide the trapezium in a given ratio': Woepcke's 
28th is ' To divide into two equal parts a given figure bounded 
by an arc of a circle and by two straight lines containing 
a given angle.' This, like the Data, may be regarded as a 
collection of riders on the Elements*. 

124. Beside these extant works, Euclid wrote others which 
are lost. One of these bore the title irepl yjrevSapiav, on 
Fallacies, but nothing is known of it save from a notice of 
Proclus', who, in his usual wordy manner, explains that it con- 
sisted of exercises (apparently geometrical) in the detection 
of fallacies. The fact that Euclid, wrote such a book renders it 
more than ever probable that his Elements was composed solely 
for educational purposes and that Euclid is responsible for the 
whole style and arrangement of the latter work. Beside the 
Fallacies^ we hear also of a treatise by Euclid on Tottoa Trpo? 
i7n(f>av€ia or Loci on a Surface in two books. The meaning 
of this title has occasioned some controversy. Prof, de Morgan 
says frankly that he does not understand it and it is evident 



^ Joum, Asiatiquej 1851, p. 233 sqq. 
See Ofterdinger, Beitrdge zur Wieder- 
herstellung etc, iiber die Theilung der 
Figuren, Ulm, 1853. Heiberg, pp. 13 — 
16, 36—38. Cantor, pp. 247, 248. 

2 There is appended to Gregory's 
Euclid a Latin fragment of one page 
only entitled De levi et ponderosot of 
the origin of which nothing is known. 
It was printed in the Basle translation 
of 1537, but the publisher Hervagius 
says only that somebody brought it to 
him during the progress of the work. 
It consists of nine definitions and five 
propositions. The 4th definition is 
''Bodies are equal in power (potentia) 
which, in the same time and in the 



same medium (air or water), move the 
same distance." The 7th is "Bodies 
are of the same kind which are equal 
in magnitude and in power." The 
book, if complete, would evidently fur- 
nish some interesting ideas on specific 
gravity, but the language, especially 
the use of potentia {5wafus)t is not 
Euclid's or of Euclid's time, and is 
indeed hardly in the Greek style. 
Heiberg, pp. 9 — 11. 

* p. 70 (ed. Friedlein). Heiberg, p. 
38 71. suggests that there may be a 
ref. to this book in the Schol. to Theaet, 
191 B (VI. p. 248 of Hermann's ed.) 
and in Alex. Aphr. in Arist, Soph, El, 
fol. 25 b (Venet. 1520). 
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that Eutocius was in the same predicament, for he says, after 
describing other loci well enough, that the tottov tt/oo? hrnfiavela 
derived their name ' from the peculiarity of them' (airo t7J<; irepl 
avTov^ IBcorrJTos;) and so leaves them\ Prof. Chasles supposes 
that the book contained propositions on "surfaces of the second 
degree, of revolution, and sections therein made by a plane": 
and he refers to the facts that Archimedes, at the end of Prop. 
XII. of his Conoids and Spheroids, says that certain propositions 
on sections of conoids <f>avepaL ivrt (i.e. *'are clear," not "are 
well known" as Chasles takes it) and that the four lemmas 
which Pappus gives on this book of Euclid' relate to conic 
sections. Heiberg, however, by a very elaborate analysis of all 
the passages in which tottol of various kinds are described', 
comes to the conclusion that roirot, tt/oo? eiri^aveia means 
simply "foci which are surfaces** and that Euclid's treatise dealt 
chiefly with the curved surfaces of the cylinder and the cone. 
That such surfaces were regarded as loci before Euclid's time is 
evident from Archytas' solution of the duplication problem 
cited above p. 182*. 

Pappus* attributes to Euclid also a treatise on Conic 
Sections {kcovlko) in four books, which formed the foundation of 
the first four books of Apollonius' work on the same subject. 
The former will more properly be considered when we come to 
speak of the latter, but it may be mentioned here that the 
names ellipse, parabola and hyperbola or the mode of producing 
the conic sections which these names imply- cannot have been 
Euclid's, for not only are they expressly attributed to Apollonius, 
but Euclid, in the preface to the Phaenomena^, uses the old 



^ Prof, de Morgan in Smith's Die, 
Eutocius in Apollon, Conic. Halley's 
ed. pp. 10—12. 

* Pappus, vn. prop. 235 sqq. (Hultsch, 
pp. 1004 sqq.). Chasles, Aperga, Note, 
II. pp. 273, 274. Montucla (i. p. 172) 
says that Tbvoi, irphs iirKpavelig. were 
surfaces, and subsequently (p. 215) 
that they were lines of double curva- 
ture described on curved surfaces, such 
as a helix on a cylinder. 



* pp. 79—83. 

^ Heiberg refers also to Pappus, pp. 
258. 23, 260. 13, 262. 14. 

5 vn. p. 672 (Hultsch). 

^ Gregory's ed. p. 561. Here Euclid 
says that ''any cone or cylinder, cut 
by a plane which is not parallel to its 
base, exhibits that section of an acute- 
angled cone, which is like a shield'* 
{dvpeos). 
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expression 'section of an acute-angled cone' for the ellipse. 
The work of Euclid, therefore, must have been recast by 
Apollonius. 

Lastly, a treatise on Porisms {iroplafiara) in three books 
is attributed to Euclid by Pappus\ and this has for more 
than two centuries provoked a lively controversy", partly 
because the definitions of * Porisms ' given by Pappus are very 
obscure and partly also because Pappus treats so largely of 
Euclid's book and gives so many lemmas to it that it has 
seemed possible, to many modem geometers, to restore the 
entire work. Of these the most recent, as well as the most 
successful, is the late Professor M. Chasles. The reconstruction 
of the book depends entirely upon a long passage of Pappus and 
a short one of Proclus, the effect of which is as follows. Proclus' 
says that Tropia-fia is used, in geometry, in two senses, viz. a 
'corollary,' for which it is the ordinary word, and also as the 
name of a proposition which is neither a theorem nor a problem, 
but partakes of the nature of both. Its aim is not, like a 
theorem, to describe a new characteristic nor, like a problem, 
to eflfect a construction or alter a given construction, but to 
find and bring to view (vtt o'y^iv dyayeiv) a thing which 
necessarily coexists with given numbers or a given construction, 
as, to find the centre of a given circle or to find the G. C. M. of 
two given numbers*. With this definition agrees also the 
ordinary use of the words iropl^eaOac (which means ' to find ' 
but not 'to construct,' e.g. in Heron to find the length of a line) 
and TTopifiov (which is synonymous with BeBofiivov, and means 
* discoverable ')^ But the aim of the porism is not quite the 
same as that of a proposition in the Data. The latter is to 
the former as a theorem to a problem. A datum alleges, for 



1 VII. p. 648 (Hultsch). 

2 A very fuU bibliography is given 
by Heiberg, pp. 66, 67. It is necessary 
only to mention Fermat, 1666. Sim- 
son (posthumously published) 1776. 
Chasles, Les trois livres de Porismes, 
Paris, 1860. This also contains a 
bibliography pp. 8 and 9. See also 
Chasles, Aperga, pp. 12 — 14, and Note 



ni. pp. 274 sqq. 

8 pp. 301—2 of Friedlein's ed. ; cf. 
p. 212. 

* The props, of the Elements iii. 
25, VI. 11, 12, 13, are 'porisms* in this 
sense. These ought to conclude with 
OTrep ^5ei evfieTvy quod erat inveniendum, 

8 See Heiberg, pp. 69, 60 and the 
note from Marinus supra, p. 209 n. 
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instance, that with a segment of a circle the angle in it is 
given, a corresponding porism is to find the ratio of the angle 
to a right angle. But though porisms occur in the Elements, 
they were used chiefly in higher geometry and Pappus says that 
Euclid's Porismata formed part of the collection Totto? dvoKvo- 
/L6€i/o9, like the Data, He proceeds then* to discuss the nature 
of porisms, which he first defines, like Proclus, as intermediate 
between a problem and theorem, subsequently as "a proposition 
for the purpose of finding the thing proposed," afterwards again 
(but this, he asserts, is only a partial definition) as "that which 
is inferior by hypothesis to a local theorem " {to Xehrov viroO&rec 
TOTTtKov Oetoprifiaro^Y of which oi tottoi are the commonest 
examples. He then describes with some fulness two types of 
porisms contained in Euclid's book, but gives 28 more types 
with horrible brevity, e. g. in the first book, ' This line is given 
in position,' in the third book, * The sum of these two straight 
lines has a given ratio to a straight line drawn from this point 
to a given pointV No figures are appended. The whole work 
contained, in three books, 171 propositions, to which Pappus sup- 
plies 38 lemmas. Upon these statements of Pappus, which Halley 
and Prof, de Morgan found unintelligible, Simson framed a defini- 
tion of a porism as " a proposition in which it is to be proved 
that one or several things is or are given which (like any one of 
an infinite number of things not given but having the same rela- 
tion to the things which are given) has or have a certain property, 
described in the proposition*." Chasles, who approves of this 

^ Yii. p. 648. 18 sqq. their number, were coUected in a sepa- 

* The translation in the text is from rate work {Kexjiapuryuivov tQv iropifffM- 

Chasles. It seems, on authority, to be twv TJOpourrcu), 

right. Heiberg explains it as "a local ^ See Nos. v. and xx. The whole 

theorem with incomplete hypothesis." list is given in Hultsoh, pp. 654 sqq. 

Whatever it may mean, it clearly is only Heiberg, pp. 73 — 77. The Greek of xx, 

intended to describe a special class of is on \6yos (rvva/i4>oT4pov vp6s rtva dirb 

porisms, used by writers later than rovde icas doOivTos, Halley, Simson and 

Euclid who, without attempting to find Heiberg interpret this dark saying as 

the thing proposed, merely declared above: Chasles and Hultsch translate 

that it was possible to do so (e.g. "the sum of these two rectangles has a 

Archimedes, De Spir, propp. 5 — 9, given ratio to the segment lying between 

cited by Heiberg, pp. 68, 69). Pappus this point and a given point." 

then adds that ol roiroi belonged to * De PorUmatihuSf p. 347, quoted by 

this class of porisms but, owing to Chasles, Lc Livre de Porismes, p. 27. 
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definition, then proceeds to show the similarity between porisms 
and the propositions called tottol, for a totto? " is a proposition 
in which it is declared that certain points subject to the same 
known law are on a line of which the nature is enunciated 
and of which it remains to find the magnitude and the position. 
Example : two points being given, as also a ratio, the locus of a 
point, the distances of which from the two given points are in 
the given ratio, is the circumference of a circle given both in 
magnitude and in position \" Hence, also, a connexion exists 
between the two meanings of * porisma/ for every porism may 
be put as the corollary of a local theorem^ and the close 
connexion between the porism and the datum is equally 
obvious'. Further, Chasles suggests a new definition of porism, 
which shall combine all the older definitions. Porisms, according 
to him, are incomplete theorems, " expressing certain relations 
between things variable according to a common law : relations 
indicated in the enunciation of the porism but requiring to be 
completed by the determination of the magnitude and the 
position of certain things which are the consequence of the 
hypothesis and which would be determined in the enunciation 
of a theorem properly so-called." In order to exhibit the 
similarity of porisms with the most usual propositions of modem 
geometry, Chasles gives the following example (among others) : 
" If in the diameter of a circle there be taken two points which 
divide it harmonically, the ratio of the distances between these 
two points and any point on the circumference will be constant." 
Substitute here *' given" for "constant" and this proposition is 
a porism. Find the ratio and include it in the enunciation, 
and you have a complete theorem. 

Upon the preliminary discourse of Chasles, from which these 
remarks are taken, Heiberg (pp. 56 — 79) has many criticisms, 
supported by much learning, to oflfer, but his observations are 

Playfair (in Tram, of R. S, of Edin- Chasles, pp. 31, 32, objects to this. 

hurgh^ 1792), improving on Simson, ^ Chasles, Porismes, pp. 33 — 36. 

suggested a def. of a porism as "a pro- * Ibid. pp. 36 — 38. 

position afltoning the possibility of » Ibid. pp. 42, 43. The porisms 

finding such conditions as will render cited by Diophantus (supra, p. 121) 

a certain problem indeterminate, or are closely similar to data. 
capable of innumerable solutions." 
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relevant mainly to the form of the enunciation of a porism and 
its relations, by virtue of its enunciation and hypothesis, to the 
TOTTo? and the local theorem \ The passage of Pappus, on which 
Chasles and Heiberg, and every other would-be restorer of 
Euclid's work must necessarily rely, is so obscure and is suspected 
of so many interpolations and mutilations', that I could not, save 
at inconvenient length, give the details of the controversy, which, 
after all, is of no practical importance. I have therefore preferred 
to accept Chasles's theories, which are founded on adequate learn- 
ing and are followed by a restoration of Euclid's Porisms with 
which, at present, no serious fault has been found ^ 

One of the types of porisms which Pappus describes at any 
length, is as follows : "If from two given points, two straight 
lines be drawn, which cut one another on a straight line given 
in position, and one of which intercepts on a straight line, given 
in position, a segment extending to a given point on it, the other 
will intercept on another straight line a segment which has a 
given ratio." This type was treated in one or more propositions 
early in the First Book, and this statement, together with the 38 
lemmas of Pappus, gave Chasles his clue. The Porisms of the 
First Book, in his view, deal with propositions suggested by a 
hypothesis in which we suppose two straight lines to turn about 
two fixed points, to cut one another on a straight line given in 
position, and to make on two other fixed straight lines (or on 
one only) two segments which have to one another a certain 
constant relation. In the Second Book, the segments are, as a 
rule, formed on one line only. In the Third Book, the two fixed 
points are on the circumference of a circle and the two revolving 
straight lines cut one another on this circumference. "Almost, if 
not quite, all the relations of segments in the first two Books are 

^ E.g. according to Heiberg, a porism ^ See Hultsch's edition. Heiberg 

proper has nothing whatever to do accepts the whole of the text, 

with a corollary. A rdiros was, as * Heiberg himself has very few criti- 

Simson defined it, a proposition *to cisms to make, even on the ennncia- 

find a locus/ and therefore rdiroi were tions, which, he admits, are generally 

a kind of porisms. The propositions, of the true porismatic form. The one 

which Chasles calls Uocal problems' obvious error in Chasles' book is that 

and distinguishes from ' loci ' and * local his restoredPorism xvn. (p. 119) is iden- 

theorems,' are really identical with tical with the 8th Lemma of Pappus, 

'loci' and are porisms, etc. which is only ancillary to a porism. 
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such as express that two variable points on two straight lines, or 
on one only, form two homographic divisions." It should be added 
that Chasles has had the good fortune to produce 201 porisms, or 
30 more than Euclid himself composed \ The original porisms 
were used, as their place in the T67ro<; dpa\v6fievo<; indicates, 
in the analysis, or in the synthesis, of a problem which was 
solved analytically. No doubt, a porism of the form *it is 
possible to find' would be used in analysis, like the Data; a 
porism of the form ' to find ' would be used in the synthesis. 

125. The immediate successors of Euclid, as heads of the 
Alexandrian mathematical school, seem to have been Conon of 
Samos, who added " Berenice's hair " to the constellations^ and 
Dositheus of Colonus. Perhaps also a ceHain Zeuxippus and 
Nicoteles of Cyrene were at Alexandria during this period. But 
nothing is known of these persons, save that Conon, Dositheus 
and Zeuxippus corresponded with Archimedes, who had a high 
opinion of their abilities (especially of Conon's') and that 
ApoUonius acknowledges some obligation to discoveries in conic 
sections by Conon and Nicoteles ^ 

But Archimedes, the greatest mathematician of antiquity, 
lived not at Alexandria but at Syracuse. He is said by Tzetzes* 



^ A summary of the more interest- 
ing portion of Chasles' book is given 
in Taylor's Ancient and Modem Conies^ 
pp. Ln — Liv. Chasles himself says, 
p. 14, "Si ce livre de Porismes nous 
fClt parvenu, il e^t donn6 lieu depuis 
longtemps & la conception et au d6- 
veloppement des theories 616mentaires 
du rapport anharmonique, des divisions 
homographiques et de Yinvolution.^^ 

2 Catullus Lxvi. 7, 8, translating 
Callimachus. Delambre (i. p. 215) 
suggests that Callimachus invented the 
name of the constellation himself and 
attributed it to Conon. The Berenice 
in question was wife of Ptolemy III. 
(Euergetes). Ptolemy, the astronomer, 
cites some observations of Conon. 

s See the prefaces to Sph. et Cyl, 
and ArenaritiSf ed. Torelli, pp. 63, 64, 
319. 



* Cmiea, Pref. to Bk. iv. Halley's 
ed. pp. 217, 218. A very important 
astronomer, Aristarchus of Samos, 
belongs to this interval. His extant 
work on the Sizes and Distances of the 
Sun and Moon is printed in the 3rd 
Vol. of Wallis's works. His proofs of 
course are geometrical (e.g. Prop. 2 is 
"If a greater sphere illuminate a less, 
more than half the latter is illumina- 
ted") but add nothing to geometry. 

^ Chiliad, ii. 35, 105. Proclus, p. 68, 
cites Eratosthenes as witnessing that 
he was a contemporary of Archimedes. 
The chief authority on the life of 
Archimedes is Plutarch, Vita Marcellij 
cc. 14 — 19. A biography, which was 
used by Eutocius, was written by one 
Heracleides who perhaps was the friend 
whom Archimedes mentions pp. 217, 
318 (Torelli). 
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(an authority as late as the 12th century) to have died at the 
age of 75, and, as it is well attested that he was killed in the 
sack of Syracuse B. c. 212, he was probably born about 287 B. c. 
Diodorus^ says that he visited Egypt and it is certain that he 
was a friend of Conon and Eratosthenes, who lived in Alexan- 
dria. His writings also show a most thorough acquaintance 
with all the work previously done in mathematics, and it may 
therefore be inferred that he was a 'diaciple-ofttre"AJexandrian 
school. He returned, however, to Syracuse and lived there on 
intimate terms with King Hieron and his son Gelon, to whom 
possibly he was related by blood*. He made himself useful to 
his patrons by his extraordinary ingenuity of mechanical 
invention, — a gift by which he himself set little store'. He is 
said, by various contrivances, to have inflicted much loss on the 
Romans during the siege by Marcellus, but the city was 
ultimately taken and Archimedes perished in the indiscriminate 
slaughter. Marcellus wished to preserve his life but he was 
slain by accident*. The story is that he was contemplating a 
geometrical figure drawn on the ground when a Roman soldier 
entered. Archimedes bade him stand off and not spoil the 
diagram, but the soldier, insulted at this behaviour, fell upon 
him and killed him^ Marcellus raised in his honour a tomb 
bearing the figure of a sphere inscribed in a cylinder. Cicero 
had the honour of restoring this during his quaestorship in 
Sicily B.C. 75 ^ 



1 Diod. V. 87. 

2 Plutarch, Marcell, 14. 

3 Ibid, 17, vaaay oXwj rkxyo^ XP*'*^ 
itpOLTFTOfiiyrjp dyevvrj Kal pdvavcrop iiyTj- 
ira^JLeyos, "thinking that every kind of 
art, which was connected with daily 
needs, was ignohle and vulgar.'* 

* Cic. Verr. iv. 131, Livy xxv. 31, 
Plut. Marc, 19, Pliny, Hist, Nat, vii. 
125. 

^ This tale is told in many slightly 
different forms. Plutarch loc, cit, 
Valerius Maximus viii. 7, 7, Tzetzes n. 
35. 135, Zonaras ix. 5. 

« Cic. Tnsc, Dinp. v. 64, 65. The 



authorities for Archimedes' life are col- 
lected and generally quoted in Torelli*s 
Preface, pp. 11 and 12, and Heiberg's 
Qtuiestiones Archimedeafi Copenhagen, 
1879, pp. 1 — 9. This little monograph 
deals chiefly with the text, but con- 
tains much very minute information 
on the arithmetic of Archimedes. 
Heiberg has since edited the text 
(Leipzig, 1880), but I have quoted 
always from Torelli, whose edition I 
happen to have. The errors and mis- 
prints which Heiberg points out in 
Torelli, are not such as to seriously 
affect his value for the present purpose. 
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126. The extant works of Archimedes seem to comprise 
almost all his more important contributions to mathematics. 
Internal evidence, derived from references in some books to 
proofs contained in others and from allusions in the prefatory 
letters which accompany many of the books, shows that the 
works are to be arranged in the following approximately chrono- 
logical order*: viz. 

(1) Book I. of ' Equiponderance of Planes or Centres of 
Plane Gravities* (JlepX hrnrehtov laoppoin&v fj xivrpa ^ap&v 
iTTLTreBcDv), in 15 props, preceded by 8 (or 9) postulates^. 

(2) ' The Quadrature of the Parabola' in 24 props, (sent to 
Dositheus). 

(3) Book II. of ' Equiponderance of Planes,' etc., in 10 
props. 

(4) 'On the Sphere and the Cylinder' in two books, the 
first of 50 props., preceded by 5 postulates, the second of 10 
props, (both sent to Dositheus). 

(5) ' The Measurement of the Circle ' {kvkKov fiirprfo-if;), in 
3 props. 

(6) ' On Spirals ' (irepl iXUcov), in 28 props. 

(7) 'On Conoids and Spheroids,' in 40 props, (sent to 
Dositheus). 

(8) 'The Sand-Counter' (ylrafifiLTij^), an essay addressed to 
Gelon. 

(9) 'On Floating Bodies' (irepl oxov/ievayv or irepl r&v 
HBaTt i^L<rrafiev<ov), in two books, the first of 9, the second of 
10 props, (extant only in Latin)'. 

We have also, in a Latin translation from the Arabic, a 
collection of 15 Lemmas, which have certainly been tampered 



^ See Torelli's Pref, p. xiii. Heiberg, 
Q. A, pp. 10—13. 

^ Archimedes himself (Quadr. Parab. 
props. 6 and 10) refers to this book as 
rd ixTp^aviKd, Froclus (p. 181) caUs it 
al djfiffoji^oirLau Simplicius (ad Arist. 
De CaelOj rv. p. 508 a.) calls it Keyrpo- 
papiKd. 

3 The Latin translation was made 
by Tartaglia (Venice, 1543 and 1566) 



from a Greek codex which has not since 
been discovered. The title vcpl tQp 
6xovfi4p(ov is cited by Strabo i. p. 54 : 
tA dxo^fieva in Math, Vett, p. 151, 
Pappus yni. p. 1024. A fragment re- 
cently discovered has the other title, 
and Tzetzes evidently alludes to this 
book by the name iirLarourldia {Chil, xn. 
974). Torelli, Pref. xviii. Heibeig, 
Qtmettt, Arch. pp. 13, 22. 
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with (e.g. Archimedes is mentioned in the 4th and 14th) and 
may not be authentic at alP. Those works, also, which are 
extant in Greek, are evidently not now in precisely the same 
form as when first written. Some of the titles for instance, 
especially 'Quadrature of the Paraholay are added by later 
hands, and again, most of the books are written in inferior 
Greek of the Attic dialect, whereas Archimedes wrote in Doric ^ 
the dialect proper to Syracuse. Eutocius of Ascalon, a scholiast 
of the 6th century, wrote commentaries still extant on the 
books of the Sphere and Cylinder, Measurement of th£ Circle 
and Equiponderants. These are valuable for the great number 
of historical notices which they contain and of which very 
frequent use has been made in these pages. 

Beside the extant works, Archimedes is known to have 
written several others and yet more are attribute 4 to h im. He 
wrote a treatise on the half-regular polyhedra, i.e. the solids, 
thirteen in number, which are bounded by regular but dissimilar 
polygons of two or threejtifid^. He himself refers (in the 
Arenarius) to his arithmetical treatise called ^Apxal, 'First 
Principles,' addressed to Zeuxippus. Pappus* quotes his work 
Hepl }^vyoiv, 'on Levers.' Theon quotes his Catoptrica^, Pappus® 
quotes Carpus as an authority for the fact that Archimedes 
wrote a mechanical treatise on the method of constructing a 
globe or planetary {ire pi (T(f>aLpo7roita^). The Arabs ascribe to 
him works on * the heptagon in a circle,' on * circles touching 



^ The translation in Borelli's edition 
(Florence, 1661) is said to have been 
made by Abraham Ecchellensis from 
the Arabic of Tabit ibn Eorra, with 
notes by Almochtas Abulhasan. Torelli 
reprints this (see his Pref. p. xix), but 
there was another version by J. Gravius 
(Foster's Miscellan, London, 1669). 
Heiberg (p. 24) and Cantor (pp. 256, 
257) are inclined to think that the book 
contains some authentic propositions, 
esp. the 4th and 14th, perhaps also 
the 8th and 11th. 

2 ToreUi's Pref, p. xv, Heiberg, Q. 
Archim. ch. v., De Dialecto Arch, pp. 



69 sqq. 

8 Pappus V. 19. Heron (Deff. 101) 
says wrongly that Archimedes added 
13 to the 5 Platonic regular solids. 
Eepler resumed the study of such "polj- 
liQdia. iaYds Harmonice Mundi, Cantor, 
p. 264. 

4 vm. 24, p. 1068. 

* Comm. in Ptol. i. 3, p. 10 (Basle 
ed. ). Cf , Olympiodorus in ArisUMeteor, 
II. p. 94 (ed. Ideler). Apuleius, Apol, 
16. Tzetzes, ChiL xn. 973. Heiberg, 
QuaesU Arch, p. 33. 

« vni. 3, p. 1026. Cf.Proolus, p. 41, 
16. 



EUCLID, ARCHIMEDES AND APOLLONIUS. 



225 



one another/ on 'parallel lines/ on 'triangles/ on 'the properties 
of right-angled triangles/ on 'data^' Suidas says that Theodo- 
sius wrote a commentary on the 'Guide-book' or i^oSiov of 
Archimedes, perhaps a little treatise on geometrical methods. 
Beside these, it is possible that Archimedes >Yrote yet other 
books, for he on several occasions refers to propositions as 
already proved, which are not so in any extant work, or reduces 
a proposition to a problem which he does not solve (e.g. Sph, 
et Cyl. IL 5. p. 158), or uses a theorem which is not proved at 
aU*. 

127. It is usual to divide the works of Archimedes into 
three groups, geometrical, arithm§tii^ and XDechanical, but 
these distinctions are not strictly maintained by Archimedes 
himself. Thus in Qttadrature of the Parabola, propositions vi. 
— XIV. are founded on propositions proved in the preceding first 
book of Equiponderance (e.g. in props. Vl. and vil. a triangle is 
suspended from one arm of a lever kept in equilibrium by 
another area suspended at the other end). So, also, the 3rd 
proposition ot Measuremervt of the Circle is an attempt to find 
an arithmetical value for the ratio between the circumference 



1 Wenrioh Be Auct. Graec. Version- 
iinu, pp. 194, 196, Heiberg Q. A, pp. 
29, 80. Heiberg is inclined to reject 
these Arabic notices, save that on 
' circles touching one another,' of which 
he thinks, some extracts may be pre- 
served in the 15 Lemmas. 

' E.g. in De iU qua in kumido n. 2, 
he uses, without a word of reference, 
a theorem that, in a segment of a 
parabolic conoid, the centre of gravity 
divides the axis into two parts such 
that the part on the side of the vertex 
is twice the other. The proposition 
Sph, et Cyl. n. 5 is to divide a sphere 
into two segments whose volumes are 
to one another in a given ratio. This is 
soluble only (to use algebraical symbols) 
if a line a can be so divided that 
a-xibiid^ix* i.e. if the cubic equation 
x^ - ax* + 6c' = 0, can be solved. Archi- 
medes (who of course gives the pro- 

O. G. M. 



portion only, not the equation) adds 
a diorismus, or determination of a 
condition under which this can be sol- 
ved (for a positive root). If c = 2(a - c), 
then a-c must be greater than h. In 
other words, a;'-aa^+|a'6=0, is solu- 
ble only it h<^, Archimedes promises 
o 

a solution but does not give it. See 
Cantor, pp. 265, 270, 271. Archime- 
des is often said to have written a 
Conies {KtaviKd), but it is now generally 
supposed that the Conies and the 
Elements t to both of which ;he often 
refers, are the works of Euclid ; Cantor 
pp. 260, 261. Heiberg, Q, A. p, 31. 
Heracleides, however, the biographer 
of Archimedes, accused Apollonius of 
stealing from an unpublished work by 
his predecessor. (See Eutooius in 
Halley's Apollonius, p. 8.) 



15 
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and its diameter, and the inquiry involves the extraction of V3. 
Nevertheless, the division first suggested is exact enough for 
most purposes, and may be adopted in the following brief 
summary of the contents of the various books. The geometrical 
are taken first. 

The Quadrature of the Parabola begins with a letter to 
Dositheus announcing the chief contents of the book. It 
contains two solutions of the problem, the one mechanical, the 
other geometrical. Both involve the use of the method of 
exhaustion. Props. I. — IIL are simple propositions in Conies 
without proofs : IV. v. are of the same kind, but are . proved. 
Then props. VII. — xvii. contain the mechanical proof that " any 
segment which is contained by a straight line and the section 
of a right-angled cone is | {eTrlTpirov) of a triangle which has 
the same base and the same altitude as the segment." Archi- 
medes starts, as above mentioned, by suspending a triangle or 
trapezium and another area on opposite sides of a lever in 
equilibrium, the triangle or trapezium being suspended firom 
two points, the area from one. The triangle or trapezium is 
then shewn to bear a certain ratio to the area\ Then if B0r 
be a segment of a parabola, of which BF is the base and the 
point on the curve most distant from the base', the segment 
B0r is shewn by exhaustion to be one-third of the space of 
which the triangle BQF is one-fourth. Props, xvni. — xxiv. 



^ E.g. Prop. VI. ABr is a lever, of 
which B is the middle point. A right- 
angled triangle BAP is suspended from 
B, P, the right angle being at B, the 
side BP being half the length of the 
lever. This is exactly balanced by an 
area Z, suspended from A. Then Z is 
one-third of the triangle. For in BP 
take E, so that EP = 2EB. Then the 
centre of gravity of the triangle (as pre- 
viously proved in the 1st Book oiEqui- 
ponderance) lies in the vertical line 
drawn from E, and the triangle may be 
suspended from E without disturbing 
the equilibrium. Suspend it from E 
and the triangle is to Z inversely as the 



arms of the lever, or as A6 to BE, and 
AB =3BE. A summary of the foUow- 
ing propositions is given by Cantor, 
pp. 278—279. 

2 In Prop. XVII. G is called the vertex, 
Kopvifrflf of the curve. In Prop. xvui. 
the first of the geometrical proof, it is 
shewn that if the base BP be bisected 
and B9 be drawn parallel to the axis 
(called the 'diameter'), meeting the 
curve in G, then G is the point from 
which the greatest perpendicular can 
be drawn from the curve to BP, and is 
the Kopvipii of the segment. The tan- 
gent at 9 is parallel to BP. 
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contain the geometrical proof. The triangle BQF is half the 
parallelogram of the same altitude on BP, and is therefore more 
than half the segment. Inscribe triangles in the segments cut 
oflf by the lines B0, ©P. Each of these is more than half the 
segment in which it is inscribed and is also one-eighth of the 
triangle B®P : the two together are one-fourth of it. Take a 



X X 



X 



X 



--, of which X is equal 



series of magnitudes, x, -jy y^ , ^ .••- 

to the triangle B0P, The sum of these is less than the 
segment. Their sum, again, plus ^d of the least magnitude, 

is -H" . Hence if the segment be exhausted by triangles in the 

manner above indicated, it is found by reductio ad ahsurdum, 
that the segment is Jrds of the first triangle B0P. 

The treatise on the Sphere and the Cylinder is in two books. 
Book I. begins with another letter to Dositheus, announcing its 
principal contents \ Then follow some definitions (curiously called 
d^ioifuiTa) and assumptions (Kafiffavofieva). Of the assumptions, 
the 1st is " a straight line is the shortest of all lines which have 
the same extremities." The book begins with 7 propositions, 
bearing on the theory of exhaustion, e.g. vi. is " a circle being 
given and also two unequal magnitudes, it is possible to describe 
about and within the circle two polygons, such that the cir- 
cumscribed polygon shall have to the inscribed a less ratio than 
the greater given magnitude to the less." Props, vili. — xvii. 
are on the surfaces of pyramids (described within and about 
cones), of cylinders and of cones (e.g. Prop. XVL "The sur- 
face of an isosceles cone is to its base as the side of the cone 
to the radius of the base"). Props, xviii. — xxi. are on the 



^ In this book Torelli numbers ffty 
propositions. Other editors, who do 
not count the first, number forty- 
nine. In Prop. III. Torelli omits a 
reference to Euclid by name which is 
given in all the MSS. Froclus (p. 68) 
says that Archimedes mentionedEudid, 
and this is the only place in which 
such mention occurs. Heiberg (p. 157) 
thinks the words are genuine. They 



are merely "Take A equal to BF, by 
the Second of the First Book of 
EuoUd's" (tup EmXeldov), It is in the 
preface to this book that Archimedes 
states that the cubatures of the pyra- 
mid and cone (Euclid xn. 7, 10) were 
discovered by Eudoxus. The oubatures 
of the sphere and the cylinder are 
referred to that of the cone. 

15—2 
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volumes of cones and of portions 6f cones. These propositions 
are then used (xxii. — xxxiv.) in an exposition of the relations 
of the surfaces and volumes of those solids, described within and 
about a sphere, which are produced by the revolution of polygons 
described in or about a great circle. Prop. xxxv. is selected 
for mention in the pre&tory letter. It is that '' the surface of a 
sphere is four times that of one of its great circles." Prop, xxxvi. 
is " any sphere is four times a cone whose base is a great circle, 
and whose altitude is a radius, of the sphere.*' This leads to 
xxxvn. The volume and the surface of a sphere are |rds of 
the volume and surface, respectively, of a cylinder whose base is 
a great circle, and whose altitude is the diameter, of the sphere 
(the bases of the cylinder being included in its surface). This 
discovery was the chief pride of its author. The figure of this 
proposition is that which Marcellus, following an expressed wish 
of Archimedes*, inscribed on his tomb. Props, xxxviii. — XLVli. 
deal with segments of a sphere and the inscribed and ciix^um- 
scribed solids produced, as before, by the revolution of polygons 
described within and about a great circle. Props. XLViii. — XLix. 
prove that the surface of a segment of a sphere, whether less or 
greater than a hemisphere, is equal to a circle whose radius 
is the straight line drawn from the vertex of the segment 
to the periphery of its basal circle. Prop. L; is on the volume 
of a sector of a sphere, which is shewn to be equal to a cone 
whose base is a circle equal to the surface of the segment, and 
whose altitude is the radius of the sphere. 

Book IL of the Sphere and Cylinder begins with another 
prefatory letter to Dositheus, in which the chief glories of 
Book I. are again recounted, and which says that the Second 
Book contains some problems and theorems suggested by the 
First. Prop. IL is a problem ** To find a sphere equal to a given 
cone or given cylinder." The analysis of this problem leads to 
the discovery of two mean proportionals between two straight 
lines. The synthesis, which is the analysis taken backwards, 
of course, requires that two mean proportionals should be found. 
Archimedes does not here shew how this is to be done, but it is 

1 Plutarch Marcelhit, 17. 
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d propos of this passage that Eutocius introduces that historical 
account of the duplication problem which has been already so 
often cited \ Prop. Iii. is that " a segment of a sphere is equal 
to a cone whose base is that of the segment and whose altitude 
is to that of the segment as the radius of the sphere + the 
altitude of the remaining segment is to the altitude of the 
remaining segment." Some problems are founded on this, solved, 
as usual, first by analysis, then by synthesis. Prop. ix. is that 
'* if a sphere be cut by a plane which does not pass through the 
centre, the greater segment is to the less in a ratio which is less 
than the duplicate but more than the sesquialter of the ratio 
which the surface of the greater bears to the surface of the 
less*". Lastly, Prop. x. is "of spherical segments with equal 
surfaces a hemisphere is the greatest'/' 

The book De Spiralihus begins with another letter to 
Dositheus, which, after deploring the death of Conon, who 
was studying the propositions ^ recounts the contents of the 
2nd book of the Sphere and Cylinder, then points out the chief 
results of the treatise on Spirals and concludes with a note 
that Archimedes has used the ordinary lemma (Euclid x. or xii. i..) 
on which the method of exhaustion is founded. The definitioir^ 
of the spiral and the chief results of the book may be stated 
practically in the words of Archimedes himself. " If in a planej 
a straight line, fixed at one extremity, revolve evenly till itN 
return to the position from which it started, and if along. * 
the revolving line a point moves evenly from the fixed 
extremity, this point will describe a spiral. I say that the 



^ The eolations whioih Eatooins re- 
cords (Torelliy pp. 135 — 149) are those 
of Plato, Heron, Philon of Byzantium, 
Apollonios, Diooles, Pappus, Sporus, 
M^naeohmus, Arohytas, Eratosthenes, 
Nicomedes, in this order. 

* It appears from the preface to De 
Spirdlihus (p. 218) that Archimedes 
had wrongly stated this and the next 
proposition, in an earlier copy which 
he sent to Dositheus, for the express 
purpose of deceiving the boastful ama- 
teurs of geometry, "who say th^ hare 



found eveiything, but never produce » 
proof, and sometimes claim to ]iav# 
discovered the impossible.** 

* The treatise *' Measurement of the 
Circle" is given in full in the neat 
section. The quadratures of the spiral 
and ellipse depend upon a previous' 
quadrature of the cirde. 

^ Pappus says that Conon invented 
the spiraL Archimedes, however, only 
says that he had sent the enunciations 
of his propositions to Conon, who hai^ 
been trying to prove them. 
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space which is included between the spiral and the straight 
line after one complete revolution is one-third of a circle 
described from the fixed extremity as centre, with radius 
that part of the straight line over which the moving point 
advances during one revolution (Prop. xxiv.). Again, if a 
straight line touch the spiral at the last extremity of the 
latter ^ and from the fixed point there be drawn a perpendicular 
to the revolving line (after a complete revolution) produced to 
meet the tangent, this perpendicular straight line is equal 
to the circumference of a circle described from the fixed 
point as centre with the revolving line at the end of a com- 
plete revolution as radius (Prop. xvni.). Again, if the revolv- 
ing line and the moving point thereon make several com- 
plete revolutions, the space which is included by the second 
revolution of the spiral is half that included by the third, a 
third of that included by the fourth, a fourth of that in 
the fifth and so on. But the space included by the first 
revolution is one-sixth of that which is included by the second 
(Prop. XXVII.). Again, if in the spiral of one revolution two 
points be taken and straight lines be drawn from them to 
the fixed point and two circles be drawn from the fixed point 
as centre with these straight lines as radii, and the lesser of 
these straight lines be produced (to meet the larger circle), the 
half-crescents included between the circles, the spiral, and the 
straight lines are to one another in a given ratio. (Prop. xxvm.*). 
The book begins with some lemmas on constructions (Props, i. — 
IX.) and with two propositions, which are in effect the geometri- 
cal summation of the series 1 . 4 . 9 . . . . n', (Prop, x.) and of the 
series a, 2a, 3a... wa (Prop. Xl.). Then follow the definitions 
and some propositions on tangents to the spiral and lines passing 

^ If AG be the revolving line, A H. The space ^ is to the space n as 
he fixed point, the last extremity {rb GA+fHA is to GA+ JHA. 
IfffXdTov ir^pas) of the spiral is G. ^p 

2 The enunciation is extremely diffi- y^ /'^tt 

cult to follow without a figure. G is 
the fixed point, A, T are points on the 
spiral. From centre G, describe circles 
with radii GA, Gr, and produce GA to 
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through the fixed point and cutting the curve (Props, xil. — xvil.). 
The course of the remainder of the book is pretty well indicated 
by the summary above given from the preface. But a word 
should be added on the way in which Archimedes arrives at the 
area of the spiral. The revolving line may be stopped any- 
where. The space included between the curve and the line 
is divided into sectors having equal angles at the fixed point. 
Each of these is shewn to be less than one, and greater than the 
other, of two similar sectors of circles. It follows, therefore, 
that two plane figures (composed of similar sectors of circles) 
can be described, one within, the other about, the spiral, such 
that the diflference between the two figures can be made as 
small as we please, and exhaustion is thus effected \ 

The treatise on Conoids and Spheroids is also sent, as was 
promised in the letter which accompanied the De Spiralihus, to 
Dositheus. A conoid is the solid produced by the revolution of a 
parabola or a hyperbola about its axis. Spheroids are produced 
by the revolution of an ellipse, and are long (TrapafiaKea) or 
flat (iTTtTrXaria) according as the ellipse revolves about its 
major or its minor axis. The first 3 propositions are certain 
very complex arithmetical theorems'. Props, iv. — vii. deal 
with conies, e.g. v. and vi. are on quadrature of the ellipse 
by exhaustion; VIL shews that ellipses are to one another as the 
products of their axes. Props, viii. — x. shew that an infinite 
number of right cones and cylinders can be constructed so as 
to contain a given ellipse. Prop. xi. merely recapitulates some 
well-known theorems on the ratios of cones and segments of 
cones and cylinders to one another. Props, xii. — xv. shew that 
the plane sections of conoids and spheroids are conies; xvi. — xix. 
are on planes touching these solids, XX. is on the division of 

^ Compare the accompanying figure ^ They are of no intrinsic value. The 

to Prop. XXI. which deals with a spiral first is in effect that if 

of one revolution only. « = a + 2a + 3a + na, 

then 2» > n^a > 2 (« - na). 
The other two cannot be stated shortly, 
even with symbols. On these and the 
other arithmetical propositions of Ar- 
chimedes, see Heiberg, Q.A, Chap. iv. 
pp. 44 sqq. esp. pp. 50, 51, 56, 57. 
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a spheroid into two equal parts. XXI. — xxn. are preparatory 
to the cubature of the solids: if a conoid or a spheroid 
be cut by two parallel planes, the segment so obtained 
contains one cylinder and is contained in another, cuid the 
difiference between these two cylinders may be made as small 
as we please by bringing the two planes of section closer and 
closer together. Then follow the propositions selected for 
mention in the preface : Props, xxiil. — xxiv. prove that every 
parabolic " right-angled " conoid is to a cone on the same base- 
and of the same altitude as 3 : 2 ; xxv. — xxvi. shew that seg- 
ments of a parabolic conoid (cut by planes in any direction) are to 
one another as the squares of their axes. Props, xxvil. — xxviii. 
deal with the volume of hyperbolic (** obtuse-angled ") conoids; 
and XXIX. — xxxrv. with the volume of sections of spheroids cut 
by planes, whether passing through the centre or not. 

Lastly, of the Lemmas which may be authentic, Nos. rv. and 
XIV. are to find the area of two curvilinear figures, which 
Archimedes calls respectively dpfirjXo^ and a-aXivov. The ap^ 
firjXo^f which literally is the name of 
a shoemaker's knife, is bounded by 
three semicircles whose centres are in 
a straight line. Its area is the circle 
described about the perpendicular DB, ^ 

The aoKivoVy which perhaps means a 'sieve', (c£ a-aXa^, tcSa-fccvov) 
is bounded by four semicircles, whose centres are in a straight 
line, two having the same centre A. Its area is equal to a 
circle described about BC bs diameter \ 
No. XI. is that if in a circle two chords 
cut one another at right angles, the 
squares of the four segments of these 
chords are together equal to the square 
of the diameter. No. vill. is as follows. 
In a circle of which the centre-4s A draw any chord AB and 
produce it to F, so that BP is equal to the radius. Join PA, 

1 Heiberg Q, A.p, 25, suggests that ly. 14 (pp. 208—232, ed. Hultsch) treats 

these Lemmas iv. and xiv. are extracts of the appyikos. See also Cantor pp, 

from the work of Archimedes on **cir- 256, 257. 
des touching one another." Pappus 
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cutting the circle in Z, and produce FA to meet the circle again 
in E. Then the arc AB will be three times the arc BZ. The 
figure which leads to the proof is appended. 




128. The reader will see, from this brief summary, how 
wide a range of subjects Archimedes studied and with what 
astonishing ingenuity he treated them. Nevertheless, quadrature 
and cubature of curvilinear areas and solids bounded by curved 
surfaces were his chiefju^bbies, and the process which he most 
affects is ex^au^ion. This he handles with consummate mastery, 
and with it he obtains results for which we now look to the 
infinitesimal calcu lus. It is desirable, however, that an authentic 
specimen of Archimedes' geometrical work should be given in full. 
For this purpose, the little work on '* Measurement of the Circle" 
is especially well adapted, both because it is short in itself, and 
does not appeal to any recondite propositions the proof of which 
is too long to be admitted, and because it gives all the main 
characteristics of Archimedes' stylo. It will be seen, at once, 
that Archimedes writes not with any educational purpose, like 
Euclid, but for the ^ite of the mathematicians of his time. He 
does not confine himself to a stereotyped form of exposition, and 
does not shrink from introducing, into a geometrical argument, 
propositions of dpcdfirjrcKij and operations of Xoyiarc/cij, 
S^ The Measurement of the Circle is in three propositions only. 
Prop. L is "Every circle is equal to a right-angled triangle, such 
that the sides containing the right angle one is equal to the 
radius, the other to the circumference of the circle." The 
proof, literally translated, save for the introduction of symbols, 
is as follows. 

''Let the circle ABCD be related to the triangle E ac- 
cording to ihe hypothesis. I say it is equal to the triangle E. 
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For, if possible, let the circle be greater and let the square AG 
be described in it, and let the circumferences be bisected, and 





let the segments be finally less than the excess of the circle 
over the triangle. Then the rectilineal figure is > the triangle. 
Take the centre N and the perpendicular NX. Then NX 
is < the side of the triangle. And the periphery of the recti- 
lineal figure is < the other side, for it is < the circumference 
of the circle. The rectilineal figure is therefore < the triangle, 
which is absurd. 

But let the circle, if possible, be less than the triangle E. 
And let the square be circumscribed and let the circumferences 
be bisected, and let tangents be drawn through the points of 
bisection. Then the angle OAR is a right angle : therefore 
OR is >MR, for MR=RA. And the triangle ROP is >^OZAM. 
Let the segments similar to PZA be left less than the excess of 
the triangle E over the circle. Then the circumscribed recti- 
lineal figure 13 <E, which is absurd, for it is > E, since NA is 
equal to one side of the triangle and the perimeter is greater 
than the other. The circle therefore is equal to the triangle E, 
^ ::,Prop. II. is "A circle has to the square on its diameter the 
ratio 11 :14 very nearly." 

The proof is as follows : "Take a circle, with diameter AB, 
and let the square CHD be circumscribed about it. And let 
DE be double of the side CD, and EZ one seventh part of CD. 
Since then the triangle ACE has to ACD the ratio 21 : 7, and 
ACD has to AEZ the ratio 7 : 1, therefore the triangle A CZ is to 
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the triangle ACD as 22 : 1. But the square CH is four times 
the triangle ACD: therefore the triangle ACZ \& to the square 




CH as 22 : 28 or 11 : 14. And the triangle ACZ\a equal to the 
circle, since AG is equal to the radius and GZ to the circum- 
ference (which will be shewn to be very nearly 3f of the 
diameter). The circle therefore has to the square CH the 
ratio 11 : 14 very nearly*. 

\^ Prop. III. is "The circumference of a circle exceeds 3 times 
its diameter by a part which is less than \ but more than fj of 
the diameter." The proof is : 

"Let there be a circle with diameter AC and centre E 
and tangent CLZ, and let the angle ZEC be a third of a right 
angle. Then EZ : ZC :: 306 : 153 and g 
EG:GZ> 265 : 153^ Draw EH, bi- 
secting ZEC. Then ZE : EC:: ZH : HC, 
and permutando and componendo, 
ZE+EC : ZG :: EG : CH. Where- 
fore CE: CH> 571 : 153. Therefore 
JEfiP : HG^ > 349450 :, 23409 and 
EH :HC< 591^ : 153». Again, bisect 




* The word (yyurra "very nearly" 
seems to have heen added throaghoat by 
Wallis. The proposition should possi- 
bly be placed third, but it must be 
remembered that ir=3f was a very 
common approximation in Archimedes' 
time. Heron in his Geometria (ed. 
Hultsch, pp. 115, 136) refers it first to 
Euclid, then to Archimedes. The E- 
gyptian value was 3-1604. Ptolemy 
(ed. Halma vi. 7) uses 3yVv= ^'141666. 



3 The omitted steps are EZ=2ZG 

.•.EC2=3ZC7».-.^=V3>f{|. It is 

not known howArchimedes obtained this 
approximation. See supra, pp. 53 — 55. 

But in fact {m)'=imi=^-ii^hnf. 

8 N. B. 349460 = {57V + 153'') 
= (326041 + 23409). This is greater 
than (5911)3=349,428^. (591f)3 is 
nearer. 
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the angle HEG by the line EP. On the same principle, 
EC:CP> 1162i • 153\ Therefore PE : PC > 1172^ : 153'. 




Bisect the angle PEC by the line EK. Then 
EC:CK> 2334i : 153. Therefore EK:CK> 2339i '• 153. 

Bisect the angle KEC by the line LE. Then 

^(7:Za>4673i:153. 

The angle LEC is ^th of a right angle. At E, make the 
angle GEM = LEC and produce zG to Jf. The angle LEM is 
^i^th of a right angle. Therefore the line LM is the side of a 
polygon of 96 sides ( £7^^) circumscribed about the circle. 

Since it has been proved that EC:CL> 4673^ : 153 and 
AC'^2EG and LM^2CL, therefore ^C':iif> 4673J : 153. 
Therefore AG : periphery of U^>4i673^ : 14688. Of these 
numbers, the latter is three times the first 4- 667 J, which is 

< — J-^. Wherefore the periphery of Z^ is three times the 

diameter + a part less than |. Much more then is the cir- 
cumference of the circle < 3f of the diameter. 

Secondly, Take a circle with diameter A G, and make the 
angle BA G Jrd of a right angle. Then AB:BG< 1351 : 780, 
but -4(7: (75:: 1560: 780. 

Bisect BA G by HA. Then since ^ BAH^ jl HGB and also 
^jiHAG, .-. ^ HCB^JL HAG. And the right angle AEG is 
common. Therefore the third angle J?Z(7=the thirds AGE. 
Wherefore the triangles AEG, CEZ are equiangular and 

1 EH : EC :: HP : PC and EH : CH>B^l\ : 168. Therefore 

.-. (EH+EC) : EC :: (HP+PC) : PC EC: PC >{671+591i) : 168. 

and {EH+EC) : (HP+PC) iiECiPC. • PE* =^ P(7*+ CE* > 1378948J ij 

Bat it was shewn above that > (1172i)'. (1172^)' is nearer. 
CE:CH:> 671 : 168 
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AH:HC::CH:HZ::AC:CZ. But AC :CZ:: C A -i-AB :BC. 




Therefore CA-^AB: BC :: AH : EG. Therefore 

AH : HC < 2911 : 780 : but AG : GH < 3013^ : 780. 

Bisect the angle GAH by AP, Then on the same principle 
AP:PG< 5924ii : 780 or < 1823 : 240, which numbers are ^ of 
the preceding, respectively. Wherefore AC: CP < 1838^ : 240. 

Bisect the angle PAG by KA. Then 
KA : J?'C<3661^: 240,or(dividingby ^)<1007 : 66. Therefore 
^0:Cir< 1009^:66. 

Lastly, bisect the angle KAG by LA. Then 

AL : LC <2016i : 66: but AC : OX <2017i : 66. 

Conversely CL : AC > 66 : 2017J, and the periphery of the 
inscribed polygon : diameter > 6336 : 2017J. Of these numbers, 
the first is > 3|^ of the second. Much more then is the cir- 
cumference of the circle > 3|^ of the did^meter. 

129* The arithmetical treatise of Archimedes (Arenarius, 
yltafJLfiirrf^) and also the cattle-problem have been summarised 
above (pp. 57 — 61 and 99). It remains only to notice his works 
on mechanics. For these he had fewer predecessors. Of the 
simple machines two at least, the lever and wedge, were known 
from a remote antiquity. Archytas is said to have invented the 
screw {K(y)(\ia^) and the pulley (rpoxi'^^iO'V' Some kind of a 
compound pulley seems to be described in Aristotle's Mechanica 
Problemata (c. 18). The same work shews that, in the century 
before Archimedes, the mathematical theoty of the lever was 
under consideration, and that it was known that the power and 
the weight if applied perpendicularly to a straight lever, so as to 
produce equilibrium, are to one another inversely as the arms of 

1 He invented also a child's rattle, children *'from breaking things about 
which Aristotle recommends {Pol. vm. the house." 
5, 2) as a useful instrument to prevent 
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the lever*. Some notion of the parallelogram of forces' and of 
the principle of virtual velocity also appears. Many intelli- 
gent questions in mechanics, moreover, are here asked, and 
Aristotle illustrates such explanations as he can give by geo- 
metrical figures'. The author of the fragment De levi et 
ponderoso (attributed to Euclid), if he lived before Archimedes, 
had some idea of specific gravity. Also somebody before 
Archimedes had invented the term ** centre of gravity" {/cevrpov 
^apov^) which Archimedes uses but does not define*. But 
there was not as yet any mathematical proof of any proposition 
in mechanics. This step is taken by Archimedes, who deals 
however only with statics. Book i. of the Equiponderance of 
Planes begins abruptly with some postulates*, of which the 
second is "that equal weights suspended from unequal arms 
(longitudes, /io/rea) are not in equilibrium {fifj laoppoirelv) but 
incline (sic) towards the weight which is suspended from the longer 
arm." A little further on, he assumes "that if equal and 
similar planes fit exactly upon one another, their centres of 
gravity also fit exactly upon one another" (i(l>apfi6^€iv eir 



^ Aristotle says that cheating trades- 
men would shift the centre of their 
balances towards the scale in which 
the weight lay {Mech. Probl, i. fin,). 
This practice, no doubt, led to the 
discovery of the law. Aristotle dis- 
tinguishes the balance {iyy6p) from 
the lever {tiox\6s)i and the ffrdprov 
(rope) by which the former is suspended 
from the vxofidx^of^ (fulcrum) on which 
the latter is supported. He gives, 
however, the same explanation of both. 
* See Mech, Probl. i. and zzin., and 
Heller, Geachichte der Physikt pp. 63 — 
66. HeUer admits that "it would be 
foolish to attribute to Aristotle a clear 
knowledge" of the principle in question. 
All that Aristotle says is as follows. If 
a point A have two "motions" {4>opal) 
at the same time, the one along the 
straight line AB and the other along 
the straight line AC, and AB, AC to- 
present in length the ratio of the mo- 



tions, then the resulting motion is along 
the diagonal AD of the parallelogram 
A BD C. He shews this by supposing A to 
move tHongABf while the whole hneAB 
moves towards CD, Thereisagood note 
in VanCappelle'sEd. (1812) pp. 150 sqq. 

' Cantor, p. 219 and supra, pp. 105n. 
189. 

^ Eutocius defines it at the beginning 
of his commentary (ToreUi, p. 2). The 
KhfTpw ^or^f or pdpovt of a plane figure 
is "the point from which it must be 
suspended, in order to remain parallel 
with the horizon.'* '*The centre of 
gravity of two or more plane figures is 
the point from which the balance (6 
^^s) must be suspended, in order to 
remain parallel with the horizon.'' 
Possibly Archimedes had given this 
definition in his lost treatise xepl ^S>v. 

B According to Eutocius, Geminus, 
who was a great purist in nomenclature, 
proposed to call these ''axioms.'* 
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a\\a\a). "Of unequal but similar figures, the centres of 
gravity are similarly placed." ' "In similar figures points are 
similarly placed if the straight lines, making equal angles at 
such points, make also equal angles on the homologous sides." 
Lastly, *'In any figure, of which the periphery is concave 
towards the same parts\ the centre of gravity must fall within 
the figure." Props. I. — ill. are of exactly the same kind as the 
initial postulates. Props IV. — V. shew how to find the centre 
of gravity of two or three equal magnitudes whose centres of 
gravity are in the same straight line. Props, vi. and VII. are 
"commensurable and incommensurable magnitudes hang in 
equilibrium from arms which are inversely as the magnitudes." 
Prop. VIII. is to find the centre of gravity of the remaining 
part of a magnitude, from which a portion not having the 
same centre of gravity as the whole, has been removed. Props. 
IX. — XV, shew how to find first the line in which the centre 
of gravity lies, and then the centre of gravity itself of a 
parallelogram, a triangle and a trapezium. Between Books I. 
and II. the Quadrature of the Parabola is interposed. Book 
ir. begins (Prop, i.) by applying to parabolic segments the 
Props. VI. — VIL of the first book. Props ii. — ^vii. deal with the 
centres of gravity of rectilineal figures inscribed in a parabolic 
segment, e.g. Prop. v. is "If a rectilineal figure be inscribed in a 
parabolic segment, the centre of gravity of the whole segment is 
nearer to the vertex than that of the inscribed figure." Prop, 
viii. is "The centre of gravity of a parabolic segment divides 
the diameter so that the part towards the vertex is f of the part 
towards the base." Prop. ix. is a very complicated proposition* 



^ This expression is not here ex- 
plained. De Sph. et Cyl. Ax. 2 is '*A 
line is concave (koCKti) towards the 
same parts in which, if any two i>oints 
be taken, the straight lines joining 
such points either all faU on the same 
side (iTrl rd ai^rd TixTovai) of the line 
or some on the same side and some on 
the line itself Uar avr^s) but none on 
the other side" {ivl rd irepa), 

^ The enunciation is to this effect: 



If four straight lines (a, &, c, <2, of 
which a is the greatest) be in continued 
proportion, and d : a- d :: e : % (a - c) 



and 



then 



5a + 106 + 10<; + 6d o-c 
e+/=|a. This is worked out in a 
series of proportions obtained permu- 
tandOi componendo, dividendo. The 
proof in modem symbols is given in 
Heiberg, Q.A. pp. 49, 60. 
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in arithmetic which is required for Rrop. x. to find the centre 
of gravity of a truncated paraboUc segment 

It is evident that, in the composition of this work, Archi- 
medes' interest was not with mechanics but with mathematics. 
He does not care about weights or balances but about proofs. 
Some more practical propositions, perhaps, were contained in 
the lost book irepl ^vy£p, from which Pappus^ seems to quote 
the problem "To move a given weight with a given power." 

The two books on Hydrostatics, De its quae in himiido 
vehuntur, are similar in character to the Equiponderance, but iu 
this department of mechanics Archimedes seems to have had no 
predecessors whatever. His attention seems to have been first 
called to the subject of specific gravity by the following circum- 
stance. King Hiero, being anxious to discover whether a crown, 
which was ostensibly made of gold, might not perhaps be 
alloyed with silver, asked Archimedes to test it. The story 
relates that the philosopher was in the bath when the proper 
method of inquiry occurred to him, and that he immediately ran 
home naked, shouting lEtvpf)/ca, €Zpr)/ca, " I have found it." Our 
authorities, however, which agree thus far, now begin to diverge. 
One' says that Archimedes, having observed, on stepping into 
the bath, that bodies immersed in water displaced a quantity of 
water proportionate to their bulk and not to their weight, 
measured the quantity displaced by gold and silver masses of 
equal weight and thus obtained a ratio of bulk between the two 
metals. A later writer* on the other hand, states that Archi- 
medes, by weighing two equal weights of gold and silver immersed 
in water, discovered not the quantity but the weight of the water 
displaced, and thus arrived at the specific gravity of the metals. 
Both methods may be authentic, but the latter leads more natu- 
rally to the treatise on Floating Bodies. Book I.^ begins with 



1 vra. 19. p. 1060. 

3 YitraviaB, iz. 8. 

> The author of a poem De pon» 
derihus et mensuris, formerly attributed 
to Priscian but now supposed to be 
of about A.D. 500 (Hultsch, ScriptU 
Metrologici p. 88 sqq.). The passage 
of Yitmyius and the lines of the poem 



are printed in Torelli, p. 864. 

^ The definition of a fluid is given in 
Positio X. '*Let it be assumed that 
the nature of a fluid is such that, all 
its parts lying evenly and continuous 
with one another, the part subject to 
less pressure is expelled by the part 
subject to greater pressure. But each 
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two propositions to the efifect that the surface of every still fluid 
is spherical, the centre of the sphere being the centre of the earth. 
Prop. III. is that bodies of equal weight with an equal bulk of 
any fluid do not, if immersed in the fluid, rise above or sink below 
its surface. Props. IV. — vi. are on bodies lighter than a fluid. 
Prop. V. in particular contains the hydrostatic principle that 
" a body lighter than a fluid, when immersed therein, sinks so 
deep that the quantity of fluid displaced weighs as much as the 
whole body." Prop. vii. is on bodies heavier than a fluid and 
immersed therein. Props, vm. — ix. are on segments of a sphere 
lighter than a fluid and immersed therein. These will float 
so that their axes are always vertical. Book li. begins with 
a proposition (I.), which gives a scientific definition of the 
specific gravity of bodies lighter than the fluid in which the 
unit of gravity is chosen. It is that " if a body, lighter than a 
fluid, floats therein, its weight is to that of an equal bulk of the 
fluid as the immersed part is to the whole." The remaining 
propositions II. — X. are on segments of parabolic conoids im- 
mersed in a fluid and the positions which they will assume 
under various conditions*. 

Although, in these works, it is evident that mathematical 
interest far exceeds the mechanical, and though Archimedes, as 
above mentioned, was of the opinion of Plato and Pythagoras 
that the employment of the intellect in the useful arts was 
degrading, yet it is certain that many of the most useful 
mechanical contrivances of antiquity were due to his ingenuity. 
Of these the most famous is the water-screw {ico)(kia^)y which 



part is pressed perpendioalarlj by the 
fluid above it, if the fluid be falling 
(descendens in aliquo) or under any 
pressure." Positio ii. occurs after 
Prop. Yii. and is <*Let it be assumed 
that a body which is borne upwards by 
a fluid, is so borne in the direction of 
the perpendicular line which passes 
through its centre of gravity." 

^ Two propositions of the De Spiral, 
(i. and n.) are of mechanical import- 
ance, though no mechanical use is 

G. G. M. 



there made of them. i. is *' If in any 
line a point moves evenly and there be 
taken in the line two parts, these shaU 
have to one another the ratio of the 
times in which the point traverses them 
respectively." ii. is **If two points 
move evenly each in its own line and 
in each line there be taken two parts, 
of which the two first are traversed by 
the points in the same time and also 
the two second, the parts will be pro- 
portionaL" 

16 
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is still used. This apparently was invented by Archimedes 
when in Egypt for the purpose of .irrigating fields, but it was 
used also for pumping water out of mines or from the hold of a 
ship\ Further the problem " how to move a given weight with 
a given power," above mentioned, was practically solved by 
Archimedes* by the construction of a machine which is variously 
described. It is said by Athenseus (and Plutarch has a similar 
tale), that Hiero was in a difficulty about the launching of a 
certain very large ship. Archimedes elBFected this very easily 
by means of an apparatus of cogwheels, worked by an endless 
screw (eXef)'. Plutarch, however, states that he used, for the 
pui*pose, a compound pulley (TroXvairaaTos:). It is possible 
that Athenseus has by some confusion attributed to Archimedes 
the ^apovkKo^ which was invented by Heron*, but many autho- 
rities concur in attributing to him a compound pulley of three 
(rptWao-To?) or more (TroXvo-TrckTTo?) wheels*. Perhaps this 
machine was called by Archimedes himself a 'x^aptartayv, for 
Tzetzes who, in one place {Chil. Ii. 130), records the proud boast 
of the philosopher " Give me a place to stand on (S09 irov <tt£) 
and I will move the whole earth with a 'xapia-rltovy' elsewhere 
(ill. 61) repeats the same saying as referring to a rplairaaro^ 
(or irokvairaarosiy^ It is well attested, again, that Archimedes 
protracted the siege of Syracuse for a long time by his ingenuity 
in constructing catapults which were equally serviceable for 
long or short ranges, and others which could be applied to a 
small loophole in a wall^ but the tale that he set fire to the 



^ See the artide'Archimedean Screw* 
with an illnstration in Encycl. Brit. 
The ancient authorities are Diodorus, 
I. 34, V. 37, Vitruvius x. 6 (11), Philo 
III. p. 330 (ed. Pfeiffer), Strabo xvii. p. 
807, Athenseus v. 208 f . 

^ Plutarch, MarceUus 14, Athenseus 
V. 207 a, 6. 

3 Eustathius ad Iliad m. p. 114, 
ed. Stallbaum. 

^ Pappus in. prop. 5. (Hultsch, p. 
63) and yni. props. 31 sqq. So also 
Tertullian {De Anima, 14) ascribes to 
Archimedes the hydraulic organ which 
everybody else attributes to Ctesibius, 



the teacher of Heron. 

5 Beside Plutarch, Galen in Hippocr. 
BeArticvr. 27 (xvin. p. 747, ed. Kiihn), 
Oribasius, Coll, Med, xlix. 22 (iv. p. 
407 , ed. Bussemaker). The latter writer 
loc, cit, and Vitruvius x. 2, describe 
the rplffiraffTos, Proclus (p. 63) only 
gives the fact that Archimedes moved 
a large ship. 

' All the authorities are collected in 
Heiberg Q,A., pp. 36—38. 

s' Polybius vni. 7, Livy xxiv. 34, 
Plutarch, MarceUus 15. More refif. in 
Heiberg, op. cit, pp. 38, 39. 
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Roman ships, by means of burning-glasses or concave mirrors^ 
though repeated by many late writers, is not found in any 
authority older than Lucian {Hipp, 2). 

It is evident, again, both from the Arenarius itself and from 
many references in later authors, that Archimedes was much 
engaged in astronomical observations^ Hipparchus {Jioc. cit) 
says " from these observations it is clear that the dififerences of 
the years are very small, but, as to the solstices, I almost think 
(ovK aTreXTr/J®) that both myself and Archimedes have erred, 
by a quarter of a day, both in the observation and in the 
calculation." It would seem from this, and Ammianus expressly 
states, that Archimedes was interested in the great question of 
the length of the year. Macrobius says that he discovered the 
distances of the planets. However this may be, it is certain 
that Archimedes not only wrote a treatise (mentioned above) 
on the constitution of a celestial globe {irepl a^aipoirodas:) but 
himself actually made one and also a planetary, exhibiting the 
movements of the sun, moon and five planets. Both these were 
brought to Rome by Marcellus and were inspected by Cicero 
himself. 

It is not difficult to understand how, in ancient times, 
Archimedes came to be considered as the prince of mathe- 
maticians, and that " an Archimedean problem " became a name 
for a difficulty insoluble to the ordinary intellect and an " Archi- 



^ The same story is told of Froclus 
by Zonaras (Montncla i. p. 334). 
Montucla, who has some rather a- 
musing pages (i. 282 — 235) on this 
subject, shews the improbability of the 
tale about Archimedes. It appears 
that le p^re Kircher and also Buffon 
made some successful experiments with 
a great number of mirrors. Buffon, 
with 400 small mirrors, melted lead at 
a distance of 140 feet. 

* Hipparchus in Ptol. Almagest, i. 
p. 153. Ammianus Marcell. xxvi. 1, 8, 
Macrobius, Somn. Scip, n. 3. Livy, loc, 
cit, calls Archimedes *unicu8 spectator 
eaeli siderumque,* 

' Cicero, De Rep, i. 21—22, Tuso. 



I. 63, Nat, D, n. 88, Ovid, Fasti, vi. 
277, etc. Most of the passages con- 
taining references to the mechanical 
contrivances of Archimedes are printed 
in Torelli*s Appendix, pp. 363 — 370. 
Some further references are added by 
Heiberg, Q.A, cap. 3, pp. 35 — 44. The 
locultis Archimeditis, mentioned by late 
Boman writers (Marius Victorin. Art, 
gr, 3, Atilius Fortun. Be Metr, vi. p. 
271), was a square of ivory cut into 14 
pieces of various shapes. It was a 
common game to put these together 
again into the original square. There 
is no reason to suppose that Archimedes 
invented this toy. 

16—2 
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medean proof" was the type of incontrovertible certainty*. 
The older men of the modem school, from Tartaglia to Leibnitz, 
while geometry and mechanics were still largely dependent for 
support on the discoveries and demonstrations of the Greeks, 
were as enthusiastic as the ancients about Archimedes. Even 
later writers, such as Gauss and De Morgan and Chasles', who 
were familiar with the highest modem methods, do not hesitate 
to rank him with Newton in the very forefront of the champions 
of science. But knowledge has lately advanced too fast for the 
fame of Archimedes to keep up with it, and, though his name is 
no doubt immortal, few readers now know upon what services 
his immortality depends. Possibly these few paragraphs will 
justify it at least to mathematicians who understand what diffi- 
culties the work, of Archimedes involved. 

130. The chief contemporary of Archimedes was the famous 
Eratosthenes. As he was eleven years younger than the mathe- 
matician of Syracuse, he was probably born B.C. 276 or 275. 
He was a son of Eglaus, a native of Gyrene, but lived almost all 
his life in Alexandria. He was a pupil of Callimachus, the 
poet, and after a visit to Athens, was invited to succeed his 
master as custodian of the Alexandrian library. He is said to 
have almost lost his sight by ophthalmia and on that account 
to have committed suicide, by voluntary starvation, about 
B.C. 194. 

The multifarious activity of Eratosthenes may be guessed 
from the fact that, among other contributions to literature and 
science, he wrote works on Oood and Evil, Comedy, Geography, 
Chronology, the Measurement of the Earth and the Constella^ 
tions\ Ho was also a considerable poet. The students of the 



1 Cic. ad AtU xii. 4, xn. 28, Pro 
Cluentio 32, Ac, Priora 36. 

2 Chasles, Apergut p. 15, says of the 
discoveries of Archimedes that they 
are "for ever memorable for their 
novelty and the difficulty which they 
presented at that time, and because they 
are the germ of a great part of those 
which have since been made, chiefly in 
all branches of geometry which have 



for their object the measurement of the 
dimensions of lines and curved surfaces 
and which require the consideration of 
the infinite." 

' See the article Eratosthenes in 
Smith's Die. of Or, and Bom. Biogr. 
for the authorities who mention these 
and other works, none of which are 
extant. 
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University used to call him Pentathlvs, the champion in five 
sports \ It was Eratosthenes who first made a fairly accurate 
measurement of the obliquity of the ecliptic and an approxi- 
mate measurement of a geographical degreed It was certainly 
in his time also that the calendar^ which we now call Julian, 
with an intercalary day every four years, was introduced. His 
arithmetical device for finding prime numbers has been described 
above (p. 87), but of the geometrical work of Eratosthenes only 
one fragment now remains, the letter which he addressed to 
Ptolemy Euergetes on the duplication-problem and which is 
preserved in the commentary of Eutocius on Archimedes, 8ph, 
et Cyl. II. 5. This is mainly occupied with the description of a 
mechanical contrivance for effecting duplication, which Eratos- 
thenes hence called a mesolahium or "mean-finder," and of 
which he was so proud that he dedicated a specimen of it in a 
temple to be a possession for ever to posterity. It consists of 
three oblong frames, with their diagonals, sliding in three 
grooves so that the second frame can slide under the first, the 
third under the second. 



/ 




liAB, GHhe the two lines between which it is required 
to find two mean proportionals, then slide the second frame 
under the first and the third under the second so that AO shall 
pass through the points C, E, at which the diameters of the 



^ They also called him Beta, as a 
little later they called a certain as- 
tronomer Apollonius Epsilon. I should 
think these were simply the numbers 
of certain lecture-rooms, but Ptolemy 
Hephaestio (in Photius, Cod. cxc.) says 
that Apollonius was called Epsilon be- 
cause he studied the moon, of which 
the letter i was a symbol. This 
Apollonius maybe Apollonius of Perga, 



who certainly studied the stations and 
retrogradations of the planets (Ptol. 
Almag, xii. 1). 

^ On the astronomical and geode- 
tical work of Eratosthenes see Delam- 
bre I. ch. vn. pp. 86 — 97. 

3 See the edict of Canopus, de- 
scribed by Lepsius in his ZeiUchrift 
1877. Heft I. Cantor, p. 283. 
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second and third frames, respectively, cease to be visible. Then 
CD, EF are the required two mean proportionals*. 
\ 131. Con temporary with Eratosthe npg ^r\({ ArpTn'mprlpg 
xhongh younger th an eith er, was Apollonius of Perga (in Pam- 
phylia). H e was born in the reign of Ptolemy III. (Euergete s 
24i7^222,B.CJ. and flourished under Ptolemy I V. (Philopator 
222 — 205 B.C.). He came when quit e young to Alexandria and 
y5tfnr|i>d upd ^ r th ^ ffiK< rfi s sf>rs of Euclid, though no s pecial 
preceptor is named. — Hp. Rtflynd for an me time at Pergamu m. 
where there was an university and library similar to th e 
Alexandrian, and where he made the acquaintance of that 
Eudemus to whom the first three books of his magnum opu s, 
t he Conic Sections, are dedicated . The brilliance of this w ork 
gained for him the title of * the great geometer,' but no more 
than these meagreTacts^ islnown of his history. 

Of the eight books which the treatise on Conic Sections 
originally contained, we possess only seven, and these again have 
come to us in two parts from two distinct sources. Sir Henry 
Savile had a Greek MS. of the first four books, but though the 
whole work seems to have remained for many centuries a 
text-book of the Greek schools*, the last four books seem to 
have been ultimately abandoned as hopeless and the Greek 
text of them has wholly disappeared. The 8th was lost as 
early as the time of Tabit ibn Korra who (in the 9 th century) 
translated the first seven books into Arabic. This translation 
remained the standard Arabic text of Apollonius\ The Persians, 



1 Pappus vn. Proem, pp. 636, 662 
(Hnltsch) mentions a work of Era- 
tosthenes ircpl fieffOT'iiTwv or roiroi, irpbs 
/jLeffOTTjraSi which perhaps dealt with 
the duplication- problem or with oonios. 
Montucla i. p. 280. 

^ These are obtained from the pre- 
fatory letter to Book i. of the Conies, 
and from Entocius' Commentary there- 
on, Halley's ed. pp. 8 and 9. 

^ Geminus, Serenus, Pappus, Hy- 
patia and Eutocius all wrote commen- 
^taries on Apollonius. 

^ There is some difficulty about the 



Arabic translations of Apollonius. Han- 
kel (p. 234), quoting Casiri, says that a 
version was made, in the time of Al 
Mamun, of the first four Books : that this 
was edited by Muhammed, one of the 
Beni Moses (i.e. the three sons of Musa 
ibn Schakir), and that Tabit added a 
translation of the 5th, 6th, and 7th 
Books. But the writer of the Golian 
MS. (see Halley, p. 255) says that he 
has followed the version of Tabit, as 
emended by the Beni Moses. The Per- 
sians Abulphath and Abdulmelik, next 
mentioned, are not otherwise known. 
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Abulphath and Abdulmelik made an epitome of it, and the 
famous Nasir-Eddin edited the whole with a commentary about 
A. D. 1240. But, in Europe, only the first four books were 
known as late as the middle of the I7th century, when one 
Golius, a professor at Leyden, introduced an Arabic MS. written 
in 1248, containing the first four books in Nasir-Eddin's edition, 
but the last three from the translation of Tabit with emendations 
by the Beni Moses \ This MS. was bought by Dr Marsh, arch- 
bishop of Armagh, who lent it to Halley, the astronomer, who 
was then Savilian professor of geometry at Oxford. In 1710 
Halley published the Greek text of four books and a Latin 
translation of the remaining three, together with the lemmas of 
Pappus to each book, the commentary of Eutocius and a 
conjectural restoration (by Halley himself) of the lost 8th book. 
The contents of the eight books of Conies are stated in 
a very brief summary by ApoUonius himself in the prefatory 
letter to Book i. The more interesting and material parts of 
this are as follows: "ApoUonius to Eudemus, greeting. When I 
was in Pergamum with you, I noticed that you were eager 
to become acquainted with my Conies ; so I send you now the 
first book with corrections and will forward the rest when I have 
leisure. I suppose you have not forgotten that I told you that 
I undertook these investigations at the request of Naucrates the 
geometer, when he came to Alexandria and stayed with me : and 
that, having arranged them in eight books, I let him have 
them at once, not correcting them very carefully (for he was on 
the point of sailing) but setting down everything that occurred 
to me, with the intention of returning to them later. Wherefore 
I now take the opportunity of publishing the needful emen- 
dations. But since it has happened that other people have 
obtained the first and second books of my collections before 



^ In 1656, almost simnltatieonsly 
with the arrival of Golins* MS., an- 
other was found in the Medioean library 
at Florence. Galileo's pupil, Viviani, 
had then nearly completed his restora- 
tion of the /our last books, all of which 
were supposed to be lost. It was found, 
on comparison, that he had omitted 



much that was in ApoUonius but had 
improved on the real text in many re- 
spects. The restoration of lost works 
of ApoUonius founded on the lemmas 
of Pappus and other authorities, was 
a favourite exercise of mathematicians 
from the 16th century onwards. See 
infray pp. 261—263. 
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correction, do not wonder if you meet with copies which are 
different from this. Of the eight books, the first four are 
devoted to an elementary introduction. The 1st contains the 
mode of producing the three sections and the conjugate hyper- 
bolas (dvTCK€tfi€vai, 'opposite*) and their principal character- 
istics, more fully and generally worked out than in the writings 
of other authors. The 2nd Book treats of diameters and axes 
and asymptotes and other things of general and necessary use in 
diorismi. What I mean by diameters and axes you will learn 
from this book. The 3rd Book contains many curious theorems, 
most of which are pretty and new (koXcL koI ^eva), useful 
for the synthesis of solid loci and for diorismi. In the in- 
vention of these, I observed that Euclid had not treated syn- 
thetically the locus iirl rpek /cal ria-aapa^ ypafifid^ (*the locus 
which is related to three or four lines')^ but only a certain 
small portion of it, and that not happily, nor indeed was a 
complete treatise possible at all without my discoveries. The 
4th Book shews in how many points the sections of a cone can 
coincide with one another or with the circumference of a circle * 
and some extra propositions (aXXa ix irepiaaov), none of which 
had been published by my predecessors. The rest (the last 



^ The TOTTOi iirl rpcts Kal riaaapas 
ypafifids would have been treated ana- 
lytically m Euclid's lost Conies, Pap- 
pus vn. 36, p. 678 (Hultsch), defines 
this locus as foUows : *' If three straight 
lines be given in position and from 
a point straight lines be drawn to 
meet the given three at given angles, 
and the ratio of the rectangle under 
two of the lines so drawn to the square 
of the third be given, the point will lie 
on a solid locus given in position, i.e. 
on one of the three conies. If four 
straight lines be given in position and 
four straight lines be drawn as before, 
and the ratio of the rectangles under 
two pairs be given, similarly the point 
will lie on a conic." If five or six 
straight lines were drawn, whose pro- 
ducts were in a given ratio, the locv^ 
of the point could not be described. 



The conic as a locus ad quatttuyr lineas 
is used by Newton in the Principia, 
Chasles Aperga p. 38 points out the 
importance of this aspect of conies. 

^ This sentence is only a paraphrase. 
The Greek has Trotraxws (' *iii how many 
ways") and jcaxA iroadi (nifieia (**in 
how many points") in two distinct 
sentences, as if these were two different 
things. But the introduction to the 
4th book has only icarA iroad, <r7}ftua* 
and it is probable that these words 
were added as a gloss on Trotraxws by 
some commentator. The same intro- 
duction to the 4th Book says also that 
the subject here assigned to it had 
been treated already, but very badly, by 
Conon, whose work was severely criti- 
cised by Nicoteles of Gyrene, and that 
some props, of the 4th Book had been 
cursorily treated by this Nicoteles. 
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four books) is more advanced (TrepiovaiaoTiKoiTepa), One is, for 
the most part, on maxima and minima : the next about equal 
and similar conies: the next about 'determinative' (dioristic) 
theorems; the last on some problems so 'determined' {Suopia- 
fiiva)" The first three books were sent to Eudemus at intervals, 
the remainder (after Eudemus' death) to one Attains. All 
(except the 3rd) are accompanied by little prefatory notes, 
which repeat in effect the remarks of the first letter. The 
preface to Book ii. is interesting, as shewing the mode in 
which Greek books were "published" at this time. It runs 
"I have sent my son ApoUonius to bring you the second 
book of my Conies. Read it carefully and communicate 
it to such others as are worthy of it. If Philonides the 
geometer, whom I introduced to you at Ephesus, comes into 
the neighbourhood of Pergamum, give it to him also." 

It will be seen that ApoUonius does not pretend that his 
first three books were entirely new, but only that they were im- 
provements on his predecessors. The statement of Pappus, 
therefore, that ApoUonius' first /owr books are founded on the 
Conies of Euclid is probably substantially true, and there may be 
some foundation for the accusation of Heracleides that ApoUonius V 
had stolen from the unpublished MSS. of Archimedes. But 
how far the study of conies had been carried before ApoUonius 
cannot now be ascertained. Menaeehmus, we know, first wrote 
on the subject and advanced far enough to apprehend the 
existence of as3rmptotes to the hyperbola. He was followed by 
Aristaeus the elder, whose work was used by Euclid at least in 
his treatment of the locus ad tres et quattuor lineas^, which 
seem to have been partly discussed in his Conies^. But the 
Conies of Menaeehmus, Aristaeus and Euclid were almost 
immediately driven out of the field by the superior book 
of ApoUonius, and the only clue to their contents is to be found 
in those passages of Archimedes (especially in the Quadrat 
Paraholes and De Conoidibus) in which propositions in conies 

1 Pappus VII. 34 (Hultsch p. 676). occurred. But it could hardly have been 

2 Eutocius (Halley p. 12) did not in the rdvoi rpbs imipavel^, because 
know where the passage of Euclid to the loctts in question was a conic. See 
which ApoUonius refers in his preface, note on preceding page. 
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are referred to as well known or assumed A careful exami- 
nation of these shews, in the first place positively, that almost 
all the propositions which Archimedes uses are to be found 
in the first three books of Apollonius^ and, in the second place 
negatively, that no predecessor of ApoUonius was acquainted 
with the names j)arabola, ellipse and hyperbola, and with the 
new treatment of conies which these names imply. It is 
evident, therefore, that almost the whole of ApoUonius' work 
waa original. 

132. The completed work adheres closely to the lines 

I indicated in the prefatory letter, but it is obviously diflScult to 

give an intelligible or readable analysis of a huge treatise 

in which the propositions do not, as they generally do with 

Archimedes, lead gradually up to one crowning achievement. 

The theorems, of course, are in great measure identical with 

I those of the modem text-books, but a summary of them, if 

1 stated in modem language, would lose historical suggestiveness, 

\ and, if stated in the language of ApoUonius, would generaUy be 

I tedious or incomprehensible. This paragraph, therefore, and 

Ithe next are to be regarded only as containing some hints upon 

/the matter and manner of ApoUonius. 

Book I. begins with a series of definitions. If a line be 
drawn from a fixed point to the circumference of a circle, which 
is not in the plane of the point, and the line revolve round the 
circumference of the circle, it describes a cone, of which the 
circle is the bdse, the fixed point the vertex. The axis is the 
line joining the vertex and the centre of the base. If the axis 
is at right angles to the base, the cone is right : if otherwise, 
scalene. "Of every curve in one plane, that straight line is 
a diameter which, being drawn from the curve, bisects all the 
straight lines drawn in the curve parallel to a certain straight 
line." The extremity of the diameter on the curve is the 
vertex of the curve : each of the parallels is drawn ordinatim 

1 See Heiberg in ZeiUchr, fUr Math. 21, 26, 83, 35, 36, 46, 49 : ii. 3, 12, 13, 

tt. Phys. Hist Lit. Ahth. xxv. pp. 41 27, 49: in. 17: vi. def. 7, props. 2 

sqq. and a summary of this in Litter- and 11, of ApoUonius were known to 

argesch. ilber Eticlidf pp. 86 — 88. He his predecessors, 
concludes that the props. 1. 11, 17, 20, 
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(rerarffiivG)^ KaTrjKTai "is an ordinate") to the diameter. Of 
two curves in one plane, that straight line is a transverse 
(TrXcuyla) diameter which, cutting both cuiTes, is a diameter of 
each; and that straight line is an erect {opOia) diameter, 
which, lying between the curves, bisects all the lines inter- 
cepted between them which are parallel to a certain straight 
line. Conjugate (av^vyel^) diameters are straight lines of 
which each is a diameter and each bisects the straight lines 
parallel to the other. The a^xds of the curve (or of two 
curves) is the diameter which bisects the parallels at right 
angles, and conjugate axes are the conjugate diameters, each of 
which bisects the parallels to the other at right angles. The 
definitions of the centre of the ellipse and the conjugate hyper- 
bolas and one or two more are added after Prop. xvi. Book vi. 
begins with the definitions of similar and dissimilar conies and 
segments of conies. But many of the most important definitions 
(e.g. of parabola, ellipse and hyperbola, latus rectum and trans- 
versum, conjugate hyperbolas and asymptotes) are contained in 
the propositions in which the things defined first appear. The 
seven extant books contain on an average about 50 propositions 
apiece. 

The first and most striking of the novelties which are due 
to ApoUonius himself is his mode of producing the three conic 
sections and the names and descriptions which he gives of 
them. It will be remembered that his predecessors had always 
cut the cone by a plane at right angles to one of its »ides, and 
had therefore produced the parabola as the section of a "right- 
angled cone," the ellipse in an " acute-angled cone," the hyper- 
bola in an "obtuse-angled cone." ApoUonius produces all 
these sections in one and the same cone, whether right or 
scalene, cut by a plane which is parallel or not parallel to one of 
its sides. The old names, therefore, ceased to be appropriate, 
and new ones were required. It will be remembered, again, 
that a rectangle, applied to a straight line, was said irapa- 
^aXKeaOai, if its base exactly coincided with the line, vTrep- 
pdWeiv, if it exceeded the line, eKXeiireiv, if it fell short of it. 
From these technical terms, ApoUonius derived his new names. 
Let G be any point on a conic of which AB is the axis, and from 
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C draw CD perpendicular to AB^ cutting off (the abscissa) AD, 
From A draw AE at right angles to AB and equal in length to 
what we now call the latits rectum of the conic. Draw a rectangle 
equal to the square on CD and having AD for one of its sides. 
If this rectangle, applied to AE, has its other side exactly coin- 
ciding {7rapa0aW6fi€vov) with AE, the conic is a parabola. If 
the side applied to AE is too short (eXXewret), the conic is an 
ellipse: if it is too long {iirep^aXKei), the conic is a hyper^ 
bola. (In the language of modern analytical conies, if p be the 
parameter, the Parabola is so-called because y^ = px: the Hyper- 
bola because y'>px: the Ellipse because y' <px.) It is in this 
way that ApoUonius gets rid of the cone and exhibits the conic 
as a plane locus. But he does not define the conic with any 
reference whatever to a focits and directrix. The focm of an 
ellipse and hyperbola he discovers only incidentally (ill. props. 
45 — 52) : he does not discover the focus of a parabola at all and 
has no notion of a directrix for any conic \ 

These remarks being premised, the critique of M. Chasles, 
which repeats some of them in another form, may be here 
substantially reproduced*. Almost the whole of the learned 
treatise of ApoUonius, he says, "depends upon a single property 
of the conic sections, which is derived directly from the nature 
of the cone in which these curves are formed.... Conceive an 
oblique cone on a circular base. A plane, passing through the 
axis, perpendicularly to the base, produces a triangular section* 
which is called the triangle through the aocis. ApoUonius sup- 
poses, in the formation of his conic sections, the cutting plane 



1 Pappus vn. 238 (p. 1013) first 
snggested the focus of a parabola and 
the directrix. The theory of foci was 
first worked out by Kepler; Newton 
first made any use of the directrix, 
which was adopted from him by Bos- 
covich. Taylor, Ancient and Mod, 
Conies, Liv., Lxv., lxxi. 

2 ApergUf pp. 18—20. I select this 
passage because it rather happily com- 
bines some information on the nomen- 
clature and elementary propositions of 



ApoUonius, with some indications of 
the profounder part of his researches. 
A much fuller summary is given by 
Mr Taylor, Ancient and Modem Conies, 
pp. xLii. — ^L. Montucla (i. p. 247) is 
extremely brief. Cantor (pp. 290 — 296) 
is tolerably full, but gives no precise 
references. The fact is that ApoUonius 
is tedious, as Prof, de Morgan found 
him (Art. "Apoll." in Penny Cy- 
clop,), 
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to be perpendicular to the triangle through the axis. The 
points in which this plane meets the sides of the triangle are 
the vertices of the curve, and the straight line joining these 
points is a diumeter of it. ApoUonius calls this diameter latus 
transversum {7rKar/iaY, 

" At one of the two vertices of the curve erect a perpendi- 
cular to the plane of the triangle through the axis, of a certain 
length, to be determined as herein-after mentioned : and from 
the extremity of this perpendicular draw a straight line to the 
other vertex of the curve. Now, from any point in the diameter 
of the curve draw at right angles an ordinate : the square of 
this ordinate, lying between the diameter and the curve, will be 
equal to the rectangle contained by the part of the ordinate 
comprised between the diameter and the straight line and the 
part of the diameter comprised between the first vertex and the 
foot of the ordinate. Such is the generic (originaire) and 
characteristic property which ApoUonius recognises in his conic 
sections and which he uses for the purpose of inferring from it, 
by very adroit transformations and deductions, almost all the 
rest. It plays, as will be seen, in his hands, almost the same 
part as the equation of the second degree with two variables in 
the system of Analytical Geometry of Descartes. 

" It will be observed that the diameter of the curve and the 
perpendicular raised at one of its extremities, suflSce to construct 
the curve. These are the two elements which the ancients 
used to establish their theory of conies. The perpendicular in 
question was called by them lattis erectum (6p0la) : the moderns 
first changed this name to that of latus rectwrn, which was long 
employed, and afterwards replaced it by parameter, which has 
remained. ApoUonius and the geometers who wrote after him 
gave different geometrical expressions, found in the cone, for the 
length of this latiis rectum for each section, but none has 
appeared to us so simple and elegant as that of Jacques 
BemouUi. It is as follows : Take a plane parallel to the base of 
the cone and situate at the same distance from its vertex as the 
plane of the proposed conic : this plane will cut the cone in a 

^ A 27ara&o2a, having only one vertex, has no latw transversum. 



254 



EUCLID, ABCHIMEDES AND APOLLONIUS. 



circle, the diameter of which will be the lattis rectum of the 
conic*. From this it is easy to infer the mode of placing a 
given conic in a given cone. 

"The most interesting properties of the conies are to be 
found in the treatise of Apollonius. We may cite those of the 
asymptotes, which form the chief part of Book II. : the constant 
ratio of the products of the segments made by a conic on two 
transversals parallel to two fixed axes and drawn through any 
point (props. 16 — 23 of Book ill.) : the principal properties of 
the foci of the ellipse and hyperbola (ill. 45 — 52)*: the two 
pretty theorems on conjugate diameters (viL 12 and 22 : 
80 and 31). 

"We ought also to cite the following theorem, which has 
obtained so great importance in recent geometry as the basis of 
the theory of reciprocal polars, and which LaHire had, earlier, 
made the foundation of his theory of conies. ' If, through the 
point of concourse of two tangents to a conic section, a trans- 
versal be drawn which meets the curve in two points, and the 
chord which joins the points of contact of the two tangents in a 
third point, as the whole transversal to the part of it outside 
the curve, so are the segments of the chord to one another' 
(III. 37)». 

" The first 23 propositions of Book iv. relate to the harmonic 
division of straight lines drawn in the plane of a conic. These 
are, for the most part, difierent cases of the theorem just enun- 
ciated. In the following propositions Apollonius considers 
the system of two conies and shews that these curves can cut 
one another only in four points. He examines what happens 
when they touch one another in one or in two points and treats 



^ Novum theorema pro doctr. Sect. 
Conic, in the Leipzig Acta Eruditorum, 
anno 1689, p. 586. 

* The foci are called "points of 
application.'' 

> Save for the use of the word 
**transYer8ar' I give the enunciation 
practically as it stands in Apollonius. 
Ghasles converts it into modem phra- 
seology, concluding "cetroisidme point 



et le point de oonconrs des deux tan- 
gentes seront conjuguis harmoniques'pax 
rapport aux deux premiers." So Mr 
Taylor, p. xlv. "Any chord through 
the intersection of two tangents to a 
conic is cut harmonically by their 
point of concourse and their chord of 
contact" (hi. 37 — 40). Apollonius does 
not use the word "harmonic," but 
gives his proportions in full. 
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various other cases of the respective positions which they can 
present \ • 

" Book V. is the most precious monument of the genius of 
ApoUonius, Here, for the first time, appear questions of maxi- 
ma and minima^. The book contains all that the analytical 
methods of to-day teach us on this subject, and we may recog- 
nise in it the germ of the beautiful theory of evolutes {ddve- 
loppiesy. In fact, ApoUonius proves that there is, on each side 
of the axis of a conic, a succession of points from which only one 
normal can be drawn to the opposite part of the curve : he gives 
the construction of these points and observes that their con- 
tinuity separates two spaces which present this remarkable 
difference, viz. : from any point of the one two normals can be 
drawn to the curve and none can be drawn from any point of 
the other. Here then we have centres of osculation (curvature) 
and the evolute of a conic perfectly determined*. ApoUonius 
makes use of an auxiliary hyperbola, of which he determines 
the elements, for the purpose of constructing the feet of the 
normals let fall, from a given point, on the proposed conic. All 
these investigations are conducted with admirable sagacity." 

It should be added that Book vi. treats mainly of simUar 
conies : Book vil. of conjugate diameters, Book viil., as restored 
by Halley, consists of 33 problems (or porisms, as he might have 
called them) to find conjugate diameters which satisfy certain 
given conditions. 

133. It will be obvious that, for the mere purpose of 
illustrating the style of ApoUonius, one proposition wUl do 
almost as weU as another. The proofs, which I shall give in 
this section, are those of two propositions of exceptional histori- 
cal interest. 

Prop. II. of Book I. exhibits the characteristic of the parabola 
above described. The enunciation (sUghtly abbreviated) is as 

1 Every proposition in Bk. iv. is n. 5, given above, p. 225, n. 

proved by reductio ad ahsurdum, > Suggested first by Huyghens in 

« This is not quite true. Euclid vi. 1673. Taylor, Conies, pp. 221, 222. 

27 {supra p. 84, n.), is the first known ^ The remarks of Ghasles on Bk. v. 

proposition in which a maximum is are practically identical with Mon- 

found. Compare also the determination tuda's. 
given by Archimedes De Sph, et Cyl. 
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follows : " If a cone be cut by a plane through the axis and by 
another plane cutting its base* along a straight line which is 
perpendicular to the triangle through the axis, and the diameter* 
of the section be parallel to one of the sides of the triangle 
through the axis: the square of the straight line which is drawn 
to the diameter from the section of the cone parallel to the 
common section of the cutting plane and the base of the cone 
will be equal to the area contained by the abscissa (^ diroXafji^a- 
vofiivrj) of the diameter and a certain other line which has, to 
the straight line lying between the angle of the cone and the 
vertex of the segment, the same ratio which the square on the 
base of the axial triangle has to the rectangle under its sides. 
Let a section of this sort be called a Parabola.'' 
The proof (somewhat abridged) is as follows : 
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ABF is the axial triangle. Let the cone be cut also 
by a plane which cuts its base along AE, at right angles 
to Br. AZE is the conic, ZH its diameter, parallel to Ar, 
one side of the axial triangle. From Z draw Z0 at right 
angles to ZH, making Z0 : ZA :: Br^* : AB . AT. From any 
point K on the curve draw KA parallel to AE, meeting the 
diameter in A. Then KA* = ©Z . ZA. 

Through A draw MN, parallel to BF. Now KA is parallel 
to AE, therefore the plane through KA, MN is parallel to the 
plane through BF, AE, i.e. to the base of the cone. Therefore 

1 This diameter, which is in fact the diameter U yevvfiaeWy "arising from 
axis, is called in the corollary to i. 46 the generation of the curve." 
the principal (apxiKij) diameter or the 
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the plane through KA, MN is a circle, of which MN is a 
diameter. And KA is perpendicular to MN (as AE to Br). 
Therefore KA« = MA . AN\ 

And since BH : BA . AF :: ®Z : ZA, but BP : BA . AF 
is the ratio compounded of BF : FA and BF : FA, there- 
fore 0Z : ZA is the same compounded ratio. But 

BF : FA :: MN : NA :: MA : AZ ; 
and BF : BA :: MN : MA :: MA : MZ :: the remainder NA: the 
remainder ZA. Therefore 0Z : ZA (being compounded of the 
ratios MA : AZ and NA : ZA) is MA . NA : AZ . ZA. 

But 0Z : ZA :: 0Z . ZA : ZA . ZA. Therefore 
MA . NA = 0Z . ZA. But MA . NA = KA^ as akeady proved. 
Therefore K A' = 0Z . Z A. Q. E. D. 

The proof concludes with a direction that 0Z may be called 
either the line related to the squares of the ordinates {irap* fjv 
ZvvavTau) or lotus rectum (opOla). 

The enunciation of I. 12 establishes a similar law for the 
hyperbola. " If a cone be cut by a plane through the axis and 
by another plane cutting its base along a straight line perpen- 
dicular to the base of the axial triangle, and the diameter of the 
section produced meet one side of the axial triangle produced on 
the other side of the vertex*, the square of any ordinate (described 
as before) will be equal to an area {applied to a certain straight 
line, to which the portion of the diameter of the conic produced, 
which subtends the exterior angle of the triangle, has the same 
ratio as the square of the straight line which is drawn, parallel 
to the diameter, from the vertex of the cone to the base of the 
triangle has to the rectangle contained by the segments of that 
base made by it} having for its side the abscissa and excessive 
(vTrep^aXKov) by a figure similar and similar in position to that 
which is contained by the straight line subtending the external 
angle of the triangle and the straight line to which the area, 
equal to the square of the ordinates, is to be applied (17 evOela 
irap 7jv Bvvavrai ai KaTa^6fievai). Let a section of this kind 
be called a Hyperbola" This rigmarole (abridged from the 

^ The nomenclature is remarkable. inch, 
rbapa inrb tQv MAN tffov iarl ry dir6 ' Two cones, having a common 

rod EA. Notice the use of ifirb and vertex, may here be supposed. 

G. G. M. 17 
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original) will be easier to follow by reference to the figure'. 




in which ABF is the axial triangle : AZE the section : ZH the 
diameter produced to meet FA in @. MN is the ordinate. 
Then MN* is equal to an area applied to ZA, which line is 
perpendicular to ZH, and is such that ©Z : Z A :: AK* : BK . KT, 
the line AK being drawn parallel to the diameter ZH. The 
area iu question, ZB, has the abscissa ZN for one side, and 
is such that it "overlaps" (vwepffdWei) the line ZA by the 
figure AB which is similar and similar in position to the 
rectangle 0Z . ZA. The line ZA is drawn at right angles to 
ZH, From N, NOB is drawn parallel to ZA, and the point H is 
that in which ©A produced meets NOB. The only addition 
made to the figure for the purpose of the proof is that, through 
N, P2 is drawn parallel to Br. The proof is of the same kind 
as that for the parabola, but concludes with the additional 
statement that 0Z is to be called trXar/la, lotus transversum. 

The next proposition (l. 13) contains a similar theorem with 
regard to the ellipse. The lotus rectum is determined precisely 
as before. The square of the ordinate is equal to an area 
applied to the latus rectum, but deficient by a figure similar and 
similar in position to the rectangle under the latus ironsversum 
and the latus rectum. The proposition contains also directions 
for producing an elliptical section. 

1 In the figure AO uid IIE onght to be panllel to ZN. 
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Book III. prop. 45, first exhibits the foci of the ellipse and 
hjrperbola. The enunciation is as follows : " If in a hyperbola 
or eUipse or circle or conjugate hyperbolas, from the extremities 
of the axis there be drawn straight lines at right angles, and a 
rectangle equal to a fourth part of the figure^ be applied to the 
axis at either end, in the hyperbola or conjugate hyperbolas 
excessive by a square but in the ellipse deficient, and there be 
drawn a tangent to the curve meeting the straight lines drawn 
at right angles as aforesaid, the straight lines drawn from the 
points of concourse to the points determined by the application 
aforesaid {tcL i/c rrj^ irapa^oXr)^ yeveOevra a-rffJLela) make right 
angles at those points." 

The proof is as follows : 




Let AB be the axis of any of the proposed sections, and 
draw AF, BA at right angles to this. TEA is a tangent. And 
let a rectangle equal to a fourth part of the figure be applied 
at either end of AB, as above mentioned, viz. the rectangles 



^ The figure (rd e73os) is the rectangle 
contained by the latua transversum and 
the latus rectum, A rectangle, eqnal to 
one-fonrth of this, is to be applied to 
the axis, so that in a hyperbola it 



overlaps by a square, and in an ellipse 
is deficient by a sqnare. See Taylor, 
Anc, and Mod, Conies, pp. xliy. 81 n. 
Ill Schol. E. 

17—2 
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AZ . ZB, AH . HB : and join TZ, TH, AZ, AH. The angles 
rZA and FHA are right angles. 

It has been shewn (ill. 42) that the rectangle AF . BA is 
equal to the fourth part of " the figure " on AB. Therefore the 
rectangle AZ . ZB = the rectangle AF . BA. Therefore 

FA : AZ :: ZB : BA. 
And the angles at A and B are right angles. Therefore the 
angle AFZ = the angle BZA and angle AZF = angle ZAB. 
And the angles AFZ, AZF are together equal to a right angle, 
therefore the angles AZF, BZA ai*e equal to a right angle : 
therefore the remainder AZF is a right angle. Similarly, FHA 
may be proved to be a right angle. 

The following propositions, XLVI. — Ln., deal with some other 
theorems suggested by the same construction. 

The two proofs, here given, which are both comparatively 
easy, will perhaps suflSce to indicate to the reader the lack of 
technical terms and symbols, and consequently the cumbrous 
modes of proof, which characterise the higher Greek geometry. 
It seems superfluous to add more specimens, which probably no 
one would read. 

134. The century which produced Euclid, Archimedes and 
Apollonius was, beyond question, the time at which Greek 
mathematical genius attained its highest development. For 
many centuries afterwards geometry remained a favourite study, 
but no substantive work fit to be compared with the Sphere and 
Cylinder or the Conies was ever produced. One great invention, 
trigonometry, remains to be completed, but trigonometry with 
the Greeks remained always the instrument of astronomy and 
was not used^ in any other branch of mathematics, pure or 
applied. The geometers who succeed to Apollonius are pro- 
fessors who signalised themselves by this or that pretty little 
discovery or by some commentary on the classical treatises. 

"The works of Archimedes and Apollonius," says M. Chasles', 
" marked the most brilliant epoch of ancient geometry. They 
may be regarded, moreover, as the origin and foundation of two 
questions which have occupied geometers at all periods. The 
jgreater part of their works are connected with these and are 
^ Except, perhaps, by Heron. See below, pp . 283, 284. ^ Apergu, pp. 22, 23. 
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divided by them into two classes, so that they seem to share 
between them the domain of geometry. 

" The first of these two great questions is the quadrature of 
curvilinear figures, which gave birth to the calculus of the 
infinite, conceived and brought to perfection successively by 
Kepler, Cavalieri, Format, Leibnitz and Newton. 

"The second is the theory of conic sections, for which were 
invented first the geometrical analysis of the ancients, afterwards 
the methods of perspective and of transversals. This was the 
prelude to the theory of geometrical curves of all degrees, and 
to that considerable portion of geometry which considers, in the 
general properties of extension, only the forms and situations of 
figures, and uses only the intersection of lines or surfaces and the 
ratios of rectilineal distances. 

" These two great divisions of geometry, which have each its 
peculiar character, may be designated by the names of Oeometry 
of Measurements and Oeometry of Forms and Situations^ or 
Geometry of Archimedes and Geometry of Apollonius\" 

135. It remains only to add a few words on a great number 
of other geometrical works which are attributed to ApoUonius. 
Pappus' ascribes to him the following works (1) On Contacts 
{irepl i7ra<f>civ), (2) On Plane Loci {iirlir^hou roiroi), (3) On 
Inclinations (ttc/oI vev<re(ov), (4) On Section of an Area {irepl 
Xoyplov diroTOfirj^), (5) On the Determinate Section (irepl Scaopta-" 
fihri^ T0fi^9), and gives a few lemmas, from which attempts 
have been made to reconstruct the lost originals'. Vieta 
restored the 1st in his ApoUonius Oallus: Format in 1637 and 
Simson in 1746 attempted the 2nd : Ghetaldi the 3rd : Halley 
(in his edition of De Sections Rationis) restored the 4th : 
Snellius, Ghetaldi, and Simson, again, worked at the 5th. All 



1 "These two divisions," he adds, and proportiont" The qnotations are 

" are those of aU the mathematical from Descartes, Ragles pour la direction 

sciences which have for their aim, to de VEsprit, 14« and 4« B^gle, Aristotle, 

nse Descartes' expression, the investi- Metaph xi. 3. 

g&iHon of order &nd measure" Aristotle ' vii. Nos. 298— 311, pp. 990 — 1004 

had already uttered the same thought (Hultsch). 

in these terms : '* With what are mathe- ^ See Montncla, i. pp. 251, 252 and 

maticians concerned save with order notes F and G, pp. 285 — 288. 
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of these were certainly exercises in geometrical analysis, and an 
account of their supposed contents is given by Montucla, but 
does not seem worth citing. The passage, however, in which 
the same writer mentions Vieta's restoration of the work On 
Contacts is interesting as illustrating the manners and customs 
of mathematicians at a time when they were more dependent 
on Greek learning than they are now. Vieta (1540 — 1603) 
having a contention with one Adrianus Romanus, a clever 
geometer of the Low Countries, took occasion "to propose to 
him the principal problem, and the only difficult one in the book 
(On Contacts). It is this : Three circles being given, to find a 
fourth, which shall touch the three. Romanus solved this badly 
by adopting the expedient which presents itself at first sight 
and determining the centre of the desired circle by the inter- 
section of two hyperbolas. The objection is that the problem 
is plane, and can consequently be solved by the aid of ordinary 
geometry. Vieta solved it in this way and very elegantiy rhJ 
solution is the same as that in the Arithmetica Universalis^ of 
Newton. Another is given in the 1st Book of the Prindpia*, 
where this question is necessary for some determinations of 
physical astronomy. Here Newton, with remarkable skill, 
reduces the two solid lod of Romanus to the intersection of two 
straight lines. This problem, one of those to which algebraical 
analysis does not lend itself with facility, occupied Descartes 
also : and of two solutions which he found, he admits that one 
gave an expression so complicated that he would not undertake 
to construct it in a month. The other, though less crabbed, 
was sufficiently so to prevent Descartes from touching it. We 
may mention finally, on the subject of this problem, an anecdote 
which in a way illustrates it. The princess Elizabeth of Bo- 
hemia', who, as is well-known, honoured our philosopher (Des- 
cartes) with her correspondence, deigned to occupy herself with 
it and sent him a solution, but as this* is derived from algebraic 
calculation, it is open to the same objection as that of Descartes." 
But a work of Apollonius called De Sectione Rationis was 
translated from the Arabic and published by Halley in 1706. 
This deals with the cases of one problem, which is as follows. 

^ Prob. XLvn. ^ Lemma zvi. ^ Daagbter of oar James L 
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Two straight lines of infinite length, MN^ PQ, are in one plane, 
parallel to one another or intersecting in a point. On each any- 
one point is taken {A and B respectively), and a point is given 
outside them. It is required to draw from a straight line 
meeting MN, PQ in the points G and D, so that the sequents 
A G, BD shall be in a given ratio. In the first book, 14 cases are 
treated, where the lines are parallel and where they intersect, 
but the points Ay B upon them are the point of their intersection. 
The second book contains 63 cases. All are solved analytically 
with the aid of conies \ 

A work of ApoUonius on Unclassed Incommensurables (a\o- 
yot draKToi) is mentioned in an Arabic commentary on Euclid's 
]Oth Book, which is translated from a Greek commentary, 
written perhaps by Vettius Valens, a Byzantine astronomer of 
the 2nd century. It is, however, impossible to discern firom 
the commentary what these "unclassed incommensurables" 
were*. Hypsicles (see below) knew another work of ApoUonius, 
and Proclus (p. 105) mentions a treatise on the screw. 

136. Lastly, Eutocius, in his often-cited commentary to the 
Sphere and Cylinder, attributes to ApoUonius, Heron and Philon 
of Byzantium, methods of duplication which are practically 
identical, and which ApoUonius, as the oldest of these three 
mathematicians, must be taken to have invented^ This solution 
is in eflfect as follows. If AB, AG hQ the two straight Unes 
between which it is required to find two mean proportionals, 
place them at right angles to one another, the right angle being 
at the common extremity A, and complete the parallelogram 
ABDG. 

Join BG and bisect it in E. From the centre E describe a 
circle FO, cutting AB, A G produced in F and G, so that the 



^ On all these minor works of Apol- 
lonins,tlie lemmas upon them in Pappus* 
Yiith Book and the important antici- 
pations of modem geometry which 
these contain, see Chasles, Aperga, pp. 
28—47. 

3 Cantor, pp. 299 — 301, quoting an 
essay of Woepcke's in MimoiresprisentSa 
h VAcad, des Sciences, xiy. 658 — 720, 



Paris, 1856, and Chasles in Comptet 
RendnsjTsxYii, 653— 668 (Oct. 17, 1863). 
* Philon may be the oldest, for Yi- 
truvius assignshim to Alexander'sreign, 
but other authorities give him a much 
later date, about b. c. 160. Heron's solu- 
tion is given first by Eutocius (Torelli, 
pp. 136—138). Philon constructs the 
figure a little more conveniently. 
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points Fy D, O are on the same straight line. " This may be 
effected if a ruler (xavoviov) cutting AF, AO be turned about 
D until EF, EG are equal." From E draw EH perpendicular 
to AC and bisecting it in H. 




Then (by Euc. ii. 6)AG.0G+H(P = HG\ Add EH^ to 
each equal. Then AG . GC+EC^ = EQ^, In the same manner 
it may be shewn that AF . FB + EB' = EF^ = EG\ And 
EC = EB". Therefore AG.GC = AF.FB and 

AG : AF:: FB : GG, 

But, by similar triangles, AG : AF :: CG : CD :: BD : BF. 

Therefore BL : BF :: BF : CG :: CG : CD. 




CHAPTER VIII. 



THE SECOND CENTURY B.C. 



137, The materials for a history of Greek geometry after 
ApoUonius are both scanty in quantity and most unsatisfactory 
in quality. We know the names of many geometers who lived 
during the next three centuries, but very few indeed of their 
works have come down to us, and we are compelled to rely for 
the most part on such scraps of information as the later 
scholiasts, Pappus, Proclus, Eutocius and the like, have inci- 
dentally preserved. But this information, again, generally affords 
little clue to the date of the geometer in question. Thus, 
though we have abundant evidence that mathematics remained 
a chief constituent of the Greek liberal curriculum, we cannot 
tell with any accuracy what subjects were most in vogue or 
what mathematicians were most generally regarded at any 
particular time. It is certain, however, that during the whole" 
period between ApoUonius and Ptolemy only two mathemati- 
cians of real genius, Hipparchus and Heron, appeared, that both 
of these lived about the same time (120 B.C.), and that neither 
was interested in mathematics per se, for Hipparchus was 
above all things an astronomer. Heron above all things a sur- 
veyor and engineer. The result might have been different if 
some new methods had been introduced. The force of nature 
could go no further in the same direction than the ingenious 
applications of exhaustion by Archimedes and the portentous 
sentences in which ApoUonius enunciates a proposition in 
conies. A briefer symbolism, an analjrtical geometry, an infini- 
tesimal calculus were wanted, but against these there stood the 
tremendous authority of the Platonic and Euclidean tradition. 
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^d no discoveries were made in physics or astronomy which 

rendiered them imperatively necessary. It remained only for 

mathematicians, as Cantor says, to descend from the height 

which they had reached and " in the descent to pause here and 

there and look around at details which had been passed by in 

..the hasty ascent V The elements of planimetry were exhausted, 

and the theory of conic sections. In stereometry something 

\ still remained to be done, and new curves, suggested by the 

/ spiral of Archimedes, could still be investigated. Finally, the 

I arithmetical determination of geometrical ratios, in the style of 

/ the Measurement of the Circle, ofifered a considerable field of 

I research, and to these subjects mathematicians now devoted 

themselves. 

138. One of the first of the successors of ApoUonius was 
perhaps Nicomedes, who invented the curve called conchmd or 
"mussel-like." At any rate the conchoid was known to Geminus 
about B.C. 70', and Eutocius' says that Nicomedes made sport 
of Eratosthenes' mesolabium, and boasted the superiority of his 
own invention. It is not likely that Eratosthenes had been 
long dead at this time. 

The treatise on the conchoid which Nicomedes wrote is 
known to us only from Eutocius' commentary on duplication, 
from Pappus*, and two or three casual remarks of Proclus. It 




is a curve such that the straight line joining any point on the 



Cantor, p. 801, of. p. 233. « Proolus, p. 177. 

^ Book IV. (Hultsch) pp. 244—246. 



» Torelli, p. 146. 
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curve with a given point is cut by a given straight line so that 
the segment between the curve and the given straight line is of 
a given length. Nicomedes invented a little machine for 
describing it, of the form here depicted. It will be seen that 
the arm AB can move only horizontally along DE, to which it 
is confined by a button C sUding in a groove. The length AG 
therefore is constant. The point E was called the pole (ttoXo?). 

The method of duplication, with the aid of the conchoid, 
may be thus described. 

Let aX and ayS be the given straight lines between which it 
is required to find two mean proportionals. Place these at right 
angles to one another (as in the solution of Apollonius), and 
complete the rectangle a^7\.. 




Produce 7^ to 17, making firi = ^Sy, and join ri\ bisecting ayS 
in S. Bisect ^Sy in e, and from e draw ef at right angles to )8y, 
so that 7f = ^h. Join 7;f and through 7 draw ^0 parallel to lyf. 
From ^, as pole^ with 7^ as fixed straight line and ph as the 
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length of the constant segment describe a conchoid, cutting 
17)8 produced in k. Join kK and produce it to meet ^a pro- 
duced in fi. Then afi and 7/c are the two mean proportionals 

required. By similar triangles ^ = —^.\fiaL = . Now 

OLht yK yx 



Ok 



But 



^=:|^.-./ia=C5, and?/c=C5 + ^ = /AS. 



aX . X7 = 177 . ^8, (since y x2x = 2yx x), .'. fia = ^^ 

yK 

yK VK ' ' ' ' '2 

By the use of Euc. IL 6 (precisely as in the solution of 
ApoUonius) it may be shewn that ^ = fi/c , xy + y^ and 
/i^ = 13/M . fjLa + a8'. .*. fi/e . /cy + y^ = fi/M . fm + aB\ But 
7f* = a8' .'. 0K . /cy = fifi . /act. .'. fifi : fi/c == xy : fia. But 
fifi : )S#c = y\ : yK = afi : aX, ,\ y\ : yK = y/c : afi = afi : a\. 

The conchoid was also used to solve the trisection of an angle 
in a way which closely resembles the 8th of the lemmas attri- 
buted to Archimedes {supra, p. 233). Proclus says that Nicomedes 
himself solved this problem, but Pappus claims the solution 
which he gives as his own\ 

Let a)S7 be the angle which it is required to trisect. From 
a draw 07 perpendicular to ^7. Complete the parallelogram. 




Now from )9 as pole, with ay as fixed straight line and 2al3 as 
constant distance describe a conchoid which shall meet fa pro- 
duced in €, The line /Se cuts 07 in 8. Bisect Be in rj and join arf. 
It is then easy to see that arf = 7)€ = afi and the triangles a^r), arje 
are isosceles. Therefore the exterior angle arj^ = 2oLer) = 2rjPy, 
and the angle aiy/S = a^Tj = 2r)^y. 

139. Probably at the same time as Nicomedes, say 180 B.C., 
lived Diodes, the inventor of the cissoid or " ivy-like " curve. 
His date can be approximately determined only by the two 

^ Proclus, p. 272 ; Pappus rr. 38, p, 274 (Hultsch). 
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facts that QemiDUB knew the cissoid by this Dame, and iba.tIHocles 
lived after Archimedes, for he wrote a commentary on the un- 
finished problem {ll. 5, supra, p. 2Z5n) of the Sphere and Cylin- 
der. The work in which this occurs was called Trepl Trvplwv or 
TTvpelmp', whatever that may mean, and contained also a 
Eolution of the duplication problem which Eutocius cites with 
the rest*. This solution, which involves also the definition of 
.the cissoid, may be described as follows. Let a/3 and 7S be 




diameters of a circle at right angles to one another. On 78, at 
equal distances on either side of the centre X, take the points 
K and 1}, and draw the ordinates xe, rj^. Join eS, cutting ri^ 
in 6. The point 6 (as also all other points similarly determined) 
lies on the cissoid. Also 717 : ijf = *jf ; i;8 = jjS ; f}6. 

As i;^^ is perpendicular to the diameter 7S, it is plain that 
77 : ij£'= vK ■■ V^- For a similar reason*, 7^ : xe = xe : «S. And 
by similar triangles we : kS = ij^ ; i^S. Therefore 7* : Ke = i}8:7}S 



»ButooinBiiiTor6lli,p. 171. Uuptuiy 
(whioli m&y be the right reading), 
Lat igniaria, was an ioBtroment for 
making fite, b; tnTning a pointed per- 
pendicular stick (Tpiwamr) in a hole 
made in a flat board (^trxiipa). If Qua 
was worked by etringa, like a drill 
(aee the chapter on flie-dxilla in Tylor's 
£arly Hilt, 0/ Mankind), then Diooles' 
book ma; have been a treatise on 
tome geometiioal theorema snggeEted 



bj the machine. 

'TorelU,p.l38. CantoT,pp.306,307. 
The solutions of PappQB and 8poniB(au 
otherwise nnkuown geometer), which 
EntociQB gives next, are practically 
identical with this, though the con- 
structions are not obtained with a 
dasoid. 

■ A shorter proof wonldrmi: 'And 
yn ■■ vt— !« : « = Ji) L ijfl. Tbeiefore 
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and KB : Ky = i]8 : rjO. But k€ = rj^, and xy = 178. Therefore 
17? : 178 = 7)8 : 7J0. Thus rj^, rjS are two mean proportionals 
to 717, rfO, 

Now, in any circle, with diameters afi, 78, at right angles to 
one another, draw the corresponding cissoid. On the diameter 
a0, take a point tt such that 7X : Xtt == a : 6, where a and b are 
the two straight lines to which two mean proportionals are 
required. Join yzr and produce it to meet the cissoid in 0. 
Then yrj : i]d = a :b. It is now necessary only to alter the lines 
V^y 178 (which are known to be mean proportionals to 717, rjO) in 
the ratio of 7?/ : a, and the solution is obtained. 

140. In the same century, again, perhaps about the year 
150 B.C. Perseus, a geometer who treated of the sections of the 
(nreipa^, seems to have lived. His date can be guessed only 
from the facts that he is not included in the Eudemian summary, 
that no notice is taken of him by the classical geometers, that 
Heron describes the a-ireipa (110 B.C.), and that the work of 
Perseus was well known to Geminus*. The a-irelpa is somewhat 
imperfectly described by Heron' as the solid " produced by the 
revolution of a circle which has its centre on the circumference 
of another circle and which is perpendicular to the plane of that 
other circle. This is also called a Kp'iKo^ (ring)." This solid 
varies in form according to the ratios between the radii of the 
two circles. It may resemble an anchor-ring or a modem tea- 
cake, with a dimple at the centre. Proclus describes three 
kinds of sections, which were obtained from it and which were 
the same as those described above (p. 185), d propos of the 
IwiroweSf) of Eudoxus. Elsewhere (p. 356, 12) he seems to 
suggest that Perseus had treated the spiral sections as ApoUonius 
had treated the conies. From this, perhaps, it may be inferred 
that whereas one or two sections of the airelpa were known 
before and were obtained from different forms of the solid, 
Perseus investigated all the sections and shewed that they 

1 GeminuB in Proclas, pp. Ill, 112. in this connexion, on the errors of 

3 The dates of Perseus, Nicomedes, Montucla. Bretsohneider is obviously 

Diocles, Serenas and Hypsides are all right on all the dates except that of 

discussed by Bretschneider {Anhang, Serenus. 

p. 175— end who is especially severe, > DefF. 98, p. 27 of Hultsdi's ed. 
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could be obtained from one avretpa^. But the work of Perseus 
is wholly lost, and no extracts whatever from it are preserved by 
any later writer*. 

141. There is not so much reason for assigning Zenodorus 
to the 2nd century B. c. as there is for the other writers above 
mentioned. He is later than Archimedes, whom he names, and 
is older than Quintilian (A.D. 35 — 95) who names him. He is 
supposed to be an early successor of the former merely because 
his style recalls the classical period. He was the author of a 
geometrical treatise on Figures of Equal Periphery^ fourteen 
propositions of which are preserved both by Pappus and Theon". 
Both citations are almost verbally identical, but Theon does, 
and Pappus does not, name Zenodorus as the author. Theon's 
ascription is confirmed by Proclus, who says that Zenodorus 
called a quadrilateral with re-entrant angle a KoiXoydtvcov, which 
word occurs in Theon s extract. Of these fourteen propositions 
five, Nos. 1, 2, 6, 7 and 14, are worth quoting. Prop. 1 is " of 
regular polygons with equal periphery, that is the greatest 
which has most angles." Prop. 2 is " The circle has a greater 
area than any polygon of equal periphery." Prop. 6 is " Two 
similar isosceles triangles on unequal bases are together greater 
than two dissimilar isosceles triangles which are upon the same 
bases and have together the same periphery as the two similar 



^ Bretschneider (pp. 179, 180) makes 
a great difficulty about this, owing to 
the fact that he mistranslated ^ rod 
IxTov ir45rf as "horse's hoof" (p. 177) 
instead of '* horse-fetter." He con- 
ceived this apparently to be a curve of 

the form 



© 



instead of OO 

and could not understand how it was 
obtained from a aTeipa at all. His 
mistake is the more remarkable be- 
cause Proclus afterwards twice (pp. 
127, 128) refers to the curve as Ittto- 
T^dvff which no decent scholar ought 
to render ** horse-hoof." 

3 Ghasles (pp. 8, 9) speaking of the 
spirals of Perseus and Geminus, says 



"il serait int^ressant de voir leur 
throne g^om^trique de ces spiriques, 
qui sont des courbes du quatridme 
degr6, dont T^tude semble exiger au- 
jourdliui des Equations de surfaces et 
un calcul analytique assez profond." 

* Pappus V. pt. I. p. 301 sqq. (Hultsch) . 
Theon. Comm, Almag, ed. Halma, 
p. 33 sqq. reprinted by Hultsch in 
Papptis, pp. 1190—1211, with a pre- 
fatory note on the date of Zeno- 
dorus. The fact that both Theon and 
Pappus cite the same props, seems to 
Hultsch {Pappusy Vol. in. p. xv.) to 
give colour to his theory that a large 
part of Theon's commentary was really 
taken from Pcq>pa8. 
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triangles." Prop. 7 is " Of polygons with equal periphery the 
regular is the greatest." Prop. 14 is " Of segments of circles^ 
having equal arcs, the semicircle is the greatest." It is obvious 
that investigations of this kind were closely connected with and 
suggested by the work of Archimedes and ApoUonius. 

142. To the same century, again, Hsrpsicles is assigned. 
To him the 14th and 15th Books added to Euclid's Elements 
are attributed by many MSS., but recent critics are of opinion 
that these are by different authors \ and that only the 14th is 
by Hypsicles. This is certainly not Euclid's, for it has a preface 
which cannot have been written by Euclid, and the Elements are 
expressly stated by Marinus, in his prolegomena to the Data, to 
consist of 13 books. The preface in question, which is addressed 
to one Protarchus, is as follows : " Basilides of Tyre, coming to 
Alexandria and making the acquaintance of my father through 
their common love of mathematics, stayed with him during the 
greater part of his visit. They were discussing at one time the 
writings of Apollonius on the comparison of the dodecahedron 
and the icosahedron inscribed in the same sphere', shewing 
what ratio these have to one another, and they came to the 
conclusion that Apollonius was wrong. They therefore emended 
the proof, as my father used to tell. But I afterwards came 
across another book of Apollonius' containing a sound proof on 
the subject, and was greatly incited to the investigation of the 
proble.m. The publication of Apollonius may be seen anywhere, 
for it has a large circulation, but I send you my lucubrations," 
etc. From this it is inferred, not very cogently, that Hypsicles' 
father died in the lifetime of Apollonius, or that, at any rate, 
Hypsicles cannot have lived long after the latter. But a more 
satisfactory determination of Hypsicles' date is obtained from 
the fact that his astronomical work, 'Ai/a^o/)t#co9, does not use 
the trigonometry which was certainly introduced by Hipparchus, 
and would have been absurdly antiquated if written after 
Hipparchus' time (b.c. 130)*. 

1 See esp. Friedlein in BuUetino ' This in xiv. prop. 2 is referred to 

Boncompagni 1873, pp. 493—529. as '^a second edition." 

^ This is the only mention of such ^ Bretschneider, p. 182, quoting Yos- 

a treatise by ApoUonius. sius and Delambre. 
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The 14th Book of the Elements, or the book of Hypsicles on 
'the Regular Solids', consists of seven propositions, viz. 1. The 
perpendicular from the centre of a circle to a side of the inscribed 
regular pentagon is half the sum of the radius and the side of 
an inscribed decagon. 2.. The same circle comprises the 
pentagon of a dodecahedron and the triangle of an icosahedron 
inscribed in the same sphere \ 8. If from the centre of a 
circle there be drawn a perpendicular to the side of the in- 
scribed regular pentagon, thirty times the rectangle under the 
perpendicular and the side is equal to the superficies of the cor- 
responding dodecahedron. 4. The surface of the dodecahedron 
is to that of the icosahedron as the side of the cube to the side 
of the icosahedron. 5. The side of the cube is to that of the 
icosahedron as {x + yf + a?' : (a? + yf + 1/*, where x is the greater, 
and y the less, of the segments of a line cut in extreme and 
mean ratio. 6. The volume of the dodecahedron is to that of 
the icosahedron as the side of the cube to that of the icosahedron. 
Prop. 7 is really a lemma to 6 and is that two straight lines cut 
in extreme and mean ratio are to one another as their greater 
segments. 

The dpa(l)opiK6<i, or treatise on 'Risings* {dva<f>opai), contains 
only six propositions, of which the first three, dealing with 
arithmetical progressions, have been already cited. The only 
interesting proposition is the 4th, which is to the following 
eflFect^ Divide the zodiac into 360 local degrees and the time 
of its revolution into 360 chronic degrees. Then, given the 
ratio, for any place on the earth, of the longest day to the 
shortest, we can deduce the number of chronic degrees for each 
number of local degrees'. Here, for the first time in any Greek 
work, we find a circle divided in the Babylonian manner into 
360 degrees. This division, perhaps, was used by Eratosthenes 
who is said to have calculated the length of a degree, but it is 

1 The proof of this is said to be of Aristaeus. 

given by Aristaeus in his work on ■ See Delambre Astr, Anc, i. pp. 

"The Comparison of the Five figures " 246 sqq. The text was printed Paris, 

(ii4trre cxntu&nav adyKfMit), This is 1657, ed. J. Mentel. 

not mentioned by Pappus, who (vn. ' Delambre loc, dU pp. 248, 9 shews 

pref.) aUudes only to the vrtptoi r&wu that the proof is faulty. 

O. O. M. 18 
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not necessary to suppose that Eratosthenes actually performed 
this feat, though he undoubtedly shewed how it was to be 
done^ and it is observable that Hypsicles introduces the division 
as if it were a novelty. He does not, however, take the next 
step, to trigonometry. 
\1 143. This was undoubtedly taken by Hipparchus, one of 
the greatest geniuses of antiquity, the observer and thinker 
upon whose work the whole system of Greek astronomy was 
founded. He was a native of Nicaea in Bithynia and made 
astronomical observations, certainly at Rhodes, possibly also 
at Alexandria, between 161 and 127 B.C.' But though the 
Almagest of Ptolemy is clearly derived almost entirely from 
writings of Hipparchus, none of the works of the earlier 
astronomer have survived, save a commentary in three books 
on the Phenomena of Aratus, a poor poet who copied Eudoxus, 
The criticisms of Hipparchus on his predecessors are founded 
chiefly on his own more accurate observations and have no 
mathematical interest. In the Second Book, however', he 
claims to have invented a method of solving spherical triangles 
for the purpose of finding the exact eastern point of the 
ecliptic. The treatise in which this was contained was called 
ri ra>v awavaToK&v irpayfiareiay but is lost. Theon, in his 
commentary on the Almagest, also states that Hipparchus 
calculated a "table of chords" (i.e. practically of sines) in 



1 Eratosthenes (Delambre, pp. 86 — 
97) fonnd that the distance between 
the tropics was ^ of the ciromnference. 
This looks as if he had not, at that 
tune, any division of the circle into 
degrees. Similarly, he found that the 
distance between Alexandria and Syene 
(which he believed to be on the same 
meridian) was ^th of the circumference 
of the earth, from which it was ea^y 
to infer the length of a degree, though 
perhaps Eratosthenes did not do this. 

« Delambre (i. p. 167, cf. p. 170) 
gives a very neat instance of the way 
in which Hipparchus' date can be 
ascertained. In the concluding chapter 



of Book in. of his commentary on 
Aratus, Hipparchus gives, in time, the 
distances between stars, obtained by 
observing their meridian passages. 
He begins with i; CanUy in his tune on 
the solstitial colure, longitude 90^ In 
1760, this star was l6ng, IW 4! 10". 
The precession here is 93850''. This, at 
50'' per annum, would make the date 
of the book about 130 b.c. Delambre 
doubts whether Hipparchus was ever 
at Alexandria, because Ptolemy does 
not distinguish observations made at 
Rhodes and Alexandria, which, he sup. 
posed, were on the same meridian. 
5 Delambre i. pp. 142, 8. 
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twelve books. It is evident therefore that Hipparchus was the 
founder of trigonometry, though we are obliged to look elsewhere 
for information as to the progress of the Greeks in this depart- 
ment of mathematics. 

It is not intended, in these pages, to give a history of 
Greek astronomy or to describe any astronomical theories, 
which depend for their verification on observation and not 
on deduction. But est modus in rehus and I do not like to 
pass over Hipparchus with merely the customary eulogy. The 
following little summary, taken from Delambre, will shew 
what manner of man he was. fit was he who determined 
(very nearly but not with absolute accuracy) the precession of 
the equinoxes, the inequality of the sun, and the place of its 
apogee, as well as its mean motion : the mean motion of the 
moon, its nodes and its apogee : the equation of the centre of 
the moon and the inclination of its orbit. He had discovered 
a second inequality of the moon (the evection), of which he 
could not, for want of proper observations, find the period and 
the law. He had commenced a more regular course of observa- 
tions for the purpose of supplying his successors with the 
means of finding the theory of the planets. He had both a 
spherical and a plane trigonometry. He had traced a plani- 
sphere by stereographic projection : he knew how to calculate 
eclipses of the moon and to use them for the improvement of 
the tables: he had an approximate knowledge of parallaxes, 
more correct than Ptolemy's, 'fie invented the method of 
describing the positions of places by reference to latitude and 
longitude. What he wanted was only better instruments. 
Yet in his determination of the equations of the centres of 
the sun and moon and of the inclination of the moon, he 
erred only by a few minutes. For 300 years after his time 
astronomy was stationary. Ptolemy followed him with little 
originality. / Some 800 years later the Arabs added a few 
more discoveries and more accurate determinations and then 
the science is stationary again till Copernicus, Tycho and 
Kepler*. 

1 Delambre i. pp. 184 — 186. See — zxy, and De Morgan's article PtoZamy 
also his preliminary discourse pp. xxi in Smith's Die, of Gr. and Rom. Biogr. 

18—2 
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144. The same century which gave birth to all these 
writers produced also the famous Heron of Alexandria\ He 
was the pupil of Ctesibius of Alexandria, who, though originally 
a barber, obtained great fame by his mechanical inventions, 
especially a water-clock, a hydraulic organ and a catapult, 
worked by compressed air, Ctesibius lived in the reign of 
Ptolemy Euergetes II. (or Physcon, 'pot-belly'), that is, between 
170 and 117 B.C. His pupil Heron, therefore, may be taken 
to have flourished about 120 — 100 B.C. 

A very considerable number of writings, now extant, and 
others not extant, but mentioned by ancient writers, are 
attributed to a Heron, but it happens that the extant writings 
are in an extraordinary state of corruption and confusion and 
also that a great many Herons are known to history. It is 
only within recent years that any attempt has been made to 
bring order into this chaos. First Theodore Henri Martin, in 
a monograph'* which is a model of its kind, investigated all 
the facts concerning the life of the great Heron of Alexandria 
and ascertained what works were rightly attributed to him and 
which of them are extant and where. His biographical results 
have been stated, in effect, in the above few lines. But his 
essay deserves a closer analysis. He finds (pp. 10 — 18) eighteen 
undoubted Herons named in later Greek literature, mathemati- 
cians, doctors and monks. Of these, three only belong to the 
first class, viz. Heron of Alexandria our author. Heron the 
teacher of Proclus (who was possibly the same as one Heronas, 
who wrote a commentary on the Arithmetic of Nicomachus) 
and Heron of Constantinople, who lived in the 10th century*. 
Then, after commenting on the date of the first Heron (pp. 
22 — 28), he passes (pp. 28 — 51) to the works which are rightly 



^ This writer is usually called by the 
Latinized name Hero, Perhaps I 
ought to use this (like Flato), but 
there is a special advantage in retain- 
ing the form Herons because the more 
familiar Hero was a woman. 

• Recherches sur la vie et les ouvrages 
d'Hiron d^ Alexandrie^ disciple de Cte- 
sibius, etc. in Vol. ly. of Mimoires 



prisentis etc, a Vacadimie dHnscrip- 
tions etc, Paris, 1854. 

^ Later writers, as Vincent, cited 
below and Cantor, p. 815, deny that 
there was such a person as Heron of 
Constantinople and doubt whether 
Heron, the teacher of Proolus, was a 
mathematician at all. 
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assigned to him. These are (1) Mrfx^vt/ea or Miy^^ai/A/cal 
elaaywyai, from which extracts are given by Pappus (ill. 5, 
p. 63 and viil. 31-— end). The book obviously treated of 
centres of gravity and of the theory of the five simple machines, 
the lever (/Lto;^\o9), wedge (a<f>^p), screw (/to^^Xia?), pulley 
(iroXvo'Traa'Tov), and wheel and axle or windlass {d^tov iv 
Trepirpoxi^)' The work perhaps exists in MS. at the Escurial 
or at Venice. (2) the BapoyXxo^, in three books, which dealt 
with the problem of Archimedes to move a given weight with a 
given power, perhaps exhibited the practical uses of these 
machines. The first chapter of this is appended, perhaps by 
accident, to the treatise irepl BiOTrrpa^ and some extracts from 
it are given by Pappus at the end of bis Book viil. It exists 
at Leyden in a Latin MS. translation made by Golius from the 
Arabic. It is perhaps in Greek at Rome. (3) The tcaTaireX- 
TLicdy j3€\o7roir)Ti/cd or fieXoTToufcd is printed in the Mathematici 
Veteres^, The solution of the duplication-problem here given 
is quoted in Pappus ill. (4) y^^etpofiaXlarpa^ KoraaKevfj Kal 
av/jLfjL€Tpla, also in Math. Vett., but obviously an appendix to 
(3). (5) Kafiapi/ed also in Math, Vett. but obviously an appen- 
dix to (4). So is another fragment irepl Kaii^earpltov. Both 
exist in MS. at Vienna. (6) avrofiara and ^vyia, on certain 
toys. The former is in Math. Vett. The latter is lost. (7) 
Ilepl vhpUov (opoa/coirelcov. This is mentioned in the irvevfia- 
TLKd and also by Pappus and Proclus. It is lost now but 
existed in the 10th century. (8) Trvev/jLartKa, in the Math. Vett.^ 



^ This is a collection of writers on 
engines of war, edited by Thevenot 
and De la Hire, Parisy 1693. It con- 
tains works of Heron and of Athenaeus, 
Apollodorus (?both temp, Hadriani), 
PhiUm (B.C. 330, ace. to Vitruvius vii. 
pref,)y Biton (probably soon after Alex- 
ander the Great), Sextus Julius Afri- 
canus [KecTToi, about a.d. 220), and a 
treatise on siege-works, which Martin 
ascribes to Heron of Constantinople. 
Of the named authors (other than 
Heron) all deal almost entirely with 
catapults save Africanus, who has 



some other matter. The date of 
Athenaeus seems to me to be wrongly 
given (on the authority of Heron of 
Constantinople). He himself speaks 
of Ctesibius as a contemporary and 
dedicates his book to one MarceUus, 
who may be the conqueror of Syra- 
cuse. 

3 An English translation of the 
UvevfiaTiKOf with woodcuts, was pub- 
lished by J. G. Greenwood, London, 
1851. The book contains an account 
of 78 ingenious machines, some mere 
toys as whistling birds, drinking figures 
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(9) on Hydraulics and the armillary Astrolabe, according 
to an Arabic compilation, now in the Bodleian {Cod. Arab. 
CMLIV.). The following also are probably Heron's, (10) Karoir- 
rpi/cd, cited by Damianus who was not much later than 
Ptolemy. This is probably the same work as the /caroTrrpL/ea 
printed at Venice, 1518, and then ascribed to Ptolemy. (11) 
TLepl Sioirrpaf;, on a kind of theodolite. This is ascribed to 
Heron by the MSS. and was certainly written at Alexandria. 
It has been edited by M. A. H. Vincent \ (12) Scholia on 



etc., but some more useful as a fire- 
engine (27), a self-trimming lamp (33), 
a new kind of cupping-glass (56), a 
water-clock (63), two small organs (76 
& 77). In most of these, the action 
depends on a vacuum into which water 
will flow. But no. 50 is a toy in which 
a metal sphere, filled with steam, is 
made to revolve by the action of the 
steam as it issues from two bent spouts 
fixed in the sphere. (Compare also no. 
70). Heron does not claim all the 
discoveries as his own, and it is curious 
that Vitruvius (ix. 8 & x. 7) and Pliny 
(vii. 38), describing similar inventions, 
attribute them to Ctesibius and say 
nothing of Heron. The preface shews 
clearly that Heron did not understand 
the pressure of the air as causing the 
filling of the vacuum, but ascribed this 
result to nature's abhorrence. 

^ Text and translation in Notices et 
ExtraiU des MSS. de la Biblioth. 
Impir. Vol. xix. Pt. ii. Paris, 1858, 
p. 157 sqq. The book contains 33 
props, of which the last is the fijrst of 
the papovKKOi, The others are of the 
following kind (1) to find the difference 
of level between two points, (13) to 
cut a straight tunnel through a hill 
from one given point to another, (14) 
and (15) to sink a vertical shaft to 
meet a horizontal tunnel, (24) to 
measure a field without entering it. 
The dioptra was a straight plank, eight 



or nine feet long, mounted on a stand 
but capable of turning through a semi- 
circle. It was adjusted by screws, 
turning cogwheels. There was an 
eyepiece at each end and a water-level 
at the side. With the dioptra two 
poles, bearing discs, were used, exactly 
as by modem surveyors. Two append- 
ed props. (34) and (35) describe a 
hodometer, an arrangement of cog- 
wheels attached to a carriage, so 
that eight revolutions of the wheel 
turn the first cogwheel once and the 
motion is then slackened down through 
a series of cogwheels of which the last 
moves a pointer on a measured disc. 
The proposition from the papw\Kos 
also describes a machine consisting of a 
series of cogwheels, started by a screw. 
The case supposed is that a power of 
five talents is to move a weight of 
1000. In Pappus vm. 10 (Hultsch 
p. 1061) the power is four talents, the 
weight 160, and the wheels are of a 
less diameter. Vincent, who is later 
than Martin, thinks that there was no 
Heron of Constantinople at all, but 
that some writer produced a geodesy, 
founded on the Dioptra, which he 
called **a Heron", as we might say 
"an Euclid". He also remarks that 
Heron (p. 163, n.) is not a Greek 
name but in Egyptian **porte nne 
signification qui revient k celle d'in> 
gdnieur ". 
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Euclid, mentioned by Proclus. It exists probably in Arabic at 
Leyden. (13) MerpiKa mentioned by Eutocius, at the end of 
his commentary on the Measurement of the Circle, as an 
authority on the extraction of square roots. Parts of this work 
were (a) rd irpo T1J9 dpiO/jurfTLKfj^; aToi,'X€mae(o<; (lost), (6) rd 
irpo T^9 yeco/ierpiKTJ^ a'Tot)(€toia€(ix;, which is also lost, but 
portions of which have been preserved in the opoi, (c) elaayto- 
ryal Twv rY€0)fi€TpovfjL€va)Vf parts of which are preserved in the 
y€a)fi€Tpov/jL€va, yeaySaKria, or yeto/ierpia, we pi fiirpcov or arepeo- 
fierpt/cd, and yerjiroviKov ^i0\lov, (d) elaayoryal t£p arepeo- 
fierpovfievtov of which fragments are contained in a work of 
the same title and also in the last two books mentioned under 
(c). All these fragments are extant in MS. at Paris and most 
of them contain tabular statements, made at diflferent dates but 
all later than our era, of weights and measures. These abridge- 
ments and compilations seem to have passed through more 
than one hand and were made at diflferent dates. The yeriirovL- 
Kov seems to be as late as the 10th century and to have been 
made at Constantinople. 

All the works here mentioned which are of mathematical 
importance were collected and edited in 1864 by Dr F. Hultsch, 
the well-known authority on ancient metrology and mathe- 
matics. Hultsch's volume contains the opoi,, or Definitions of 
geometrical names, with a table of measures appended, the 
yecofierpia, which begins with similar definitions and measures, 
the yecoBaiaia, the elaayeoyal t&v arepeofieTpovfiivcDv, Stereo- 
metricorum collectio altera, the fierprjaec^ or irepl fiirpayv, the 
yerjiroviKOP, which again has similar definitions and measures, 
and an extract from the Diopira on the measurement of 
triangles \ But no two MSS. contain exactly the same collec- 
tion, and the contents of these works shew fully the grounds of 
Martin's opinion upon them. The Heronic formula for the 
area of triangles is given in the Dioptra and the Geodesy : the 
Geodesy is practically the same as a large part of the Geometry : 
the two books on Stereometry contain much repetition of one 



^ He adds also Didymi AUxandrini Variae collectiones ex Euclide, Herone 
Mensurae marmorum et Ugnoimm and etc. 
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another, and the Measurements reproduces all the preceding in 
a very confused manner. On the other hand, in the Geometry 
the area of a pentagon is said to be the square of the side x y, 
and '* elsewhere^*' to be the same square x | and there are 
other similar discrepancies which point, at the very least, to 
two editions of the original, if not to gross interpolations and 
unauthentic additions. The probability is, as Martin suggests, 
that all these fragments formed part of one comprehensive 
work on all the knowledge necessary for land-surveying, from 
which subsequent compilers took, correctly and incorrectly, such 
matter as they required for their immediate purpose. These 
extracts in passing from hand to hand, were annotated by many 
generations of surveyors and thus contradictory statements and 
extracts from such a late writer as Patricius and references to 
Eoman measures* became incorporated in the text. 

146. The character of the contents of the Heronic collec- 
tion may be indicated in a very few lines. The ipoi contains 
128 definitions of all manner of geometrical terms, followed 
by a short table of measures. The Geometry begins with a 
few definitions, followed by an account of the empirical origin 
of the science, then more definitions, then measures, and passes 
finally to the solution of problems to find the areas or some 
linear mea<surements of triangles, circles, parallelograms and 
polygons, of which the necessary linear measures or areas are 
given*. The Geodesy, a short extract, begins in the same way 



1 "Elsewhere" is iv oXXy /3t/3X/y rod 
"E-fxavos, not named, Oeom, c, 102, 
p. 134 (Holtsch), A Bimilar alternative 
is given on the same page for the 
he^^agon. So on p. 115 the value t = V 
is attributed to Euclid, on p. 136 to 
Archimedes, and this value is generally 
used, but in the Measurements ir=x3 is 
alone used. So, again, although Heron 
is cited by Eutooius as an authority on 
square-roots, in the extant works the 
roughest approximations are contin- 
ually used. 

* E.g. ovYyla^uncia: so <f>ovpvoi= 
furnm is mentioned. 

3 E.g. chap. XV. §87 is Ile/ji k^jkKwv, 



(1) "Let there be a circle with circum- 
ference 22, diameter 7 o'xoti'/a. To 
find its area {ifipa56v). Do as foUows. 
7 X 22 •= 154 and ifi = 38}. That is the 
area." (2) An alternative method, 
(^ X i^) is then added. Then (3) "If 
you wish to find the area from the 
circumference only, do as follows. 
(22)2 X 7 = 3388 and ^ff^ = SSJ." Then 
(4) to find the area from the diameter 
only. (5) The same according to Euclid. 
(6) To find the circumference from the 
diameter etc. All these examples are 
applied to circles of various given cir- 
cumferences, diameters, or areas. 
Heron then treats similarly of semi- 
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but deals only with the areas of given triangles. The Stereo- 
metry I. has no definitions but plunges at once into problems to 
find the volume of given spheres, cubes, obelisks, pyramids and 
similar figures and next the contents of cups, theatres, dining- 
rooms, baths, etc. The Stereometry li. is chiefly concerned with 
the same matter as the last part of the preceding book, but in 
c. 31 (p. 180) suddenly the method of finding heights by 
measuring shadows is inserted. The Measurements and Gee- 
ponicus are a miscellaneous collection of problems similar to or 
identical with those in the preceding books. 

The reader will see at once that Heron is chiefly engaged in 
arithmetical calculations which depend on geometrical formulae, 
which for the most part he does not, and has no occasion to, 
prove. Sometimes, however, he actually works out a geometri- 
cal theorem. Thus, in the ^eXoTrou/cd^, he happens to suggest 
a method of increasing threefold the power of a catapult. This 
requires that a certain cylinder should be trebled and, as 
cylinders are to one another as the cubes of their diameters, we 
are face to face with a problem of triplication of the cube. 
Upon this. Heron inserts a solution of the duplication-^rohlem, 
which is identical with that attributed above to ApoUonius. 
In the last chapter of the Geodesy (p. 151), he gives a general 
formula for finding the area of a triangle. The sides being 
a, 6, c, he says the area is 



y 



a 4- 6 + c a + b — c a — b-^c b + c — a 



2 • 2 • 2 • 2 
But he works out the proof in the Dioptra^, It is as follows. 



circles, and Begments greater or less 
than a semicircle. On p. 133 occurs 
the problem, "Given in one number 
the diameter and the circumference 
and the area of a circle, to find each. ** 
This of course leads to a quadratic 
equation, of which the solution was 
given above p. 106. 

1 Vett. Math, p. 142. The same 
proof is given by Pappus (m. p. 63) 
and Eutocius (in Torelli, p. 136). The 
latter says it occurs in the firixaviKai 



elffayufyal as weU as peXoTouKd, 

2 Beprinted by Hultsch (pp. 235— 
237) who thinks it is interpolated in 
the Bioptra, The formula, together 
with Heron's example of its application 
to a triangle whose sides are 13, 14, 15 
(and therefore its area 84), was stolen 
bodily by Brahmegupta. See Cole- 
brooke pp. 295 sqq. and comments by 
Vincent op, cit, pp. 200—293, Ohasles 
ApergUf Note xn. pp. 429 sqq. Cantor 
pp. 550 sqq. 
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' Let a^7 be the given triangle. Inscribe in it the circle Scf , 
having its centre i;. Join i;a, 17)8, 177, i;S, i;e, lyf. (Comp. Eucl 




IV. 4). The rectangle ^87 . rje is double of the triangle ^177, and 
a^.rjB of arjfi, and a7.i7f of a7i;. Therefore the rectangle 
under rje and the perimeter of ay87 is double the area of ay87. 
Produce 7^ to 0, Make fi0 = aS. Then ^7 is half the peri- 
meter. Therefore the rectangle 0y . erj is equal to the area of 
the triangle afiy. 

Draw r)\ at right angles to 177, and )8\ to ^7 and join yX. 
Then, the angles *yi]\, y^X being two right angles, the quadri- 
lateral yr)0\ is in a circle. Therefore the angles yrj^, yXff are 
equal to two right angles and also equal to the angles 717/8, ar)S, 
which also == two right angles (since the angles at 17 were 
bisected by arj, ^r), 717). Therefore the angle arjS = angle 
7X^8, and the triangles arjS, y^X are similar. Therefore 
^87 : ^X :: aS : S17 :: 0^ : rje, and permutando {ivaX7\A^) 
0y : ^0 :: fiX : r)€ :: ^k : k€, and componendo {avv0€vri) 
y0 : 0^ :: 0€ : ex, and 7^' : y0,00 :: fie.ey : ey^cK (or rj^). 
Therefore y0* x 176' = y0 , 00 x ^e . ey. But 7^ . 176, which is 
equal to the area of the triangle, is the square-root (TrXevpd) of 
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7^ X lye*/ Therefore the area of the triangle is the square-root 
o{y0,0^ .X ^€, ey. Each of these factors is given, for y0 = hftlf 
the periphery : 0fi is half the periphery minus ^7, 76 the same 
half minus ayS, e/8 the same half minus ay. Therefore the area 
of the triangle is given." A triangle with sides 13, 14, 15 is 

selected as an illustration. Its area V V x 6 x 7 x 8 = 84. 

But, though Heron's ability is sufficiently indicated by these 
proofs, as a general rule he confines himself merely to giving 
directions and formulae. From these also it is easy to perceive 
how readily he availed himself of the highest mathematics of 
his time\ Thus in the Dioptra, two chapters treat of the mode 
of drawing a plan of an irregular field and of restoring, from a 
plan, the boundaries of a field in which only a few landmarks 
remain. The method, in the former case is to draw a rectangle, 
three comers of which lie on three sides of the field. In the 
remaining spaces perpendicular co-ordinates are drawn to the 
sides of the rectangle and are measured oflf. The method is 
closely similar to the use of latitude and longitude introduced 
by Hipparchus. So, again, in three diflferent places' Heron 
gives, for finding the area of a regular polygon from the square 
of its side, formulae which imply a knowledge of trigono- 
metry. Suppose F^ to be the area of a regular polygon of 
which a^ is a side, and let c„ be the coefficient by which a^ is 
to be multiplied in order to produce the equation F^^o^a^, 

then it is easy to see that c^ = t cot - — . If we reckon the 

* 4 w 

consecutive values of c to six decimal places, and give the 



^ This sentence is introduced earlier 
in the originaL It will he seen that, 
though the expressions are geometrical, 
they are intended to indicate the alge- 
braical rule that xy is Jx^y^. No 
classical Greek geometer would have 
dared to multiply a square by a square. 
In his view this would have produced 
a figure of four dimensions, which 
would have been absurd. Pappus 
(p. 680 of HultBoh*8 ed.) expressly 
protests against the practice, which, 
he says, had come into use before his 



time. 

^ The following remarks are taken 
from Chaps. 18 and 19, pp. 313—343, 
of Cantor, who has made the ancient 
surveyors and Heron in particular a 
favourite study. Much more will be 
found in his pages than can be here 
given. See also his Rimische Agri- 
mensoreny Leipzig, 1876. 

' Geom, 102, Mens, 51—53, Ge'^pon. 
76—77. Hultsoh pp. 134, 206, 218, 
229. This repetition shews the au- 
thenticity of the formulae. 



284 THE SECOND CENTURY B.C. 

Heronic formula first in its original form and then in decimals, 
we find according to Heron, 

C3 = i§ = 433,333 for the correct 0*433,012. 

c^ = 1 =1-000,000 1-000,000. 

c^ = y = 1714,285 (or f = 1-666,666) 1-720,477. 

c^ =1) =2-600,000 2-598,176. 

c^ =^ =6-375,000 (or ^=6-333.333) 6-181,824. 
0,^=-^ =11-250,000 11-196,152. 

This table shews that his approximations are generally near 
enough. We need not be surprised that Heron could perform 
such calculations. We know that Hipparchus made a t^ble of 
chords, that is to say, that the coefficients A?,^ were known, 
with the aid of which a„ = kj; where ?' is the radius. Then 

^»~i\/ V^"^* ^^^ Heron was competent to extract such 

square roots. But Heron does not use the sexagesimal fractions, 
and it is clear, from this as from all other evidence, that sexa- 
gesimal fractions were always, as they were afterwards called, 
astronomical fractions; indeed, save by Heron, trigonometry 
was generally conceived to be a chapter of astronomy and was 
not used for the calculation of terrestrial triangles^ 

Some passages of Heron contain noticeable errors. Thus 
in Geeponictcs (146 — 164, pp. 225 — 228) he gives a rule that 
the side of a polygon inscribed in a circle is equal to three 
diameters divided by the number of sides, which is true only of 
the hexagon, and in Stereometrica I. (35, p. 163) where he 
proposes to find the volume of a truncated pyramid on a tri- 
angular base, ho gives dimensions for the upper and lower 
triangles which could not be found in similar triangles at all*. 

146. Enough perhaps has been said to shew that Heron 
was by no means a geometer of the Euclidean School. He is a 
practical man who will use any means to attain his end and is 
altogether untrammelled by the classical restrictions. He is 
also a mechanician who, unlike Archimedes, is clearly proud of 

1 Cantor pp. 335, 336 abridged. ^ Cantor pp. 337, 338 shews that 

There is, in truth, no evidence to shew the first error is probably not Heron's, 
how Heron came by his formulae. The second is a mere slip. 
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his own ingenuity. He adds nothing, or almost nothing, to the 
geometry of his time but he is learned in the ordinary book- 
work. On the other hand, as was mentioned above (p. 106) he 
is the first Greek writer who uses a geometrical nomenclature 
and symbolism, without the geometrical limitations, for algebrai- 
cal purposes, who adds lines to areas and multiplies squares by 
squares and finds numerical roots for quadratic equations. 
Hence, for a similar reason to that which led Prof, de Morgan 
to suspect that Diophantus was not a Greek, it is now commonly 
believed that Heron was an Egyptian. His name, if it is Greek 
at all, is found only at a late era and belongs to persons of 
Egyptian or Oriental birth. Further, the whole style of his 
work recalls the book of Ahmes which has been described 
earlier in these pages. His directions are introduced by the 
same form of words, ttoUl ovrto^y "Do as follows". Like Ahmes, 
he gives few general rules, but a large collection of similar 
examples. As Ahmes called the top-line of a figure Merit, so 
Heron calls it Kopv<f>rj, vertex^. The isosceles parallel-trapezium 
was a favorite figure of Abmes: so it is of Heron". Heron's 
method of drawing a plan seems to have had its forerunner in 
the method of Ahmos^ Ahmes gives tables of measures, so 
does Heron. Lastly Heron treats equations in precisely the 
style of Ahmes. ** It will be remembered that the Aaw-problem 
of Ahmes, no. 28, was literally 'J added, J deducted, remainder 
10', which was explained as meaning {x + ^ x) — ^ (x + ^ x) = 10. 
Compare with this the problem of Heron. ' Given a segment 
of a circle, with base 40 feet, height 10 feet : to find its circum- 
ference. Do as follows. Add base and height together. The 
total is 50 feet. Take away a quarter. It is 12J. Eemainder 
37^ Add a quarter. It is 9i ^. The total is 46 ^ J i. This 
is the measure of the circumference. We added J and sub- 
tracted J, because the height is J of the baseV" The style 
here and the form of the fractions recall exactly the old 

1 Geometria 8(p. 44). Other similari- > The examples of Ahmes axe muti- 

ties of nomendature in Cantor, p. 331. lated. See above p. 127. 

' Nine chapters of the Geometry are ^ Heron, pp. 199, 200, Cantor p. 

devoted to it (pp. 103—108). 332. 
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Egyptian. Such evidence as this goes a long way to confirm 
the suspicion not only that Heron was an Egyptian, but also 
that algebra was an Egyptian art and that the symbolism of 
Diophantus was of Egyptian origin. But it is obvious also that, 
if Heron was not a Greek, he relied almost entirely on Greek 
learning and did not resort to the stores of priestly tradition of 
which the contemporary Edfu inscriptions shew the miserable 
character. He is a man who writes in Greek upon Greek 
subjects, but who thinks in Egyptian\ 



^ Let it be remembered that the 
«€g^calcalation of Ahmes leads to tri- 
gonometry : his ^ti-calculation to alge- 
bra. Almost the first sign of both ap- 
pears in Heron, whom there are other 
reasons for thinking to have been an 
Egyptian. An algebraic symbolism 
first appears in Diophantus, but the 
symbols are probably not Greek and 



probably are Egyptian. Both Heron 
and Diophantus were Alexandrians. 
This is all the evidence that trigono- 
metry and algebra were of Egyptian 
origin, but does it not raise a shrewd 
suspicion ? Froclus (p. 429) speaks of 
ol irepl "H/oci^f'a, as if Heron founded a 
school. 



CHAPTER IX. 



FROM GEMINUS TO PTOLEMY (B.C. 70 — A.D. 150). 



147. If the materials for a history of Greek geometry in 
the second century B.C. are scanty, they become still more so 
for the next 250 years. Only a few works, and those not of a 
very valuable character, survive from this period. 

About 70 B.C. lived Greminus of Rhodes^ who seems to have 
been the freedman of a wealthy Roman and who wrote, beside 
the astronomical work ela-ar/ayy^ el^ ra <f>aLv6fi€pa, still extant", 
a book on the Arrangement of Mathematics, irepX rrj^ twv fjuadrj- 
fidraav rd^eto^y which, without being expressly historical, con- 



^ Proclus always writes Fe/uyos. Sui- 
das has Tefdvios, opofia K^piov. In the 6th 
chapter of his Phaenomena Geminus 
says **The Greeks suppose the feast of 
Isis to fall on the shortest day. So it 
did once, 120 years ago, hut every four 
years the incidence is shifted a day 
and is now a month behind." If the 
feast of Isis here mentioned could be 
exactly identified, there would be no 
difficulty in finding the date of Ge- 
minus. But there are two dates in 
the Egyptian calendar (the Ist and 
17th of Athyr) on both of which some 
sort of feast to Isis seems to have been 
held and calculations founded on both 
these give 77 b.c. and 137 b.c. as the dates 



of Geminus. Cantor (pp. 344 — 6) gives 
excellent reasons for preferring the 
former, the chief of which is that 
Geminus edited an extract from ^^^- 
yriaii fiereupoKoyiKiav of Posidonius, who 
can hardly be other than Cicero's 
teacher and Pompey's friend. 

^ It is printed in Halma's edition 
of Ptolemy's CaTwm, ParUy 1819. A 
very full abstract in Delambre Astr. 
Anc, I. c. XI. pp. 190 — 213. It is not 
like Euclid's Phaenomena^ a geometrical 
treatise, illustrative of astronomical 
theory, but is an account of astronomi- 
cal observations and of the theories by 
which they are explained. 
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tained abundant notices of the early history of Greek mathe- 
matics and from which Proclus and Eutocius* derived much 
of their most correct and valuable information on that subject. 
A book of this kind, written not long after the classical age by 
a competent geometer, would, if preserved, have cleared up a 
hundred difficulties which do not now admit of solution. 

148. Probably near to the time of Geminus lived Theo- 
dosius (? of Tripolis), who is mentioned by Strabo and Vitruvius 
and must therefore be a pre-Christian writer, though Suidas 
attributes to him a commentary on one Theudas of Trajan's 
time". He is the author of Sphaerica, a very complete treatise 
on the geometry of the sphere, in three books". It was remarked 
above, however, on the subject of Euclid's Phaenomena, that 
both that and the treatise of Theodosius are evidently founded 
on some earlier work on Spherics, perhaps by Eudoxus. The 
work of Theodosius contains no trigonometry (a spJierical triangle 
is not mentioned) and there is nothing particularly interesting 
either in his style or in his discoveries, if indeed he made any. 
The character of his propositions will be sufficiently indicated 
by the following enunciations. I. 13, "If in a sphere a great 
circle cut another circle at right angles, it bisects it and passes 
through its poles." (i. 14, 15 are the converse of this.) ii. 22, 
" If in a sphere a great circle touch another (second) circle and 
cut a third which is parallel to the second and lies between it 
and the centre, and if the pole of the great circle lies between 
the two parallel circles, then any great circles which touch the 
third will be inclined to the (first) great circle, and that will be 






^ Eutocius in ApolL Conica^ p. 9, 
calls the book fxadrifjuiTiav deupLa, The 
title ra^tf is quoted by Pappus viii. 
3 (p. 1026 Hultsch). Proclus quotes 
the book sixteen times, especially on 
curves. 

* Vitravius (ix. 9) mentions a Theo- 
dosius who invented an universal sun- 
dial. Strabo (xn. 4, 9) mentions a 
mathematician Theodosius, but calls 
him a Bithynian, whereas Tripolis was 
on the Phoenician coast. Suidas (s.v.) 
expressly says that the author of the 



Sphaerica was a native of Tripolis but 
gives also another Theodosius of the 
same place, a poet. Probably Vitruvius 
refers to our Theodosius. Vitruvius 
and Strabo both lived under Augustus 
and earlier. 

' This has been often printed. First 
in 155S by Pena at Paris: in 1675 by 
Isaac Barrow, London: in 1852 at 
Berlin by Nizze with Latin trans, and 
an appendix of Arabic variant proofs. 
The figures are not given with the 
text. 
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at the greatest inclination {dp66raro<;) which touches the third 
at the point of bisection of its greater segment, and that will be 
at least inclination [raireLvoTaTos:) which touches it at the 
bisection of its lesser segment, etc.\ 

Strabo, also, (xii. 3) mentions Dionysodorus, a native of 
Amisus in Pontus, who seems to be the mathematician who, like 
Diodes, attempted to finish the problem {Sph, et Gyl. ii. 5), ' to 
cut a sphere so that its segments shall be in a given ratio', which 
Archimedes had left incomplete. But Eutocius (Torelli p. 163, 
lti9) complains of both that they did not fill up the gap in Archi- 
medes' solution but produced entirely dififerent proofs of their own. 

149, SerenuB of Antissa, in Lesbos, lived after Christ. 
Bretschneider, indeed, who pointed out (pp. 183 — 184) that 
Antissa was destroyed by the Romans B.C. 167*, was inclined to 
place Serenus about 200 B.C., but the name Serenus is Roman 
and the town Antissa was restored in Strabo's time', so it is 
probable that Serenus lived under the Roman regime^. He is 
not mentioned, however, by any writer earlier than Marinus, 
the pupil of Proclus (A.D. 500), and author of the preface to 
Euclid's Data, His work, however, does not seem to be very 
late and he may be placed here in default of better authority. 
He is the author of two treatises, one on the Section of the 
Cylinder in 35 propositions, the other on the Section of the 
Gone in 63, both of which are printed as an appendix to Halley's 
edition of Apollonius. The treatise on the Cone, which is 
addressed to one Cjnnis, deals entirely with the triangular 
section. E,g, Props. 5 and 6 are " If a right cone be cut by 
planes through the vertex and the axis be not less than the 
radius of the base, then the triangle through the axis is the 
greatest of the triangles so produced". Prop. 21, "To cut a 



^ Theodosius was also the author 
of an extant astronomical treatise ircpl 
-qfiepCjv Kal vvktQv and another irepl 
olK-fiaetav, in tho style of Euclid's 
Phaenomena. The enunciations of 
these were published by Dasypodius 
(1572 Strasburg) along with the work 
of Autolycus (Delambre i. pp. 234 — 
241). It is curious that both Geminus 

G. G. M. 



and Theodosius seem to have been 
ignorant even of the observations of 
£[ipparchus. There are a few lines on 
both these mathematicians in Chasles 
ApergUf p. 26. 

2 Livy, XLV. 31. 

5 Strabo, xni. 2. 

* Cantor, p. 347, Blass in Fleckeisen's 
Neue Jahrb, 1872, p. 34. 
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scalene cone through the vertex so that the section shall be an 
isosceles triangle". Prop. 22, "Such isosceles triangle is the 
greatest of the triangular sections of the scalene cone : the least 
is that which is produced by a plane perpendicular to the base". 
From this point onwards the book deals almost entirely with 
maxima and minima. The treatise on the Cylinder, which is 
addressed to the same friend Cyrus, deals with all the sections, 
but chiefly the elliptical. Prop. 19 shews that the same ellipse 
can be produced by sections of a cone and a cylinder. Props. 
21 and 22 are "Given a cone (cylinder) and an ellipse in it, to 
find the cylinder (cone) of which the same ellipse is a section". 
Props. 22 and 23 are "Given a cone (cylinder), to find a 
cylinder (cone), such that the section of both by the same plane 
produces the same ellipse". Prop. 31 is "The straight lines 
which are drawn from the same point to touch a cylinder have 
their points of contact on the sides of a parallelogram". Prop. 
33 is important as being the foundation of the modem theory 
of harmonics. It is as follows : 




If from the point S, outside the triangle afiy, the straight 
I line Seiyf be drawn cutting the triangle in e, f, and the point rf 

; be taken so that Se : Sf = ei; : i;f, and Xrj bo joined and produced 

i to meet the base, any other transversal SkXim shall be so divided 

by oiV produced that Bk : S/jl^^kX : Xfju. With the aid of this it 

is proved (Prop. 34) that all straight lines drawn from the same 

' point to touch a cone, have their points of contact on the sides 

! of a triangle. Then comes the last proposition (35 which is 

! similar in kind to Prop. 32). It is as follows. ABC is a triangle, 

DE, FO are parallel to its base. From a point H, not in the 
plane of the triangle draw HD^ HE, HF, HO and produce them 
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to meet a plane KLXMN, which is at all points equidistant 
from ABC. The plane HDKE will cut 
this second plane in -07^ and the plane 
HFLG will cut it in LM, and KN, LM 
are parallel to DE, FG. Also KL, DF 
are parallel and MN, OE. Therefore KL, 
NM produced will meet Let them meet 
in X Then the triangles XKN, ABC are 
similar. " Now if the point H be supposed 
to be an illuminating point and the tri- 
angle ABC (whether per se or in a cone) 
be opposite its rays, then the rays will 
make the shadow -STiNTX triangular and similar to ABC. Although 
this consideration belongs to optics and on that account is 
alien to our subject, yet it is clear that without the proofs here 
given concerning the cone and the cylinder, I mean about the 
ellipse and its tangents, it is impossible to solve a problem of 
this kind : wherefore not carelessly but on purpose the subject 
has here been introduced \" 

A lemma of Serenus, on angles which stand on equal arcs 
of a circle, is preserved in the Astronomy of Theon Smymseus*, 
but there is no evidence to shew how it came there. Theon 
lived about 130 A.D. and may have himself used Serenus. 

150. One date in the life of Menelaus is absolutely certain. 
Ptolemy^ records two astronomical observations made by him 
in the first year of Trajan, A.D. 98. He was the author of a lost 
work on the calculation of chords, but his Sphaerica in 3 books, 
though not extant in Greek, is extant in Arabic and Hebrew 
and has been often translated into Latin*. This is a treatise 
on spherical triangles, describing their properties in much the 
same way as Euclid, in Book i. of the Elements, treats plane 



^ On the question raised by this 
proposition, whether the ancients were 
acquainted with the method of per- 
spective, see Taylor Anc, & Mod, 
Conies, p. ly. See also Chasles Aper^ 
pp. 47, 48, 74. 

2 Martin's Ed. p. 340. 

3 Almagest ed, Halma vn. 3. Vol. ii. 



pp. 25, 27. 

^ Halley made a translation which 
was published by G. Costard, Oxford, 
1758. Costard promises a preface, 
but this is wanting from both copies 
in the Brit. Mus. There is a full 
summary, as usual, in Delambre i. 
pp. 244—246. 

19—2 
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triangles. But there is no attempt at solution of the triangles, 
and though in Book ill. the first proposition is the foundation 
of the ancient method of solution, Menelaus makes no such 
use of it. His propositions are of the following kind. In every 
spherical triangle any two sides are greater than the third (i. 5) : 
the sum of the three angles is greater than two right angles (l. 11) : 
equal sides subtend equal angles and the greatest side the greatest 
angle (i. 8, 9) : the arcs which bisect the angles meet in a point 
(ill. 9) : the arc which bisects any angle cuts the opposite side 
into two segments, such that the chords of twice the segments^ 
are to one another as the chords of twice the other sides (ill. 6). 
The chief proposition (ill. 1) describes two properties of plane and 
spherical triangles, cut by a transversal. The property of plane 
triangles (stated in a lemma) is that if the three sides be cut 
by a straight line, the product of three segments which have no 
common extremity is equal to the product of the other three ^ 
For spherical triangles, the rule is similar, but for "three 
segments" read "the chords of three segments doubled". "The 
proposition in plane geometry " says Chasles *' of which we shall 
speak below in the article on Ptolemy (because it is in the 
Almagest that it has generally been noticed) has acquired a 
new and great importance in recent geometry, where the illus- 
trious Carnot has introduced it, making it the base of his theory 
of transversals"." The theorem on spherical triangles was greatly 
admired by the Arabs, who called it " the rule of intersection " : 
early mediaeval writers called it by its Arabic name catka, and 
it was known later by another name, regula sex quantitatum\ 
Pappus (IV. p. 270) says that Menelaus, and also two otherwise 
unknown geometers, Demetrius of Alexandria and Philon of 
Tyaua, investigated curves on curved surfaces. One of these was 
called irapaho^o^ ypafifii], but Pappus does not describe it. 

151. Practically all that we know of the trigonometry of 

1 Halley always translates "chord * This name is in Stifel's Arithvi. 
of twice the arc" by sinus, which of Infeflfra. Nuremberg, 1644. The names 
course properly is half the same chord. of the proposition are given in Costard's 

2 Menelaus does not say "product": edition p. 82. A complete account of 
he says that Oj has to 5j the ratio its history is in Chasles ApergUy Note 
compounded of h^ : a^ and h^ : a^. vi. pp. 291 — 293. Chasles thinks it 

3 ApergUy pp. 25 — 27. was originally one of Euclid's porisms. 
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the Greeks, is derived from two chapters of the famous MeyaX'^ 
Xvvra^L^^ of Claudius Ptolemseus. This work contains many as- 
tronomical observations by Ptolemy himself, of which the earliest 
was made in A.D. 125, the latest in A.D. 151. Beyond these facts 
and also that Ptolemy certainly observed in Alexandria in 
A.D. 139, we know nothing of his history! The Arabs indeed 
have many details upon his personal appearance, etc., but these 
statements betray the romancer by their minuteness*. The 
common name fieyaXrj Xvvra^i^ was altered by still more 
fervent admirers into fieyla-Trj and this word was adopted by 
the Arabs who got translations of the book earlier probably 
than of any other Greek mathematical work. The Arabic article 
was then added and the name corrupted into Almidschisti, 
whence is derived its common mediaeval title Almagest^, 

Book I. chap. IX. of the Almagest, shews how to calculate a 
table of chords*. The circle is divided into 360 degrees (t/ai;- 
fMUTo) each of which is halved : its diameter into 120 degrees 
each of which is divided into 60 minutes, 3600 seconds (irptSra 
€^7]K0(rrd, hevrepa i^rjKoa-rd), Ptolemy does not pretend that 
these divisions were new. The division of the circle was, among 
Greeks, as old as Hypsicles and was of Babylonian origin : the 
sexagesimal scale of the division of the diameter shews it also 
to have been Babylonian, and, as such, it was no doubt known 
at least to Hipparchus, though it is not now to be found before 
Ptolemy*. But Ptolemy's method of calculating chords seems to 



^ Ptolemy's title is fiaSrifiaTiicri SiJi/- 

2 Boncompagni's Oherardo Cremo- 
neset pp. 16, 17 (cited by Cantor, p. 
351) Weidler Hist. Astr. p. 177. The 
Arabs say that Ptolemy was a fair 
man, with a red mole on the right 
side of his chin, etc. 

3 The whole of Delambre's second 
volmne is devoted to Ptolemy. There 
is a splendid article on him by Prof, 
de Morgan in Smith's Die, of Gr, and 
Rom, Biogr,, and a neat summary of 
the Almagest in Wolfs Gescli, der 
Astronomic, Munich, 1S77. The great 



edition is the Abb6 Halma's, Paris, 
1813—16. 

* The chapter is introduced thus 
early for the purpose of measuring the 
arc of the solstitial colure which lies 
between the poles of the equator and 
the ecliptic. Our names ** minutes" 
and "seconds" are taken from the 
Latin ** partes minutae (primae)", 
** partes minutae secundae". 

^ Ptolemy says merely "I shall use 
the method of arithmetic with the 
sexagesimal scale, because of the in- 
convenience of fractions" (Halma, p. 
26). 
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be his own. The measures of the sides of regular polygons, 
as chords of certain arcs, were known in terms of the diameter. 
Some of these Ptolemy first sets out. He next proves the 
proposition, now appended to Euclid vi. (D), that "the rect- 
angle contained by the diagonals of a quadrilateral inscribed in 
a circle is equal to both the rectangles contained by its opposite 
sides^", and then proceeds to shew how from the chords of two 
arcs that of their sum and diflference and how from the chord of 
any arc that of its half may be found. His proofs which are 
very pretty are as follows' : 




(1) Given the chords a/3, ay^ it is required to find ^7. 

Draw the diameter aS and join 7S, y8S. Then 78 = Jl20^-ay^, 

/38 = Vl20'^- a/y, and ay . /3S=- /Sy .aS + a/S .yB. Therefore 

a7 Vl20'-a/3' = 120/37 + a/S Vl20* - ay\ whence ^87 can be 
found. 

(2) Given the chord ^7, it is re- 
quired to find the chord yS of half 
the same arc. Draw the diameter 
07 and join a^, aS, /3S. In 07 take 
a€ = a/3. Join Se and draw Sf per- 
pendicular to 07. The triangles a/3B, 
aSe are equal, and their sides y8S, Se are equal. But jSB = By, 
therefore the triangles 8ef, Sfy are equal. Therefore 

?y=-2= 2~ " — 2 ^^^~^^^^^^^^'y• 
l Chasles Ap, p. 27 note i. says that « Halma, pp. 30—35. The proofs 

Gamot in his GionUtrie de Position in the text are abridged after Cantor 

Bhewed that aU rectilineal trigonometry (pp. 352 — 354) with some corrections, 
could be deduced from this theorem. 
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But the triangles y^, yiB are similar, therefore (?y : 78 :: 7S : a7, 
whence 7S" = 07 . C7 = 120 (60 - iJl20* -/Sy'). From this yS 
can be found. 

(3) Given the chords ol^, fiy, it is 
required to find the chord 07. Draw 
the diameters aS, )8e and join )88, S7, 
76, Se. The triangles a^S, Sfe are 
equal and a^ = eZ, Then the diagonals 
/8S . 7€ = )87 . Se + 78 . )8e, or 

Vl20'-a/8« X Vl20'-/3y 

= ^87. a)8 + 120 Vl20'-a7», 

whence 07 can be found. 

Eeturning then to the known chords (or sides of polygons), 
Ptolemy finds from the chords of 72* and 60* the chord of 12*. 
From this the chord of 6*, 3*, IJ*, |*. His intention, however, 
is to give a table of the chords of arcs, increasing successively 
by ^*. He requires therefore to find the chord of 1*. This he 
effects in the following manner. 

(4) aP, fiy are given arcs, of which 
ffy is the greater. Draw their chords 
and also the chord 07. Bisect the angle 
at 13 by /3S cutting a7 in e. Join aS, 87 
and draw 8f perpendicular to 07. From 
centre S, with radius 8e, describe a 
circle, cutting Sat, 8f in 17, respec- 
tively. Then (angle afiy being bisected) 
a^ : fiy :: ae : €7, therefore ae < ey, i.e. 




ae < -^ and e falls between a and f. 



Therefore S2>Se>Sf, 



whence it is plain that rj lies on Bi, on Sf produced. Then 
sector Sei; < triangle Sea, and sector Setf > triangle Sef. There- 
trL Set sec. Setf , tri. Sef tri. Sef 



fore 



Sef sec. 



and 



Therefore 



sec. Seiy ^ sec. Seiy "* sec. Sei; ^ tri. Sea 

tri. Sef sec. Sed ,, ^ tri. Set et , sec. he0 arc. etf 

, . ^ ^ < ST— . But T-T— ,.- = — and — 

tn. oea sec. oeq 



mi c ^K sire. €0 

Therefore - < 

ea arc. ei; 



tri. Sea ea ^ sec. heri arc. ei; 
Add unity to each side and then 
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double them. It follows that — < —, Deduct unity 

€x arc €17 

from each side and it follows that — < — . But 

€2 arc eq 

fy = ^7^nd?^^^i±H^^ = ?5^5^ = ^. That is to 
63t ap arc erj angle poa arc pi 

say, the quotient of the greater chord by the less is smaller than 

the quotient of the greater arc by the less. Now take the 

chords of li^ 1° and |^ and we find that -; — t-qo < ^ and 

^ * chord f ** arc f ® 

chord IV" arc 14' ^ , arc 1' ^ , arc li' , ^, 

fore I chord 1\^ < chord 1° < | chord f°. From this is obtained 
the approximation chord 1' = 1 . 2^ . 50'^ The chord 1^* is 
known and hence also the chord ^^ and the table of all chords, 
rising by half a degree at a time, can be eon>piled. Ptolemy 
goes only as far as 180^ on the ground only that he never 
requires arcs of greater magnitude. For arcs which lie between 
any two given in the table, Ptolemy applies merely a proportion. 
For instance, the arc 20' has a chord 20 . 50' . 16", the arc 20^', 
has a chord 21 . 21' . 12". The addition of half a degree to the 
arc corresponds to an addition of 30' 56" to the chord. This 
increase, divided by 80, is 1' 1" 52"' and this is taken to be the 
increase in the chord for every increase of a minute in the arc 
between 20' and 20' 30' \ 

Chapter x., which follows^ is on the obliquity of the ecliptic 
as determined by observation. The next, XL, Xli. contain 
spherical geometry and trigonometry " enough for the determin- 
ation of the connexion between the suns right ascension, 
declination and longitude and for the fornmtion of a table of 
declinations to each degree of longitude V* Chap. XI. contains 
irpoXa^jSavofieva, "preliminaries to the spherical demonstra- 



^ These proportional increases are 2 De Morgan. Ptolemy introduces the 

stated in a third column by Ptolemy. subject by saying ♦* It follows next to 

Ideler in Zachs' GmrespondenZy Vol. shew the magnitudes of the arcs, com- 

XXVI. July, 1812, pp. 3 — 38, finds that prised between the equator and the 

Ptolemy's numbers are correct to 5 ecliptic, of the great circles drawn 

places of decimals. through the poles of the equator". 
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tions". These begin with the lemma of Menelaus, the regula 
se^ quantitatum, borrowed without any acknowledgement. After 
proving this, he gives four proposi- 
tions. If AB, BO be two arcs, 
each less than a semicircle ("a 
supposition which can be made of 
all arcs to be hereafter taken") and 
AG be joined and BB be drawn to 
the centre D, cutting AG in Ey 
then the chord of 2AB : chord of 2,BG :: AE : EG. From this 
it follows that, given the arc A G and the ratios of the chords of 
2AB, 2BG, the arcs AB, BG can be found.^ Produce GB to 
meet DA in K Then chord 2GA:choTd2AB::GF:BF. 
From this it follows that, given arc GB only and the ratio 
between the chords of 2GA, 2AB, the arc AB can be found. 
These propositions being proved, Ptolemy then proves the regula 
sex quantitatum for a spherical triangle, and proceeds (Chap. Xll.) 
to find the magnitudes of the arcs above-mentioned, and 
(Chap. XIII.) " the magnitudes of arcs of the equator which lie 
between circles which pass through its poles and through given 
points of the ecliptic". The method, in both cases, is founded on 
the rule of Menelaus. 

ABGD represents a great circle, passing through the poles 
of the equator A G. BED is the eclip- 
tic : E is the vernal equinox ; B the 
winter, and D the summer, solstice. 
Z is the pole of the equator. On the 
ecliptic take an arc HE, and through 
// describe the great circle ZHT, It 
is required to find the magnitudes of 
HT (Chap. XII.) and TE (Chap. xiii.). 
Ptolemy gives the solutions only for 
cases in which EH is 30° or 60^ and then adds tables. The lemma 
of Menelaus is, later on, applied in a great many ways to this 
same figure, for there are four triangles, EHT, ZHB, ZTA, EBA, 
which are cut by the following transversals respectively, ZBA, 
ETAy BHE, ZHT. One example (ch. xii.) will serve for an illus- 
tration. ETA is a transversal to the triangle ZHB. Therefore 
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chord ZAZ : chord 2^fi :: chord 2rZxchord 1UE \ chord 
2rJ? X chord 2^5. BE is ex hypothesi 30'. Arc ZA is 90^ 
i.e. chord 2ZA=120 . 2 arc ^5 is 47' 42' 40", its chord 48 . 31' . 55'^ 
2 arc HE is 60', its chord 60. 2 arc J5B is 180', its chord 120. 
"If from the ratio 120 : 48 . 31' . 55" we subtract (d(f>€\(ijfjbev) 
that of 60 : 120, the remainder will be the ratio chord 
2TZ : chord 2TH, i.e. 120 : 24 . 15' 57". But 2TZ=- 180', its 
chord 120. Therefore chord 2^^=24.15' 57", its arc is 
23' 9' 59" therefore the arc TH is half this, viz. 11' 40" very 
nearly \" 

This paragraph contains in fact the whole of Greek trigono- 
metry. The further progress of this department of geometry 
is due mainly to the Indians and after them to the Arabians. 
With the former, trigonometry seems, after its suggestion iu 
Ptolemy, to have had quite a native development. The Indians 
never used "the chord of twice of the arc", as the Greeks always 
did, but half that chord. This they called jydrdha or ardhajyd, 
but the name of the whole chord Jyd or jivd was also used for 
shortness. The Arabs, taking the latter term, transliterated it 
to dschtba, which later was altered for the Arabic word dschaib, 
which is of nearly the same form. Dschaib means * bosom * and 
was therefore translated ' sinus ' by Plato of Tivoli in his Latin 
version ('De Motu Stellarum') of the astronomy of Albategnius*. 



^ Delambre (in Halma) has some 
notes on the proof, 
chord 2ZA ch. 2TZ ch. 2HE 



I.e. 



ch. 2TH • ch. 2EB 

_ ch. ISQO ch.21ong . 

oh. 2 obUq. "" ch. 2 decl.* ch. ISQO' ' 



chord 2AB 
ch. 1800 



Then 



ch.2decl. ch.2obliq. ch.21ong. 



or 



ch. ISQO ch.l80» * ch. 180 
ch. 2 decl. _ 48 . 31^ 55^^ 60 
120 ~ 120 * 120 ' 
**0n Toit par la que, dans le langage 
des anciens, retrancher une raison, 
c'6toit diviser par cette raison." Han- 
kel (p. 285, 286 n.) has a very neat 
note on Ptolemy's procedure. He points 
out the four triangles and their trans- 
versals. All the arcs in the figure can 
be expressed in terms of HT (a), 



BA (a), TE (6), HE {h), and their 
complements. The application of 
Menelaus* rule produces the following 
equations. The transversal ZBA gives 
cos /i=cos a . cos 5 : the transv. ETA 
gives sin a = sin a sin ^: the transv. 
BHE gives cos a . sin 5 . sin a=cos a 
. sin a (or tan a=sin b . tan a) : the 
transv. ZHT gives sin h . cos ^=cos b 
. cos a . sin /i (or tan &=cos a . tan h). 

2 Plato of Tivoli was certainly 
writing between a.d. 1116 — 1136. At 
the latter date he was at Barcelona. 
Albategnius (878 — 918) was Mohammed 
of Batt&n in Syria. On these persons 
see Cantor, pp. 660, 632, 778, where 
also the derivation of sinits is given. 
Also Hankel, pp. 217 sqq., 287 sqq. 
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Itt this way, sine came to be a technical term of modem trigono- 
metry. Further evidence of the distinct character of Indian 
trigonometry is to be seen in their division of the diameter. 
Ptolemy divided this into 120 parts with sexagesimal fractions 
and so did the Arabs. The Indians divided it in various ways. 
Dividing it into 120,000 parts they calculated the sides of 
regular polygons of 3, 4, 5, 6, 7, 8, 9 sides to be 103923, 84853, 
70534, 60000, 52055 (for 52066), 45922, 41031 (for 41042) 
respectively. Ptolemy (Almag. vi. 7) has tt = 3 . 8' . 30" 
(= 3 + ^% + ^f^ = 3141, 666....) The oldest Indian tradition 

makes tt = 3 or, more exactly, VlO. Aryabhatta has fJJi§. This 
value was obtained in the following way. If, in a circle with 
radius unity, 8^ be the side of an inscribed regular polygon 
of n sides, S^ that of a like polygon of 2n sides, then 

8^ = j2— J4i - 8^, From the side of the hexagon they calcu- 
lated the sides of polygons of 12, 24, 48, 96, 192, 384 sides. 
The periphery of the last (the diameter being taken = 100) is 

V 98694. This square root or rather that of 986,940,000 is 
exactly Aryabhatta's value*. 

152. The applications of trigonometry in Book 11. of the 
Almagest and the geometry of eccentric circles and epicycles in 
Book III. belong too distinctly, by language and purpose, to the 
history of astronomy to be described here. Besides the Alma- 
gest, Ptolemy wrote also many other works, most of which are 
extant. The Geography (edited by the Abb^ Halma, Paris 1828) 
contains a description of the earth, defining the position of many 
thousand places by latitude and longitude. Book I., chap. 24 con- 
tains directions for drawing a map and various modes of projec- 
tion are here discussed. Ptolemy prefers the method by which 



I have somewhere seen a statement 
that sinus, which m Latin means 
primarily 'a fold/ was applied to the 
* folded' chord, i.e. half the chord. 

1 Hankel, pp. 215, 216. Pur- 
bach (1423 — 1461) and Begiomontanas 
(Miiller of Konigsberg, 1436—1476), 
both of whom made abstracts of the 
Almagest, but use sines, divided the 



radius into 600,000 parts. The latter 
afterwards substituted the value r 
=1,000,000 (Montucla i. pp. 639— 
544). In Brigg and Gellibrand's Tri- 
gonometria Britannica (Gk>udae, 1633) 
cap. 2. sines are calculated to 15 places 
of decimals. Here also Ptolemy's 
propositions are given exactly. 



soo 
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the eye is supposed to be at the pole and points on the earth's 
surface are projected on the plane of the equator^ He wrote 
also a Canon- or chronological list of kings of various countries 
(also ed. Halma), a treatise on Sound (ApfiovLKci, ed. Wallis, 
Oxford, 1682) and another on Optics, extant only in a Latin trans- 
lation from the Arabic. The 5th book of the Optics deals with 
refraction, in which, as an astronomer, Ptolemy was especially 
interested*. Cleomedes an earlier astronomer (a.d. 60) had 
already suggested that the reason why stars are still seen, though 
below the horizon, was due to the same cause as that which 
renders a ring, previously unseen, visible when the vessel, which 
contains it, is filled with water. But Ptolemy works up the 
subject carefully. He compares rays passing through air and 
water, air and glass, and water and glass. He finds as a general 
law that a ray, passing from a rarer to a denser medium, is 
refracted towards the perpendicular : if passing from a denser to 
a rarer medium, away from the perpendicular: and he invented 
a simple contrivance (a graduated circle with moveable spokes, 
the lower half of which is placed in water) for the purpose of 
ascertaining the amount of the refraction in water for various 
angles of incidence'. Some works in astrology and metaphysics 
probably not genuine, are also attributed to Ptolemy*, but 
Proclus (pp. 362 — 368) has preserved some extracts from a 
work of his in pure geometry, from which it appears that he 
also discussed the propriety of Euclid's famous 12th Axiom, 
(sometimes printed as 11th), on parallel lines. He endeavoured 
to prove it as a theorem in the following way. If the straight 



^ Cantor p. 358 says that AiguiUon 
in 1613 gave to this method the name 
of " stereographic " projection. Modes 
of projection are also discussed by 
Ptolemy in his Planisphere and Ana- 
lemma (trans. Commandinus 1558 and 
1562). An analemma is a delineation 
on a plane of the circles of the heaven- 
ly sphere. See Hultsch's Pappus, in. 
pref. p. xi. 

^ Refraction is not mentioned in 
the Almagest. Delambre accounts for 



this by supposing that the Optics was 
written later. 

8 See Heller, Gesch, der Physik, pp. 
136, 137, Delambre ii. pp. 411—431. 
De Morgan doubts the authenticity of 
the Optics, chiefly on the ground that 
the geometry is bad. 

* Simphcius (in, Arist de Ccelo, Book 
I.) mentions a book on dimensions (vepl 
SiaffTdaetav) and Pappus vni, p. 1030 
seems to mention a book on Mechanics. 
Both are lost. 
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line e^TjO meet the straight lines 
ayS, yS and make the two interior 
angles equal to two right angles, 
then a^, yS are parallel. For if 
not, let the interior angles /3^rj, 
fiyS be two right-angles and let 
the two straight lines, ^f, Brj, meet 
in K. Then, the angles afi/, ^rjy, 
will also be equal to two right-angles and the straight lines af, 
yrj will meet in \ and thus two straight lines will enclose a 
space. Conversely, if the straight lines are parallel, the interior 
angles are necessarily equal to two right-angles. For af and yrj 
are not less parallel than §8, rjB and therefore whatever the sum 
of the angles ^fiy, fjyS, whether greater or less than two right- 
angles, such also must be the sum of the angle af?7, ^rjS, But 
the sum of the four cannot be more than four right-angles, 
because they are two pairs of adjacent angles. 



CHAPTER X. 



Last Years. 



153. The revival of Platonism and Pythagorean mysticism 
in Alexandria and the East, perhaps also the dispersion of the 
Jews and their introduction to Greek learning, led about 
Ptolemy's time to the revival of the theory of number and this 
in the hands of Nicomachus, Theon, Smymaeus and others 
became a favourite study \ No doubt geometry continued to 
be one of the most important parts of the Alexandrian course, 
but no important geometer appears for 150 years or so after 
Ptolemy. The sole occupant of this long gap is Seztus Julius 
Aftlcanus, a Libyan by birth, who lived, however, most of his 
life in Palestine. He flourished about A.D. 200. Africanus has 
left a collection of papers similar to those of Heron, and en- 
titled Kea-Tol, i.e. * Patchwork '/Daiscellanies.' A portion of this 
dealing chiefly with catapults is printed in the Mathematid 
Veteres, but Chap. 31 contains some problems of strategy', to 
find the breadth of a river the opposite bank of which is oc- 
cupied by the enemy, etc. Two solutions of this problem are 
given, both depending on similar triangles. The first is as 
follows. The point a being on the opposite bank, take a distance 
5)8, evidently greater than c.5, 6 being on your own bank and let 
6^ be at right angles to the bank. With the dioptra determine 

^ Vide supra^ p. 88 sqq. cent along with Heron's Dioptra above 

2 This is separately printed by Vin- mentioned. 
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^7 at right angles to 6^. From 7 with the dioptra determine 
the angle ^ya. Bisect ^y in 8 and from S draw he parallel 




to O^y meeting ay in e and from € draw e^ to 0^, parallel to ^y. 
Then ^^ is half a^ and 1^6 can be determined by measurement. 
The other method is as follows. The point a being on the opposite 




bank, determine afi crossing the river at right angles and measure 
/S7 parallel with the banks. At the point S on ^7 lay a T-square 
yhe, so that its extremity e lies on the line 72, as determined by 
the dioptra,. Then7S : Ze :: y^ : )8a. The first three of these 
distances are known and thus ^ql is obtained. This procedure, 
the Roman varatio, was one of those which made the reputation 
of Heron and all the gromatici of antiquity. It could be 
applied of course, as Euclid applies it in the Phamomena, to 
finding heights and depths as well as horizontal distances\ 



^ Chap. 76 of the Kcffrol describes a 
curious system of telegraphy. Three 
posts were set up, each bearing 9 
moveable arms. One represented units, 
the next tens, the third hundreds. 
The numbers thus exhibited were read 



in Greek alphabetic signs and in this 
manner a word was spelt out, e.g. 7 on 
the second post (o=70) and 4 on the 
third (v=400) would spell ov, *No.* 
Cantor, pp. 372—374. 
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154, But the end of the third century produced one of the 
greatest of Greek mathematicians, Pappus of Alexandria. His 
date, indeed, though he certainly lived before Proclus and 
Eutocius who often mention him, is a matter of some doubt, 
because the two authorities for it contradict one another. A 
scholiast of the 10th century has written, in the margin of a 
MS. of Theon's manual tables (now at Leyden), opposite the 
name Diocletian, iirl tovtov 6 IlaTro? eypa(f>€v, which can 
hardly refer to anybody but our Pappus. Suidas, however, 
says that Pappus was a contemporary of Theon and as it is 
evident from the same tables that Theon lived about 372, in 
the time of Theodosius, the two accounts vary by nearly a 
hundred years. Now Suidas says that Pappus wrote a com- 
mentary on the four (instead of 13) books of the Almagest 
and it is in the highest degree unlikely that both Theon 
and Pappus, living in Alexandria at the same time, should 
both have written a commentary on the same work\ And 
Suidas, besides niaking a mistake about the Almagest it- 
self, does not mention Pappus's great work, the a-vvaycoyi], at 
all. From this it is inferred that Suidas knew hardly any- 
thing about Pappus and the other writer, who assigns him to 
Diocletian's time (a.d. 284-305) is deemed better worthy of 
credence*. 

Many writings are attributed to Pappus. Proclus (p. 429) 
speaks of Pappus* pupils (ol irepl Hamrov), so he evidently 
was the head of a school. Eutocius (in Torelli, p. 208), and 
Suidas mention his commentary on the Almagest. The former 
also (Torelli, p. 90), mentions some notes on Euclid's Elements®. 
Suidas ascribes to him a description of the earth, a book on the 
rivers of Libya and another on the interpretation of dreams. 
Pappus himself (iv. 27, p. 246), speaks of his commentary on the 
analemma of Diodorus, a writer of whom nothing is known. 
Proclus (pp. 189, 190), perhaps quoting the notes on Euclid, 

1 Nevertheless Theon does not men- Vol. of his Pappus and Cantor, pp. 
tion Pappus's commentary. Hultsch, 374 — 376. 

as above stated, thinks he stole from ^ From these, no doubt, Axx. 4 and 

it. 5 were taken (Proclus, p. 197, 6). 

2 See Haltsch's preface to the 3rd 
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says that Pappus pointed out that an angle may 
be equal to a right angle without being a right 
angle. In the annexed figure of two equal semi- 
circles, for instance, the angle comprised between 
the two curves aS, 07, is obviously equal to the 
right angle Boifi. 

But the one work by which Pappus is known is his a-vvaycjyi^, 
a collection of mathematical papers, originally in 8 books, of 
which the first and part of the second are missing. This is the 
work to which so frequent references have been made in these 
pages and which, of all extant Greek books, is the richest in 
information on the lost treatises of the foremost Greek geometers. 
The design of the collection is to give a brief account of the 
contents of most of the mathematical works which, in Pappus's 
day, enjoyed the highest repute and then to set out lemmas or 
auxiliary propositions to them. These lemmas, however, as is 
evident by a comparison of them with extant works, such as 
Euclid's Phaenomena or Apollonius' Conies, are selected in the 
freest possible manner, and have often no apparent bearing on 
the book which they are supposed to illustrate. On the other 
hand the same comparison shews that Pappus gives a very 
careful and correct summary of the works of which he 
treats, and for this reason it seemed possible to the mathema- 
ticians of the last century to reconstruct lost works on the 
authority of Pappus alone. 

155. The contents of the a-vvaycoyr} may be here briefly 
indicated \ 

The fragment of Book ii. deals entirely with the tetrads of 
ApoUonius and has been described above (pp. 62 — 63). 

Book III. contains four tracts, the first on the methods of 
duplication of Eratosthenes, Nicomedes, Heron and Pappus 
himself : the second on the theory of proportion, introduced by 
a problem to exhibit an arithmetical, a geometrical and a 
harmonic mean in the same figure': the third is on Euclid I. 21, 
and shews that if the straight lines meeting within the triangle 

1 This summary is partly from *^ arithmetical, geometrical or har- 

Cantor, pp. 378 — 382. monical mean, according as 

* pp. 70, 72. Between a and c, 6 is a - 6 : 6 - c =a : a, or a : 6, or a : c. 

G. G. M. 20 
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be drawn from two points not the extremftiee of the base, then 
" the sides of the included triangle may be greater than the 
sides of the triangle which includes it in any ratio which is less 
than that of two to one'"; the fourth is on the five regular 
polyhedra inscribed in the sphere and uses the Spkaerica of 
Theodosius. Here Pappus proceeds by a method contrary to 
that of Euclid xill. Euclid, who finds a ratio between a side of 
the polyhedron and the diameter of the sphere, constructs the 
polyhedron first and describes the sphere about it : Pappus 
constructs the sphere first and inscribes the polyhedron. 

Book IV. begins with the theory of transversals to the circle, 
followed by the problem to describe a circle about three circles 
which touch one another. Then follow more problems on 
figures touching one another. Pappus next passes to the spiral 
of Archimedes, the conchoid of Nicomedes and the quadratrix, 
which last is very fully discussed. Various subjects are here 
incidentally treated, such as the rectification of the circle, the 
relations between the quadratrix and the spiral, the trisection 
of an angle, the division of a circle, into area which have to one 
another a given ratio, by means of the quadratrix and the 
spiral, the use of the quadratic for the solution of the three 
problems (1) to describe in a circle a regular polygon of any 
number of sides, (2) to find for any given chord a circular 
arc which has a given ratio to the chord, and (3) to draw 
angles which shall be incommensurable with one another. 

Book V. begins with an extract from the work of Zenodorus 
on plane figures of equal periphery, passes then to the trea- 
tise of Archimedes on the half-regular solids, then returns to 
Zenodorus on solids of equal surface and shews that, of the 
regular solids with equal surface, that is the greatest which 
has most angles. 

Book vr, gives lemvias to the /uKpht dcrpovo[u>vfjievo<t 
(totto?) or Minor collection of Astronomy*. This contained, 
according to the preface, the following works, viz., the Spkaerica 

' SimfUDii's iioto to Eucl. i. ixt. stud; intermediate between the Ele- 

' This collection, with some Ambio m«nta of Euclid and the Alnugest. 

additions, coDslituted the " middle Se« Stein BOhneider in Ztiltchr. Math. 

books" of the Arabs, le. the oourse of Phyi. for 1865, x, pp. 456 — 196. 



LAST YEARS. 307 

of Theodosius, the Data, Optica, Gatoptrica and Phaenomena of 
Euclid, the irepl SLoiKi](T€a>v {Be Hahitationilms) and De Noctihus 
et Diehibs of Theodosius, the Moving Sphere of Autolycus, the De 
Magnitudinihus etc. of Aristarchus, the dva^piKo^ of Hypsicles, 
the Sphaerica of Menelaus. The books, perhaps, were not 
studied in this order, for it is difficult to see why Autolycus 
should be taken after Euclid, but on the other hand the totto? 
dva\v6fjL€vo^ was studied in the order of its books* and there 
seems no reason otherwise for dividing the works of Theodosius. 
Pappus omits the Gatoptrica, the ava^opiKo^ and the Spherics of 
Menelaus, but as he promises (p. 602 lin, 1) some lemmas to a 
commentary by Menelaus on Euclid's Phaenomena, which are 
not now included in the book, it may be that some mutilation 
has taken place. 

Book VII. deals, in like manner, with the toVo? avaXvo/xevo^ 
or Collection of Analysis. This contained Euclid's Data, 
ApoUonius' Sectio Eationis, Sectio Spatii, Sectio Determinata, 
De TactionibuSf Euclid s Porisrns, Apollonius* De InclinationibuSj 
Plane Loci, and Conies, the Solid Loci of Aristaeus, the roiroi, 
irpo^ i7n<f>av€ia of Euclid and lastly Eratosthenes' irepl fieao^ 
rrjTCDv. The contents of these, down to the Gonics, are described 
in a long preface and then follow lemmas to all the books except 
the Data and those of Aristaeus and Eratosthenes. The 
Porisms of Euclid are taken between the Plane I^oci and the 
Gonics of Apollonius, but otherwise the above order is preserved. 

Book VIII. begins by announcing that it will deal with some 
mechanical questions **more tersely and clearly and in a better 
manner" than they had been handled by the ancients. To 
these belong the theory of the centre of gravity and of the 
inclined plane, and the problem, by means of cogwheels whose 
diameters are in a given ratio, to move a given weight with a 
given power. Here, again, arises the duplication-problem, 
or rather the problem to construct a cube which has a given 
ratio to another cube. This is solved by a mechanical device. 
Pappus then discusses the method of finding the diameter of a 
cylinder which is broken so that an exact measurement can- 

^ Cf. p. G36. is. **0f the above mentioned books of analysis the order 
(ra^is) is as foUows." 

20—2 
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not be taken on either base. Suddenly he passes thence to 
problems (or porisms) to find given points on a sphere, e.g. the 
point which is nearest to a given plane or the points in which a 
given straight line will cut the sphere. Then he shews how to 
inscribe seven similar regular hexagons in a circle, one having 
the same centre as the circle, the other six standing each on 
one side of the first. This problem serves for the construction of 
cogwheels and extracts from the ^apovXKo^ and the Mechanics 
of Heron, added perhaps by a later hand, conclude the collection. 
156. To the development of Greek geometry the Collection 
of Pappus can hardly be deemed really important. It is 
evidence, indeed, that the geometrical school of Alexandria was 
still flourishing after 600 years and it shews what subjects were 
studied there. But among his contemporaries Pappus is like 
the peak of Teneriffe in the Atlantic. He looks back, from a 
distance of 500 years, to find his peer in ApoUonius. In the 
long interval, only two or three writers, Zenodorus and Serenus 
and Menelaus, had produced in pure geometiy a little work of 
the best order, and there are none such to follow. The 
Collection of Pappus is not cited by any of his successors \ and 
none of them attempted to make the slightest use of the proofe 
and apergm in which the book abounds. It becomes interesting 
only in the history of mathematics during the 17th and 18th 
centuries, when there were again geometers capable of using it 
and others who independently struck out and pursued lines 
of investigation which were more or less clearly anticipated by 
Pappus. To give here an elaborate account of Pappus 
would be to create a false impression. His work is only 
the last convulsive effort of Greek geometry which was now 
nearly dead and was never effectually revived. It is not so 
with Ptolemy or Diophantus. The trigonometry of the former 
is the foundation of a new study which was handed on to other 
nations indeed but which has thenceforth a continuous history 
of progress. Diophantus also represents the outbreak of a 
movement which probably was not Greek in its origin, and 

^ Hultsch's Preface to Vol. iii. p. 3. Pappus, cites the proposition viii. 11 
Eutocius however, (in Torelli p. 139) of the Collectio. (This is also in Bk. 
referring to the firjxaviKal elaaytayal of iii. pp. 64 — 69 of Hultsch). 
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which the Greek genius long resisted, but which was especially 
adapted to the tastes of the people who, after the extinction of 
Greek schools, received their heritage and kept their memory 
green. But no Indian or Arab ever studied Pappus or cared in 
the least for his style or his matter. When geometry came 
once more up to his level, the invention of analjrtical methods 
gave it a sudden push which sent it far beyond him and he was 
out of date at the very moment when he seemed to be taking a 
new lease of life. 

A few lines only will be sufficient to call attention to some 
passages of Pappus in which modem geometers still take an 
antiquarian interest*. These occur mostly in Book vii. Here 
(p. 682) occurs the theorem, afterwards re-discovered or stolen by 
Guldin (1577-1643), that the volume of a solid of revolution is 
equal to the product of the area of the revolving figure and the 
length of the path of its centre of gravity. Here also (p. 1013) 
Pappus first found the focus of a parabola and suggested the 
use of the directrix. Here in the lemmas to the Sectio Determi- 
nata the theory of points in involution is propounded : and 
among those to the De Tactionibua the problem is solved, to 
draw through three points lying in the same straight line, three 
straight lines which shall form a triangle inscribed in a given 
circle*. Here also (p. 678) occurs the problem "given several 
straight lines, to find the locus of a point such that the perpen- 
diculars, or more generally straight Unes at given angles, drawn 
from the point to the given lines shall satisfy the condition that 
the product of certain of them shall be in a given ratio to the 



^ Some of these have been mentioned 
before a propos of the books to which 
the lemmas of Pappus refer. A sum- 
mary of a kind more satisfying to the 
modem geometer wiU be found in 
Ghasles Aper^ pp. 28 — i4. Cantor 
pp. 382—386 cites generaUy the same 
propositions as Ghasles, but adds some 
remarks on hints of algebraical sym- 
bolism in Pappus. Taylor {Anc. and 
Mod, Conies, pp. lii — liv) gives little 
more than the lemmas to Euclid's 
porisms from Book vii. 



' On this problem (no. 117) Chasles 
has the following remarks. * * The props. 
105, 107, 108 are particular cases of 
it. One of the points is there supposed 
to be at infinity. The problem, gen- 
eralised by placing the points anywhere, 
has become celebrated by its difficulty, 
by the fame of the geometers who 
solved it and especiaUy by the solution, 
as general and simple as possible, 
given by a boy of 16, Ottaiano of 
Naples." Apergu^ pp. 44, 328. 
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product of the rest "*. Descartes and Newton brought this into 
celebrity as the "problem of Pappus." But though the seventh 
Book, which contains the lemmas to the ro7ro9 dvaXvo/ievo^ is 
by far the most important, there is matter in the other books of 
a very surprising character. The 4th Book, which deals with 
curves, contains a great number of brilliant propositions, 
especially on the quadratrix and the Archimedean spiral Pap- 
pus supplements the latter by producing (p. 261 sqq,), a spiral 
on a sphere, in which a great circle revolves uniformly about a 
diameter, while a point on the circle moves uniformly along its 
circumference. He then finds the area of the surface so deter- 
mined, "a complanation which claims the more lively admiration, 
if we remember that, though the whole spherical superficies was 
known since Archimedes' time, to measure portions of it, such as 
spherical triangles, was then and for long afterwards an unsolved 
problem'". The 8th Book (p. 1034 sqq.) contains a proposition to 
the effect that the centre of gravity of a triangle is that of another 
triangle of which the vertices lie on the sides of the first and 
divide them all in the same ratio'. All these, and many more of 
equal diflSculty, seem to be new and of Pappus' own invention. It 
ought not, however, to be forgotten that in at least three cases, 
which have been noticed above in their proper places, Pappus 
seems to have assumed credit to which he is not entitled. In 
Book III. he gives as his own a solution of the trisection-problem 
with a conchoid, which can hardly be other than the solution 
which Proclus ascribes to Nicomedes : in Book iv. he gives 14 
propositions of Zenodorus without so much as naming that 
author : and in Book VIIL he solves the problem * to move a 
given weight with a given power' in a manner which differs 
only accidentally from Heron's*. It is probable that many 



"^ It is in this problem that Pappus 
objects to having more than 4 straight 
lines, on the ground that a geometry 
of more than three dimensions was 
absurd. 

2 Cantor p. 384. 

3 Pappus supposes points, starting 
simultaneously from the three vertices, 
to move along the sides with velocities 



proportionate to the length of the sides. 
4 In Heron the weight is 1000 talents, 
the power 5, and he solves the problem 
by a series of cogwheels, the diameters 
of each pair being in the ratio 5 : 1. 
Pappus takes the weight 160, power 4 
and the diameters 2 : 1. See Pappus 
vui. prop. 10 (p. 1061 sqq.) and Vin- 
cent's Heron cited supra, p. 278 n. 
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works of ancient geometers were, in Pappus' time, becoming 
rare. Pappus himself, for instance, does not seem to have seen 
Euclid's Conies and Eutocius and Proclus (much later) had 
certainly not seen many books which they knew by name*. It 
was therefore possible to appropriate many proofs without 
much chance of detection and it may be that Pappus used this 
opportunity. 

157. It was suggested at the beginning of this chapter, that 
possibly the Jews had something to do with the revival of the 
arithmetical investigations which culminate about this time in 
the Algebra of Diophantus. It is possible also that the decay 
of Greek geometry was due to the gradual advance of peoples 
who have never, at any time, cared much for this branch of 
mathematics, though they have a surprising natural talent for 
the other. At any rate, nearly all the leading writers of the 
Neo-Platonic and Neo-Pythagorean schools were not Greeks. 
Philo was a Jew : Nicomachus was an Arabian : Ammonius 
the founder of Neo-Platonism was an Egyptian : so was Ploti- 
nus : Porphyrius came from Tyre : the name of Anatolius, 
wherever he was born, means literally 'Oriental': lamblichus 
was a native of Chalcia, in Coelesyria. These are the philoso- 
phers who, in the first four centuries of our era, commanded the 
largest influence and not one of them was a geometer. Never- 
theless, the world is wide and the geometrical school at 
Alexandria was still largely attended, though it produced no 
brilliant professors after Pappus. Perhaps Patricius, the 
author of two rules now inserted in Heron's works (Geom, 104* 
and Stereom. I. 22) belonged to this time, but there are two 
persons of this name, one a Lydian of about A.D. 374, the other 
somewhat later, a Lycian and the father of Proclus. Theon of 
Alexandria was certainly making astronomical observations in 
A.D. 365 and 372, and he as certainly held classes (avvovalai) 
for which he prepared his edition of Euclid. We have seen also 
that the preface to Euclid's Optica consists of notes from Theon's 
lectures. He also wrote a commentary on the Almagest, (ed. 
Halma. 1821) most of which is extant and which is perhaps in 

1 Heiberg, Litterargeack, Euklid. p. 89. 
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great part founded on the similar work of Pappus'. This also 
contains many little historical notices which have been extracted 
above in their proper places, and the commentary to Book I. of 
Ptolemy is especially valuable for its specimens of Greek 
arithmetic. Theon's daughter Hypatia (06. a.d. 415), seems to 
have been a better mathematician than her father. The story 
of her life and her tragical death are familiar to English readers 
through Kingsley's novel. None of her works are extant, but 
Suidas (svb voce) says she wrote '^uTrofivrjfia ek ^vo^aprrjv rov 
do'TpovofifKdv Kavova eh rd kcovikol ^AnroWcovlov vTro/jLVTjfia". 
This may mean three works, viz. : notes to Diophantus, the 
astronomical canon and notes to Apollonius' conies, or (altering 
ALo<f>dvT7jv to l^LO(f>dvTov) may refer to two only, notes to the 
astronomical canon of Diophantus and notes to the conies. 
Hypatia was the last of the Alexandrian professors who attained 
any fame. The Neo-Platonic school in Athens, under S3n:ianus, 
now began to attract more attention, and in the interests of 
Platonism the historical study of geometry was for a time 
revived. Proclus the successor (iiaZo'xp^) of Syrianus at the 
Athenian school (a.d. 410 — 485), studied in Alexandria and 
there acquired that general acquaintance yrith Greek geometry 
which enabled him to write his commentary on Euclid's 
Elements, His notes on the first Book are still extant', and 
contain a very large proportion of all the most valuable informa- 
tion we possess on the history of Greek geometry. But Proclus 
himself is a wordy and obscure writer and his best things are 
taken from Geminus and Eudemus. Proclus' pupil Marinus of 
Neapolis (i.e. Flavia Neapolis, the ancient Sychem in Palestine) 
wrote the life of his master and is the author of the preface to 
Euclid's Data, He also was at the head of the Athenian 
school. Isidorus succeeded him and was the teacher of 
DamasciuB of Damascus, who appended the 15th Book to 

^ The Mss. have a fragment of Pappus or Diophantus. 

Pappus's commentary at the beginnmg ^ Some of the extant scholia to the 

of Theon's to Book y. and in Theon's other books are thought to be by 

to Book I. occurs a tractate on cal- Proclus. See Knockers essay, cited 

culation with sexagesimal fractions above p. 74 n, 
which is, in some mss, attributed to 
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Euclid's elements\ and also.of Eutocius of Ascalon, the commen- 
tator on Archimedes and ApoUonius. Along with Damascius, 
SimpliciuB, the author of the commentary to Aristotle's De 
Coelo, taught in the Athenian school, but the Emperor 
Justinian, who was by way of being a Christian, did not approve 
of the heathen learning and, after many annoying decrees, 
finally in 629 closed the school altogether. Meanwhile in 
Alexandria the study of mathematics was still in some sort 
maintained, but it may be conjectured that there was no great 
zeal for geometry since the only mathematical works of which 
we hear anything are three commentaries on the Arithmetic of 
Nicomachus, by Hennas, Asclepius of Tralles and Johannes 
Philoponus. The end was rapidly approaching. Mahomet fled 
from Mecca in September 622 and died in 632, and his successors 
prepared to enlarge the realm of Islam with the sword. 
In 640 Alexandria fell and then "with one stride comes 
the dark ". 



158. A summary of the history of Greek mathematics, 
which has been given in these pages, can be rendered efifective 
only by being so condensed that conjecture is indistinguishable 
from fact. 

At first the higher mathematics were cultivated only in the 
service of philosophy and it was part of every philosophical creed 
to despise the aims and arts of the vulgar. The same prejudice 
remained after mathematics had come to be studied for their 
own sake, and thus the attention of competent mathematicians 
was always diverted from the ordinary methods of calculation 
and Greek arithmetic remained to the last hampered by a vile 
symbolism and consequently cumbrous procedure. 

Geometry was introduced to the Greeks by Thales from 
Egypt, but the same knowledge was, somewhat later, imported 

^ This supposition is founded on the les built the San Sofia church at Con- 
fact that the author of Bk. xv. mentions stantinople. Book zv. appended to the 
(prop. 7) his great teacher Isidorus. Elements contains onlj 7 props, chiefly 
Gantor(p. 426) pointsout that there was problems to inscribe one regular solid 
another Isidorus of Miletus, in this cen- in another, 
tury, who along with Anthemius of Tral- 
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elsewhere by Pythagoras and led in his hands to far more im- 
portant results. He also, by insisting that every proposition on 
the relations of lines, or continuous magnitudes, has its analogue 
in the relations of numbers, or discrete magnitudes, and vice versd 
started the investigation of the theory of numbers and gave to 
this inquiry its deductive style and the geometrical nomenclature 
which it alwajrs retained. From his time both these studies 
advance almost pari passu, but the history of the theory of 
numbers is far more obscure than that of geometry. 

In the fifth century B.C. the head-quarters of mathematics 
shift from Italy to Athens. Here Hippocrates opened the 
geometry of the circle, which Pythagoras had neglected for that of 
rectilineal figures, and he also recast the problem of duplication 
of the cube into one of plane geometry. Plato revived 
stereometry and raised analysis to the position of a recognized 
geometrical method. The Athenian successors of Plato began 
the study of conies and other curves. 

Then, about B.c. 300, the head-quarters are removed to 
Alexandria and in the following century Greek mathematics 
reach their highest development. Stereometry, the geometry 
of conies and theory of loci were now practically complete, so 
far as the Greeks were able to finish them. Succeeding cen- 
turies do no more than treat of isolated cases which the great 
geometers had overlooked. 

But during this time practical astronomy had been making 
rapid strides in the hands of Eudoxus, Aristarchus, Eratosthenes 
and others down to Hipparchus. Now the needs of the 
practical astronomer are in many respects similar to those of 
the surveyor, the engineer and the architect. Each of these is 
chiefly concerned, not to find the general rules which govern all 
similar cases, but to find under what general rules a particular 
case, presented to them, falls. But the question whether an 
angle is acute, or a triangle isosceles, can be determined only by 
measurement, and hence about 130 B.C., in the time of Heron 
and Hipparchus, we find the results of geometry applied to 
measured figures, for the purpose of finding some other measure- 
ment as yet unknown. Trigonometry and an elementary 
algebraical method are thus introduced. For such calculations 
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the Egyptians and Semites, who had now secured the grand 
results of Greek deductive science, had an especial aptitude, and 
the study of the theory of numbers, which was revived by Neo- 
Platonists and Neo-Pythagoreans, mostly of Semitic and 
Egyptian origin, changes its character accordingly. With Nico- 
raachus, in effect, propositions no longer run "All numbers, 
having the same characteristic, have such or such another 
characteristic", but, "The following numbers have the same 
characteristics". The equations of Diophantus, in which for 
the first time algebraical symbols appear, and which are intend- 
ed to find numbers which satisfy given conditions, are the 
inevitable consequence. 

The learning of the Greeks passed over in the 9th century to 
the Arabs and with them came round into the West of Europe. 
But no material advance was made by the Arabs in geometry 
and it was their arithmetic, trigonometry and algebra which 
chiefly interested the mediaeval Universities. In the 16th cen- 
tury Greek geometry again became known in the original and 
was studied with intense zeal for about 100 years, until Descartes 
and Leibnitz and Newton, the best of its scholars, superseded it. 
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(Beferences are to pages and notes thereon.) 



Abax, preliniinary steps to, 27 — 29: 
origin of name, 29 — 30 : the Boman, 
30—33: the Greek, 33—36: with 
apices, 37 — 39 

Academy, 173 : geometry in, 173 — 191 

Addition, 49 

Adelhard, 206 

Africanus, Sextas Julias^ 277 n., 302, 
303 

Ahmes, his arithmetic, 16 — ^20: frac- 
tions, 16 — 18 : seqem-calculation, 
18: equations, 18, 19: series, 19, 
20 : his geometry, 126 — 129 ; con- 
nexion with Greek, 142, 285, 286 

Alexander the Great, 193—194 

Alexandria, 193—195, 313 

Algebra, development in Greece, 105 — 
108 : of Diophantus, 108—120 

Algebraic symbols, 105 — 111, and see 
Diophantus 

Algebraic styles, 110 n. 

Aljebr and almukabala, 113 n. 

Allman, Dr, 124 n., 143 and passim 

Almagest, 293: trigonometry in, 293 
—298 

Alphabetic numerals, 42, 43, 48: their 
origin, 43 — 47: telegraphy with, 
303 n. 

Alphabetic letters as algebraic symbols, 
105, 107 : on geom. figures, 169 

Amyclas, 185 

Analemma, 300 n. 

'AyoKoyla^ 93 n. 

Analysis, attrib. to Plato, 176, 180: 



described, 177, 178: treasury of, 
211 TC., 307 

Anaxagoras, 146 

Anaximander, 145 — 146 

Anaximenes, 146 

Antiphon, 170 

*Aira7W7ij, 170 

Apices, 37—39 

card and vxo, 69 n., 257 n. 

Apollodoms, 65 

Apollonius of Perga, date, 246: ikv- 
TOKioVf 61 : multiplication of tetrads, 
62—63: Conies, 247—261: minor 
works, 261—264 

Apotom6, 81, 83 

Arabic fractions, 14 n,i translations of 
Greek mathematicians, 203 — 205, 
2^6— 241, dOQn,&nd Addenda: alge- 
bra, 110 n., 113 n.: trigonometry, 
298 

"AppriKos, 232 

Archimedes, life, 221 — 222: catalogue 
of his works, 223—225 : extraction 
of square-roots, 53 — 55: his Arena- 
riusy 57 — 61: Cattle-problem, 99: 
explanation of ring-phenomenon, 
214: supposed lost works, 224 — 
225: summary of his geometrical 
works, 225 — ^233 : Dimensio Circuli, 
233—237: mechanics, 237—241: 
inventions, 24L--243: astronomical 
work, ^43 

Archytas, 157 — 158: on duplication- 
problem, 181—182 
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Areiiaritu of Archimedes, 57 — 61 
Aristaeus, 187, 273 n. 
Aristarchus of Samoa, 58 nru, 221 n. 
Aristotle, on decimal scale, 1: alge- 
braic nse of letters, 105, 107 : geo> 
metrical definitions by, 176, 188: 
Mechanica, 189, 239 
Arithmetica, dist. from Logistica, 22 
— 23, 56: Greek researches in, 66— 
122 
Arithmetical symbols, 109 n., Ill n, 
Aryan numerals, 2—3, 8—9, 10—12 
Asclepius Trallianas, 122, 313 
Athens, intellectual eminence of, 160 

—161: defects in, 192 
Attic numerals, 40, 41, 46 
Autolycus of Pitane, 189—190, 211 
Axioms, 201, 202, 300, 304 n. 



Babylonian sexagesimal scale, 66 n., 

293: geometry etc. 132 
Bagdad, 203—205 
BapovXKoSt 278 n., 310 
Bede on finger-symbols, 26tiiidAddenda 
Beni Moses, 246 n. 
Berenice, 194 n., 221 n. 
Billingsley's Ettclid^ 208 ^d Addenda 
Binomials, 81 
Biterminals, 81 
Boethius, apices in, 37^39 : geometry 

of, 203, 206 
Bretschneider, 124 n. and passim 
Biyson, 170—171 



Campano, 206 

Cantor, VorlesungeUy 14 n. and passim: 

Beitrdge, 30 n. and passim 
Camot, 292, 294 n. 
Catoptrica^ Euclid^s, 214 
Centre of gravity, 238, 310 
XO'Pt'(TTtiaVt 242 
Chasles, on Euclid's PorismSy 218 — 

221 : on Archimedes and Apollonius, 

260 — 261: snid passim 
Chinese, abacus, 31, 33 n. : proof of 

Euclid I. 47. 166 



Cissoid, 268, 269 

Cipher, 37 n., 49 

Combinations, theory of, 71 n., 86» 87 

Common Notions, 201, 902 

Conchoid, 266—268 

Conic sections, of Menaechmus, 185 : 
of Aristaeus,187: Euclid, 216—217: 
Apollonius, 247 — 261: ancient no- 
menclature, 137 — 138 

Conoids in Archimedes, 231 — 232 

Conon, 221 

Cossic art, 111 n. 

Crown-problem of Archimedes, 240 

Cyzicenus, 188 



DamasduB, 312 

Datum, 209 n. 

Data Euclid's, 209—211 

De Divisionibus Euclid's, 214 — 215 

De levi et ponderoso fragment, 215 n. 

Pe Morgan, on Euclid z., 82 — 85 and 
passim 

Dee, John, 214 

Definitions, early geometrical, 176 

Degrees, 132, 273, 293 

Demetrius, 292 

Democritus, 129, 159 

Descartes, 180, 262 

Diameter, divisions of, 298, 299 

Diametrical numbers, 96 

Dinostratus, 163 

Diocles, 268—270 

Dionysodorus, 289 

Diophantus, name and date, 100 — 103 : 
on polygonal numbers, 103 — 104: 
his Arithmetica, 108 — 122 : his alge- 
braic symbols, 108, 111, 286 n., and 
Addenda: name of his book. 111 — 
113 : his methods of solution, 113 — 
115: his cleverness, 115—120: on 
porisms, 120 — 121 

Dioptra, 278 n. 

Diorismus, 179 

Directrix of a conic, 232, 309 

Division, 51 : compound, 52 — 53 

Divisions of the circle, 190 w. , 273, 293 : 
of the diameter, 298—299 
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Dodecatemoriae, 190 n. 

Dositheus, 221 

Duplication of the cube, 161: origin 
of problem, 162: recast by Hippo- 
crates, 169 : solutions by Plato, 180 : 
Archytas, 182: Menaechmus, 186: 
Eratosthenes, 245 : Heron and ApoU 
lonius, 263—264: Nicomedes, 267: 
Diodes, Pappus and Sporus, 269. 
Eutocius' report of above solutions, 
229 

dvpafiis, 78 n. 



Edfu-inscriptions, 130, 131 

Education, arithmetical, 64, 65 

Egyptian arithmetic, 16 — 21, con- 
nexion with Greek, 20 — ^21 : geo- 
metry, 128 — 131, connexion with 
Greek, 131—132: probable Egyp- 
tian origin of algebra and trigono- 
metry, 109 n., 286, 286 

Eisenlohr, editor of Ahmes, 16 n. 

Eleatics, 158—159 

Elements of geometry, by Hippocrates, 
166: Theudius, 188, EucUd, 196 

Ellipse, 84 n., 252, 258 

Epanthem, 96, 97, 100 

Epigrams, arithmetical, 98 — 100 

'Eir/<n7/Aa, 45 

Equations, Egyptian, 18, 19 : in Euclid, 
73, 84, 113 n, : in Heron, 116 : in 
Diophantus, 113 sqq. 

Equiponderants i Archimedes on, 238 — 
240 

Eratosthenes, 58 n.: his * sieve*, 87: 
mesolabiunif 246 — 6 : measurement 
of a degree, 274 n. : life and works, 
244 : letter on duplication, 162 

Euclid, life, 195—196 : the Elements, 
196—208: matter omitted, 198: 
name and style of, 199: text of, 
199, 200: ancient discussions on, 
201-^202 : modem history of, 203— 
209: Arithmetical Books of, ii. 73 
—74 : vn. 74—76 : vm. 76 : ix. 76 
—78 : X. 78—86 : vi. props. 27—29, 
84 n. : Geometrical Books, i. 47 dis- 



cussed, 153 — 155: VI. d. 294: xn. 2 
172: xni. 184, 197 n.: xiv. 273 : xv. 
312. Book V. 184. Ptolemy on Ax. 
12, 300 — 801 : Pappus on axioms 
and postulates, 201, 202, 804 n., 
305. Other extant works, 209—215 : 
lost works, 215 — 221. Citation in 
Archimedes, 227 n. 

Eudemus, 134 : his summary of his- 
tory, 134—137 

Eudoxus, 58 n, : method of exhaustion, 
172—173 : life and work, 183—185 

Eutocius, 49, 121, 312 and passim 

Exhaustion, method of, 170—173, 226, 
227, 231 



Fallacies, Euclid on, 215 

Falsa positio, 19 n., 100 n, 

Fermat, 78 n. 

Finger-counting, 6, 7, 12—13, 39—40 

Finger-names, 7, 10 — 12 

Finger-symbolism of later Greeks, 24 
—27, 36—37 

Fractions, primitive modes of treating, 
13, 14: Egyptian, 16—18: Boman 
symbols for, 32: Greek, 48: names 
of, in Nicomachus, 90 — 91: in He- 
ron, 285 

Friedlein, Zahlzeichen, 80 n. and paS' 
sim in chap. 3 

Focus of a conic, 252, 259, 309 



Gematria, 44 and Addenda 

Geminus, on antique geometry, 137 — 
138: on Euclid's axioms, 201—202: 
his date and works, 287—288 

Ge(»netry, legendary origin of, 123 — 
126: Egyptian, 126—132: Baby- 
lonian, 132: pre-Euclidean, 134 sqq. 

Gerbert, 205—206 

Gnomon, 69 w., 132, 145 w., 147 

Gnomonic numbers, 69, 92 

Guldin*s theorem, 309 



HaUey, 247 



320 



INDEX. 



Hankel, 31, 124 n, and passim 

Hannomc proportion, 68 n. 

Harmonic division, 254 n., 290 

Harpedonaptae, 129 — 130 and Addenda 

Heath on Diophantns, Addenda 

Heiberg, Qtuustiones Arch, 54 n. 222 : 
Litterarg. Euclid^ 195 n. and passim 

Hennas, 313 

Hermotimus, 188 

Herodianic signs, 40, 41, 46 

Heron of Alexandria, date and life, 
276 : catalogue of his works, 276 — 
279 : his Metrica^ 65 : contributions 
to algebra, 106, 107, 283 n.: geo- 
detical works, 279—281: formula 
for area of triangles, 282 — 283 : ma- 
thematical knowledge, 283 — 284 : 
probable Egyptian origin of, 284 — 
286 

Hexads, 81 

Hipparchus, on combinations, 86 : on 
quadratics, 88: his date and work, 
274—275 

Hippias of EHs, 163—164 

Hippocrates of Chios, 164 — 173 

Hippopede, 184, 185, 271 n. 

Honein and his son, 204 

Horizon, 211 

Hostus, 64 n. 

Hydrostatics of Archimedes, 240 — ^241 

Hypatia, 312 

Hyperbola, 84 w., 252, 258 

Hypsicles, 52 n.: his ava<f>opiK6s^ 87, 
273: ofm, 87—88: his date, 272: 
geometrical works, 273 — 274 



lamblichus, on digits, 98 
Ineommensurables and Irrationals, 78, 

79 sqq. : meaning of these terms in 

Euclid, 79 n. : growth of the theory, 

85—86 
Indian numerals, 37 — 39; geometry, 

156, 281 n. ; trigonometry, 298—299 
IntrodtictioArithmetica of Nicomachus, 

89—95 
Introductio Harmonica of Euclid, 214 
Isidorus, 312 



Latus rectum, 253 

Lemmas of Archimedes, 232 

Leodamas, 183 

Leon, 183 

Leonardo of Pisa, 206 

Lepsius, 3 

Lesser line, 83 n. 

Loci, attrib. to Thales, 144 : Greek 

names for, 187 : propositions so 

called, 219 
Loci ad superjiciem, 215 — 216 
Loci ad tres et quattuor lineas, 248 n. 
Logarithms, 59 n. 
Logistica, described Chap. 3: dist. 

from arithmetical 22 — 23, 56 
Lunes, quadrature of, 165 — 168 



Machines, the five simple and their 
names, 277 

Magnus, 61, 65, 107 n. 

Mamercus, 145 

Mandryatus, 145 

Marinus, 209, 312 

Martianus Capella, 26, 72 n., 202 

Mathematici Veteres, 211 n., 302 — 303 

Maxima and minima, 84 n., 255 

Measurement of the Circle by Archi- 
medes, 233—237 

Mechanics of Archytas, 158 : of Aris- 
totle, 189, 238 : before Archimedes, 
237—238: of Archimedes, 238—243 

Medial lines, 80 sqq. 

Menaechmus, 185 — 187 

Menelaus, 291, 292 

Meno, mathematical passages in, 174 — 
175, 179 

Meridian, 211 

Mesolabium, 245—246 

fi€(T6TriSf 93 

Meton, 161 

Metrodorus, 98, 99 

Middle Books of the Arabs, 306 n. 

fUKpbs darpovojjLoi^/jL€Post 306, 307 

Multiplication, 50, 51 



Nasr-Eddin, 196 n., 246 
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Neo Flatonists and Neo Pythagoreans, 
311 

Nesselmann, p. 14 taidpa88im in Chaps. 
3 and 4 

Nicolaus Smymaeus, 24 — ^26 and Add, 

Nicomachns of Gerasa, date and works, 
88—^9 ; Introduction 89—96 

Nicomedes, 163, 266—268 

Nicoteles, 221 

Noviomagus, 64 

Nambers, Pythagorean classification 
of, 69—71, 92, 96 

Namerals, names, 1 — 12: Boman sym- 
bols, 32 : Greek, 34, 29—49 

Naptial number in Plato, 69 n, 

Octads, 67—61 
Oenopides, 146 — 147 
Optica, Euclid's, 212—214 : Ptolemy's, 
300 



T, approximate values of, 127, 236 n., 
299 ' 

Parabola, 84 n., 262, 266 

Parallel lines, 201, 202, 800—301 

Parallelogram of forces, 238 and n. 

Parameter, 263 

Patricius, 311 

Pentagram, 161 

Perfect numbers, 70, 77 

Perseus, 163, 270 

Perspective, 291 n, 

Peyrard, 200 

Phaemrmena of Eudoxus, 188 : Euclid's, 
211—212 

Philippus of Mende, 188 

Philolaus, 69, 167 

Philon of Byzantium, 263 and Add, 

Philon of Gadara, 66 

Philon of Tyana, 292 

Philon's line. Addenda 

Philoponus, 122, 313 

Phoenician numerals, 43 n, 

Piremus, 128 

Plato, on logistioa, 22—23, 66: his 
arithmetica, 69—71 : Rep, vin. 246, 
69 n. : Legg, 737—738, 72 n, : Meno, 

G. G. M. 



82 B. and 86 d, 174- 176. His life, 
173: use of mathem. illustrations, 
174—176 : geom. definitions, 176 : 
invention of analysis, 177 — 180: 
solution of duplication-probL 180 

Plato of TivoU, 298. 

Plus minus etc., signs for, 109 n. 

Pneumatica, Heron's, 277 n. 

Polos, 132, 146 n. 

Polygonal numbers, 87 n., 88, 91—92, 
103—104 

PorismSf of Diophantus, 120 — 121 : 
ofEucUd, 217-221 

Postulates, Euclid's, 201—202 

Pott, 8 n., 4 n. 

Prime numbers, 76, 77 «., 89 

Proclus, 312 : his commentary on 
Euclid, 134 n, and pcusim: other 
scholia, 74 n. 

Progressions, arithmetical, 97, 103 : 
geometrical, in Ahmes, 19, 20, in 
EucUd, 77 

Projection, 299, 300 

Proportion, 68 n., 70, 76, 92—94, 184 

Ptolemy, his date, 293 : trigonometry 
of, 293—298 : minor works, 299—301 

Pyramids, 128 n. 

Pyramidal numbers, 192 

Pythagoras, the abax, ^Ji^l^ his 
philosophy, 6€h?fiB, *71— 72 : arith- 
metica, 66 - yW visit to Egypt, 
,^6 69 1 his life, 147 148 1 de- 
fective evidence concerning, .fifij 118, ■ 

^,J49: his geometry, J50—K>5T con- 
struction of regular solids, 163 — 164 : 
Pythagorean theorem, 166 — 167 : 
figura, 161 : his followers, 167—168 

Quadratrix, 163—164, 306 
Quadrature of the oirde, 163, 161—162, 

163: of lunes, 166—168: of the 

parabola, 226—227 
Quadrivium, 72 n. 



Rectification of the circle, 306 
Seduction, geometrical, 169 — 170, 
177 n. 

21 
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fiefraction, 800 

Kegnia sex quantitatmu, 292, 297 

Restorations of lost Gr^k works, 

217—221, 247 n., 261, 262, 306 
Boediger, 24 n. and sqq. 
Boman fractions, 14 n.: abacas, 30 — 33 
Bussian abacas, 31, 33 n. 



Salaminian table, 33 — 36 

SdXiray, 232 

Savages, their namerals, 4 — 7 

Savile, Sir H., 208 

Sectio Canonis Eadid's, 214 

Seetio Spatii etc. of Apollonias, 261, 307 

Semitic numerals, 2: abacus, 29 — 80: 

numeral signs, 43 — 44 
Semites, probable influence of, on 

Gk. mathematics, 107, 311 
Seqem-caloulations, 18 
Seqt, 128, 129, 141, 142 
Serenus, 270 n., 289—291 
Series, 19, 20, 77, 97, 103 
Sexagesimal frictions, 52, 293 
Simplicius, 313 
Simson, 200 : on Porismst 218 
Sine, 292 n., 298, 299 
Sophists, 160—161 
Spain, Arabic learning in, 205 — 206 
Siretpa, 185, 270 
;Sfp/ui«ncapre-EucUdean, 212: ofTheo- 

dosius, 212, 288: of Menelaus, 

291—292 
Sphere and Cylinder of Archimedes, 

227—229 
Spheroids, treated by Archimedes, 

231—232 
Spiralibus, De of Archimedes, 229—231, 

310 
Sporus, 269 n. 
Square-roots, in Archimedes, 53 — 55 : 

Theon's rule for finding, 65 — 57 
Stereometry, 181 
Suan-pan, 31, 33 n. 
Subtraction, 49 : of a ratio, 298 n. 
Surds, 69 n., 73—74 
Symbols, algebraic, 105 — 111 
Syrianus, 312 



Tabit ibn Corra, 89, 204, 246 

Technical terms of Greek mathematics, 
in arithmetic, 69, 70, 74, 76, 78, 79, 
89—93, 108—109: in geometry, 
176 n., 199, 298 n. 

Telegraphy, 803 n. 

Tetrads, 62—63 

Thales, 138—146 

Theaetetus, on incommensurable lines, 
85—86 : his geometry, 183 

Theodoras of Cyrene, 164 

Theodosius, 288, 289 

Theon of Alexandria, on compound 
division, 52 — 63 : on square-roots, 
58—57 : his edn. of Euclid's Ele- 
ments, 199 — 203 : notes on Euclid's 
Optics, 213 : date etc., 311 

Theon Smymaeus, date and works, 
96—96 

Theudius, 188 

Three, limit of counting, 8 

Thymaridas, 96, 97, 100. 

Toiros avaXuo/Aevos, 210, 211 n., 307 

Toirot, see Loci 

Translations of Euclid's Elements, 
203 — 206, Addenda : see also Arabic 

Triangles, numerical formulae for 
right-angled, 70, 71, 81 n. : Heron^s 
rale for areas, 282 — 283 : centre of 
gravity of, 239, 310 

Triangular numbers, 70 

Trigonometry, of Hipparchus, 275: 
Heron, 283—284 : Ptolemy ,292— 298: 
among Arabs and Indians, 298 — 299 

Trisection of an angle, 161: effected 
with quadratrix, 163: by Archi- 
medes, 233 : by Nicpmedes or Pap- 
pus, 268 

Trivium, 72 n. 

Tunnu-calculation, 19 

Tylor, 4 n. 



Varatio, 303 

Uchatebt, 128 

Veteres Mathematici, 277 «., 302, 303 

Vieta, 262 

Virtual velocity, 105 n. 



INDEX. 823 

Viviani, 247 n, X in algebra, Adderida 

Universities, mediaeval, 206, 207 : Xenocrates, 71 n., 86 
mathematical work in Oxford and 
Cambridge, 206—208 

Zeno, 158 : Aristotle's answer to, 188 
Zenodorus, 271, 306 
Woepcke, 37 /t., 214 Zenxippus, 221 
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